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Abstract

In this paper, an H!-Galerkin nonconforming mixed finite element method is mainly proposed for
Sine-Gordon equations under fully-discrete scheme. By use of the properties of bilinear element
and a nonconforming element and interpolation theory, the supercloseness properties are derived

for the original variable in H' norm and the flux variable in H (div,Q) norm with order

O(h* +7%), respectively.

Keywords

Sine-Gordon Equations, H!-Galerkin Mixed Finite Element, Fully-Discrete, Supercloseness

Sine-Gordon5 12H!-GalerkindEER & 7T 3%
BB 5347

sy, T

VB ZREES g, WE YFE
Email: syhsdg@163.com, mathwfl@163.com

SRBUR Sy 17 22


http://www.hanspub.org/journal/aam
http://dx.doi.org/10.12677/aam.2015.42014
http://www.hanspub.org
mailto:syhsdq@163.com
mailto:mathwfl@163.com
http://creativecommons.org/licenses/by/4.0/
mailto:syhsdq@163.com
mailto:mathwfl@163.com

Sine-Gordon 7 H1-Galerkin dEHMTE & o2 R E T /M7

ks H . 20154F4H14H; FAHEHM: 20154F4H30H; KA HW: 20154E5H7H

=

R FERY T JELRESine-Gordon 7 F2 ! -GalerkindE WMATR & 70 VAN 2 B BUBILE . F) XL
A — AN EB AR R R EEER, 2R T RAREMREE H BAN H (div,.Q) KT AR

O +°) BT LR -

E3:: 45
Sine-Gordan 58, H!-GalerkiniB&JChi%, 288, #HEL

1. 8IF
A &R Sine-Gordon (SG) 7 2
U, +au, —yAu+ Bsinu = f, (X,t)eQx(0,T],
u=0 (X,t)e@Qx(O,T], @

u(X,0)=uy(X),  u(X,0)=u(X), XeQ,
K Qc RENAFFEIEXEL, 0Q HQ LT, X =(xy), f=1(Xt), a B,y REHEEH, u(X),u(X)
& CANF I 6 1 B2
SG 77 B T M2 HEVE LAY Bloch Bz, WyIRHRIEMIY ki LR . DA R 2 kT HEUE i
MIRESE, [1] [215r AT T 2 B ok 20N 10— KRV s Al o 7k . [BIE Bhid(E SR 2 1K &
U T LR = AT 0 B RORT A B Ok SR BT ERE BE 0T . [4]3H T H-Galerkin YR &0 ik, BRE
KA RALGIRE TR ER 2 1) B-B %A%, O 2 N T DUt 26 J7 2 [S]AIRU i 26 AR 73 1oy T
[6]% . [7IEBNZEZHHIE T (D) £ (X, t) = 0B H-Galerkin R & 70 H7i%, 4Aih T RMigz i,
AL F BT T FE (L)) HE-Galerkin BV & 707 %10 4 B HOE i 30 & el it 51 N i p xR
48 6] AT SEAN AL T, IRJE 3 il P AU At 70 AN AE SCHA 70 0] i A e AN At B AT 38 0 a7 4 B kg e
B e A BRI P AN BT PR T A5 3 T IX AR B A SITE HE AT H (div, Q) B (R E I M
2. BATTHRANEATHER MR
NITEEI, BT, 20 QM —REEH . S Kel,, WRDHN2h,2h , 5x5Ay 54T
R R, DTSR e &,1 =1,2,3,4 . idh, = max{hx,hy},h =maxh, .
SESCRATEAH G (K, PLE')(1=1,2,3) -
=t ={v,V,,V3,V, }, Pt =span{L x,y,xy},
%= { Prs P2y Ps, p4}v P? = span{l,x, Y, yz} )
== {00,050, }, P* = span{L x,y, X’}

ﬁI\EPvizv(ai),(oi=ﬁjli(od5,i=1,2,3,4’ p=pkg.



Sine-Gordon /5 H1-Galerkin dE 0 TE & JoiZ: I E T /0 Hr

FITRHIATBR T2 [FV, W, 43 51l SCAH
A :{vh;vh|Ke Pl}, A :{vh;vh eVi Vil :O},

= [ = (g, W,y ) € H (v, Q): 7,

W, = (€ P?x P, [ [W,]ds =0,F < oK},
KR [p] N FLLRF MBEKME, HEFcoQW, [p]l=¢ . id 1, M, 238 H? (Q) -V, I
(H2(Q)) —>W, K5 T
[8TAN5]H 73 AIE B an R A i
FIE 1 HueH?*(Q), M
(V(u=1,u),vv, ) <Ch?|ul, Vo, » WV, €V,

513 2 BE peH(div,Q), pcH*(Q), X vW, eW,, ML

(5811, 8).9-5) =0, [ o(#% )6 <l i,

L P=Vu, WIHREQ)A AN

Vu =7, (X,t)eQx(0,T],
U, +au, —N-p+Bsinu=f, (X,t)eQx(0,T], @
u=0, (X,t)ean(O,T],
u(X,0)=uO(X),ut(X,O)zul(X). XeQ.
AT R {u, B}:(0,T]—> Hy (Q)x H (div, Q) 45

(Vu,w)=(p, W), vveHg(Q),

(B, W)+a (B, W)+y(V-P,V-W)+ B(Pcosu,W)=—(f,V-W), vWeH (div,Q), (3)

u(X,0)=uy(X),u (X,0)=u,(X), X eQ.

3. £EEBANBELS

A CE [0, T]#E4T N &8, W a2 =T/N , BHEF Rt =nr,n=0,1---,N o X TAEEIGH
MEpe[0T], EX

1 1
1 n+1 n 1 n+l n 1 n+2 -
" ny,_ 9+ g _ 99" ng 9™ 420" 49" 9 24g
=p(t), 2 — ;) 2 "2 _ ’
o"=0(t,). ¢ 5 @ ——0 . .
n_ 1 n+l n-1\ _ 1f ned -2 1 n+ n—
09" =5-(0"" 0" ;[(p —p ZJ—E[EM) o 2]
SRR K (UTