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Abstract

The bifurcation of a calcium oscillation model is investigated by applying the center manifold
theorem and the bifurcation theory. We theoretically analyze the existence of Hopf bifurcation.
The numerical analysis results suggest that the quasi-periodic oscillation in this model results
from torus bifurcation. Numerical simulation also shows some new complex dynamics, such as
torus bifurcation and cyclic fold bifurcation which are different from the results before.
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H i Hopf4 X ARTE M . BE T RRISHRGER S PR BHIRGI R K= A =R B 22 5 &5 .
HeAh, B HEEY, ROBRAT —EMZHAERARKFHERINE, FWIFES X Mcyclic
fold %37 .
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1. 518

FRGAFE T AR Z P, MRS B0 — M iz s 7 X, V52 B2 A I FE D
5 MRS B PR AN . B @AY, WFABAIBNAS, JREE A S I SR T A BT PR R
R —ANEE L. 1991 4F, Cuthbertson A1 Chay [1]182 H 7 AT DR AT 20 it A 45 25 1k B AR Ak 1 DY A8 &
BAL . FESCBIR AL B, J. Wang [2]55 Ak mT B8 B IR AR (0 9 BT R0 1 B B85 B IR BE AR AR &, &
AL AL Ga-GTP HIIREE, APLC MRS, =WEERNLEE (1P, ) FOIR IS, 20O P 4% 15 PR L AT 7AYo DA
SR TR S AL BN TR EASIRG AR, JF Hos i B E R, S T ) =R
T (ATP) BRI BB k, » 85 BT M B4 2E N2 20 M 53 P9 IR S K, RO NS b C SRtk )
G RB A, FORBERREERG C MRTEE Ky, LARGRRINHIE A C MiE ML S5k, S50 N 45 55 ik
JERIFEMA . KR, TS0k, (Rl QMEE C rvE M R B0 A5 R SEMR, SC2) 8 H i A,
R 2k BRI, 20T P (45 B I B PR WA kD, T e A 2 T F P 359 TR B B[R] 386 K, 3 15 B
TG C 3 M A A T DL 1 45 40 35 PR IR M AT A 2

A PALE LA BRI S R, S E K, 1R o XS E, B I A FERONAR DT 1A A 149 3¢
R NHBN)RG0E A E VB /A T R P e E YR SRAURIAR e P L H oL iRt e
HNG SCERR R[S AER IR b A& 0 AT TP s SR A S BeAh, FRATTH R YRR TE TR 3, i
BAERL, RILT BT U A cyclic fold 43 SZFIFRI (torus) 7332, PAK R 43 52 AT DA S B0 45 A 44
IR LG 1 e ADUE AR  16 77 A o X B ERAN [ F 2 AT A A 4 1, T3 15X — A B A5 A

2. $EiRSHIRE
RSN AR AR Y 2] -

W =k, +k [Ga-GTP]—k,Ryp c [Ga-GTP]—k;Royc [Ga-GTP],
APL
d[ dt C] =K,4Rs,c1pRoe [PLC]—k5 [APLC],
d[(;tps] =k, [APLC] -k, [IP,], o
d|:Ca2+:|
= AP (KeRe Res ~KoRega ) ~KioRoye |
d| Ca*
% = 2(~ksRp, Rer +KsRoyu ).

o [] 3R I R AR P [Caz*]cyt BN G BT RO [ Ca® | AR I i
THIREZ: kg Rl 8 F C (Ui 1E; [PLC]+[APLC]=Cyc» [DG]=[IP] 5
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o __[ApLc) oo o [ea] _®
MK +[APLC] T K H[DG]T T K e " CR KPS
ER

[Ga-GTP[' pe]  [Ca" ] [ca” ],

» Roe = DRy = ——— =12,
Ke+[Ga-GTP]' " ™ Ko +[DG]Ky+[Ca® ] " " Ky +[Ca® ]|

Ga-GTP —

e %ﬁzﬁwﬁﬁ m=2,n=4,w=3, =005, 1=0.001, p=02,k =22s",k, =457, k, =125,
ky=075s", ky=14s", k,=2s", k; =105 (umol/LER)s™, k,=0.6 (umol/LER)s™,

ko =3.0 (umol/LCyt)s™, k,, =0.26 (umol/LCyt)s™, K., =1000 (nmol/LCyt), K, =2000 (nmol/LCyt) ,
Ko =10 (nmol/LCyt) , K, =4 (nmol/LCyt), Kg =25 (nmol/LCyt), K =200 (nmol/LCyt),

Ks =25 (nmol/LCyt), Kggz =75 (nMOl/LER), Cp . =10 (nmol/LCyt), LA EHUEZ W[2].

3. FERREMMBERS X

AR S50 HHR R SE PR S, AR Bk, € (3,7) B, R GE(L) P 2RI HBL 0 LR

3l H R G vk e tEFE S 5 4

(1) M3<ky <4.5042 I, RG(1)H —AFEMLS R

(2) ik, =4.50421f, RZ()H —AIERUHP#T £ O(17.9519,1.4904,10.4328,189.78,40.3266) , FLAF
fiEfEiAy: {-2.8807,-0.0739,-0.0052, —1.4831i,1.4831i} ;

(3) 145042 <k, <7Hf, RB()EH ¥ Al

UL EZ50 5, 2k, = 45042 15, RG(L)HIFHT ARG ATRERAE SO SR . R IHFRATH H O e
SEHRN 43 S BRR R AT M S Rk, = 4.5042 15, RGE(L)HIF15 55 O B3R 43 S IAFAEE . T4 55 O 10k
TEME AT AT, TEH/NABIR I AFAE—A 2 4E R0 e, N HT-F s O MR 30, AT R R4
(L) BRAFIFE L R 30 O B R S

HERT R O PRI A, IFS KL K0 —a5042, RGN LR
dx 22(x+xo)—4(X+X°)(y+y°)_(a+k3)(X+X°)(Z+Z°)(u+u°)+0_1,
dt 4+(y+Y,) (10+z+12,)(200+u +uy)
dy _ 1.2(x+x0)4(z+zo)2 o o
dt (254+(x+x0)4)(100+(z+zo)2) (¥+))=075(y+ Yy ),
dz
at 14(y+Y,)-2(z+17,), -
d_u 105(Z+Zo)3(v+vo)3 6(u+u0) 150(u+u0)

= - - +13,
dt (253+(Z+Zo)3)(753+(V+Vo)3) 1000+ (u+Uy) 2000+ (u+u,)

dv  -105(z+7,) (v+y,) . 0.6(u+u,)
dt (253+(z+zo)3)(753+(v+v0)3) 1000+ (u+u,)’

Ferft (%o, Yo 29, Ug, V) = (17.9519,1.4904,10.4328,189.78,40.3266) , X =[Ga-GTP]-X,» y=[APLC]-y,,
— 2+ _ +
=[IP,]-%,» u=[Ca ]Cyt ~U,, v=[Ca™]
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TUPs 2 48 (1) P47 23 O BT FT e (e oxs 2 58(2)~(3) P44 £7. 0, (0,0,0,0,0,0) BT 7L«
0163 0001 -0.0018 0.8543 0  0.0274
-0.0621 0.0033 -0.0023 0.2 0.0874 0.0331
09871 0.0241 -0.0159 -0.2025 0.4619 0.2316

_ , p ST7. /1 _lﬁ L= 5
MHHGEIR K =) 0000 _0.9996 06734 -0.0815 —0.031 0 R H YA A O, RO
0.0088 0.0154 07391 0.008 0.0035 -0.9645
0 0 0 0 0  0.119
RO SRR LA
A (xu,z,uv,a) =x(X,Y,Z,UV, 1), T RSQR)~Q) iR R 5 (4):
X) (-2.8807 0 0 0 0 o)X\ (f
y 0 -00739 0 0 o ofY||f
ya 0 0  -00052 0 o ofz||f,
- | = + (4)
U 0 0 0 0 -1.4831 O||U | |f,
v 0 0 0 14831 0 OV | |f,
i 0 0 0 0 o o)lu) |t

b
=

f,(X,Y,Z,UV, ) =0.266 f,, —3.893,, +0.737 f,, +0.005 f,, —0.00011f,g +2.8807X,
f,(X,Y,Z,U,V, u)=-0.123f, +0.043f,, —0.08f,, —0.989 f,, + 0.9 f,; +0.0739Y,
f,(X,Y,Z,U,V, 4) = -0.013f,, —0.000022 ,, —0.0086 f,, +0.02 f,, +1.334 f,, +0.0052Z,
f,(X,Y,Z,U,V, u)=1.134*, +0.53f,, - 0.1f,, +0.0005f,, +0.0017 f,; +1.4831V,
f,(X,Y,Z,U,V, 1) =—-0.066f,, +8.55f,, + 055, +0.04f,, —0.000015 f,; ~1.4831U,
fo(X,Y,Z,U.V, 1) =0,
f(X,Y,Z,U,V, 1) = 0.25586 X +0.0022Y —0.00396Z +1.87946U +0.06028: +39.59418
(0.4652X +0.004Y —0.0072Z +3.4172U +0.10964 + 71.8076)
[x(—0.0GZlX +0.0033Y —0.0023Z +0.02U +0.0874V +0.0331,u+1.4904)J
~ (~0.0621X +0.0033Y —0.0023Z +0.02U +0.0874V +0.03311: +5.4904)
(0.1196,4 +4.5042)(0.1163X +0.001Y —0.0018Z +0.8543U +0.02744 +17.9519)
x(0.9871X +0.0241Y —0.0159Z —0.02025U +0.4619V +0.2316, +10.4328)
x(~0.0902X —0.9996Y +0.6734Z —0.0815U —0.031V +189.78)
(0.9871X +0.0241Y —0.0159Z —0.02025U +0.4619V +0.2316:+20.4328))
x(~0.0902X —0.9996Y +0.6734Z —0.0815U —0.031V +389.78) ]

£, (X,Y,Z,U.V, 1)

1.2(0.1163X +0.001Y —0.0018Z +0.8543U +0.0274 1 +17.9519)4
(x0.9871X +0.0241Y —0.0159Z —0.02025U +0.4619V + 0.2316,u+10.4328)2

(25" +(0.1163X +0.001Y ~0.0018Z +0.8543U +0.02744:+17.9519) |

x(lOO +(0.9871X +0.0241Y —0.0159Z —0.02025U +0.4619V +0.2316 +10.4328)2 )

x(8.5096 +0.0621X —0.0033Y +0.0023Z —0.02U —0.0874V —0.0331)
—(—0.046575X +0.002475Y —0.001725Z +0.015U +0.06555V +0.024825. +1.1178),
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f3(X,Y,Z,UV, 1) =-2.8436X —0.002Y —0.0004Z +0.3205U +0.2998V +0.0002

fou (X,Y,Z,U.V, 1)
105(0.9871X +0.0241Y —0.0159Z —0.02025U +0.4619V +0.2316 +10.4328)’

x(0.0088X +0.0154Y +0.7391Z +0.008U +0.0035V —0.96454 + 40.3266)3
=13+
(253 +(O.9871X +0.0241Y —0.0159Z —0.02025U +0.4619V + 0.2316,u+10.4328)3)

x(75° +(0.0088X +0.0154Y +0.7391Z +0.008U +0.0035V —0.96454: + 40.3266) |

(-0.5412X —5.9976Y +4.0404Z —0.489U —0.186V +1138.68)
- (=0.0902X —0.9996Y +0.6734Z —0.0815U —0.031V +1189.78)
(—13.53X —149.94Y +101.01Z —12.225U —4.65V + 28467)
- (—-0.0902X —0.9996Y +0.6734Z —0.0815U —0.031V +2189.78) ’

fis (X,Y,Z,U,V, 1)
~10.5(0.9871X +0.0241Y —0.0159Z —0.02025U +0.4619V +0.2316 +10.4328)’

x(0.0088X +0.0154Y +0.7391Z +0.008U +0.0035V —0.9645. + 40.3266)3
(253 +(0.9871X +0.0241Y —0.0159Z —0.02025U +0.4619V +0.23161 +10.4328)3 )

x(75° +(0.0088X +0.0154Y +0.7391Z +0.008U +0.0035V —0.9645+ 40.3266)’

(—0.05412X —0.59976Y +0.40404Z —0.0489U —0.0186V +113.868)
(—0.0902X —0.9996Y +0.6734Z —0.0815U —0.031V +1189.78) ’

AR PR E BT AL, R GU(A)FE T 51 0,(0,0,0,0,0,0) HI/INER IR A A2 7E — A = 4k 5 F LU -
w,gc(ol)z{(x,v,z,u,v,ﬂ)e R°|X =h (U,V, ). (0,0,0)=0,Dh (0,0,0)=0,Y =h, (U,V, ),
h,(0,0,0)=0,Dh, (0,0,0)=0,Z =h,(U,V, x),h,(0,0,0) =0, Dh, (0,0,0) = 0;
WLV | 7551}
4
h(UV, u)=aU?+aV?+ayu’ +a,uV +alUu+al u+0(2) )
A RAE RS 1=123 [j=123456

HI@) AL h(UV,u), i=1237#2E:
Dyh (U.V,u)-U+D,h (UV,u)-V+D,h (UV,u) i) (-28807h(U,V,u)+f,
=| —0.073%h, (U,V, u)+ f, (6)

Dyh, (U,V, u)-U+D,h, (UV,u)-V+D,h, (UV,u) fi | =
Dyh; (U,V, 1)-U+D,h; (U,V, 1)V +D,h (UV,u) 4t | (-0.0052h, (UV,u)+ f,

HOBWNOEEE
(28U +aV +agu)(-1.4831V + f,) +(2aV +aU +agu)(1.4831U + ;)
)+(2a3V +aU +al u)(1.4831U + f;) =-0.0739h, (U,V, ) + f,

=-2.8807h, (U,V,z)+ f,

(28/U +ajV +alu)(-1.4831V + f,)
(280U + &}V +adu)(-1.4831V + f,)+(2aV +ajU +agu)(1.4831U + f,) = -0.0052h, (U,V, ) +

P LT 5 FE W I R e R 8L —Iikﬁﬁa ES)

O,
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h (U.V, 1) =0.0121U% +0.00002V ? +3.3571x10"" £* +0.0004UV +0.00002U £+1.0389x107°V 12+ 0(2)
h, (U,V, ) =0.0006U ? —0.00001V * —0.0003* +0.0001UV +3.3107 x10°U z — 2.9906 x10~°V 12 +0(2)
h, (U,V, 1) = 0.00007U° —1.4219x10°V * —0.00054° +0.00001UV

+3.5418x107'U 11— 3.1984x107'V 1+ 0(2)

2t o SR 2 SR (4B 2E P DR WE, (O,) _E IR SR (7)~(6):

(UJ:( 0 —1.4831J(U]+(F1(U,V,y)J -
V) \14831 0 J\V) (F*(U.V,u)

1H=0 8
HArFH UV, 1) =, (h (U V, 1), h, (U, 1) 0 (UV, 1)UV, 1),
F2U.V, )= fo(h (UV, ), 0, (UV, ), by (UV, 1)UV, 1)
N E QNP Ea fd [3]:

~— ——

1
a= E[Fuluu +Fow +Flwv + R ] (0,0,0)

L1
16x1.4831

_ dRe(4(u))

du

|:Fulv (Fulu + I:\/lv )‘ I:uzv (Fuzu + I:v%/ )_ Fulu I:uzu + I:vlv I:v%/ :|

(0,0,0)

ot () FR R LT M 45(0,0) IRHIEAR.

R P44 s ) JR B Hopf 73 3 BE[3] AT N, 24 ad = 0 I, REGE(7)B9-F4 551 (0,0) Ak 2E Hopf 7332
Had =0, RG(T)HIFH A (0,0) FESH =0 WKL Hopf 733, FFAEPi sl B/ &R A 7 A — ik
JEE, H2a>0m, 437 AR EIRPURATRER: Ma<0 i, 53 AR R EEFRE . Xad <0
i, PEAREAL T g> 00— %ad >0, PEAEREAT 1 <0 B—l.

ZiH5H, k3 a=0.0001147 >0, d=0.0844>0. FHIRATTCAFH LTS5

SEi: Mk, > k) = 4.5042 1, RG(L) 1T mURAFRE I B K, IR, RGP S TE K, = kS
i) A AE subcritical Hopf 7332, Bl 5 R 4u(L)M0-F sk R e M, JEH Mk, <k I, TEFH7 5500 /NAT I
FEAE—RANRRE B R L.

4. BUEARHL

FERX i, AT B E ARG UE PG 2 B R IE R PR AU L R ST I B A

K 1R AUTOO7 T 5 H ) 28 Ge (L) BT s AR R R a0 S, B P R SR 2o A 11
s, RN AN E I T i, SO R R ARE I, SO RRRATRE . 141 g%
AN RIS L S HUE L 1o

HIPEl 1 AT, 2445042 <k, <THY, RGEOAAAEDAFERTH . B 7> SCS K, IZHTRCD,
Mk, =k,* =4.5042 I, FRGu(L1) P4 KA T suberitical Hopf 4332 HB, B )5 P i3k 13 T RsE s, [
I EL /N QR 3PN A i — IR AN R 1 S

K1 RRIR TN HB A AR AN E I 7 5. BESE 7 SCB H K, BB, A HB AR AR
AFEE L HAE K, =k, = 4.4661 B KL T cyclic fold 43 3 (CFB), X153 7E 240l FU18 K, i — M 1A
B T 2 A

()
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N5y XS HA46TAT <k, <5.46084 I, JEINELRESER . G 7> XS H K, WD, 2k, = 4.46747
I, X SRR AR A T2y 3 TR, TR 25 T RasE M, SUbIRIN ™A 738 R . 1X 1 R
TH1 53 SR AR B AT LA 2R 0 1 ) SR 932 I G %, SURT DA 3R G0 7 AR 400 SR, « V] 2 1540 1 K, = 4.467
i, RGN UUE AL A R 5, H Lyapunov $8804(0, 0, —0.0099, —0.074, —2.872); 4 3 %
LT kg =4.505 1, RGE(L) ) — A FasE A BN FL 18] 7 41 B

G, ATAECE R A EEX 2] PRI — AN TSR 45 7 3R EARRE . Bk, =345, k, =455,
ks =0.12s7, HESHUEAAE, [2]840 7 AL, 1, 1, 200, 1000) AHI4A M — 2k BB, X 5% PUB R R
BRI IR ARG TR, W 4. [2] NI BERRRE T 85 IR G I R TR R R . s
b, EXHSHET, KGR A AR08 P 25(12.6776, 3.4646, 24.2522, 189.781, 20.177), HAFE(H
~{-2.12158, —0.073348, —0.01193, —0.0327-0.7831i, —0.0327+0.7831i }» C[2]Hi& WU rfL
TP SRR E S, DR BE A I R I, I B A ST T A A

70 ; ; ; ; ; ; ; 34
o
Ba - P 342+ "
60 ,-/ 1 34 §
e CFE
S5 e g 338 —%
2
£ =0t 4 Z s %
% - % o,
1 - i
& L - 1é L
5 % - 5 B4
-
40+ HB 4 332F
feml
) . el J.....
m gors it TN
ls ®ae
Ell 1 328 Ses,
1 1 1 1 '.I 1 L 326 1 1 L 1 il 1
=, 35 1 45 5 55 6 65 7 44B6 44665 4457 44675 4468 44685 4469 44605
ks k3
Figure 1. The bifurcation diagram and local amplification
E 1 aXEREERHA
Table 1. Bifurcation points and ks values in Figure 1
1 B 1o aREHER kE
HB CFB TR
ks 4.5042 4.4661 4.46747
40.0285 40.0285
40.028
40.028
S 400275 “
JEE s 40.0275 |
% Aoz % ‘
= & ‘
S anoa|
00265 “
0026 400265

189.8
189,79
o5 1052 n&d4 1058 0028

5 18976 “qp44 1046 1048 50 100 150 200 250 300 350 400 450 500
(687 oy ) (1P Jin1 ts)

Figure 2. Quasi-periodic orbit and its time series for k; = 4.467

[# 2. ks = 4.467 Bt 2R GE RO B BR S0 A0 EL Bt 1) 5 51 [
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3075

307 1

3065

306 H

30.55

[Ca* M)

305+
3045+

190 304 -

158 035 . . . .
iy g P, J) 0 10 20 30 40

(R W

Figure 3. Stable periodic orbit and its time series for ks = 4.505
[ 3. ks = 4.505 B ARG HOFR E B HAEA AN EL B i) PR 51 B

oo

B00

200

100 . . . . . .
400 500 BOO YOO GO0 900 1000
i)

1 L 1
0 100 200 300

Figure 4. Simulated orbit in the article [2]
E 4. 2] HIE

5. &g

AT F A ORI S BRAN 73 SCER AR ™ 1% 0 At 1 AR AL R P sl B JR B 0 SCBL G . ERIE B fgRe 13
21 RIFIF LR KR B HUE R, ATRI T REFZHME R, B4 cyclic fold /37—
ARG RN AEAE DA E R A I X — RGER IR G I GO K, R AR iR . B
A XL T4 IR R SRk, (Fon A0 2 FE C 1ETE REON RGIRG G AH EZE R IER .
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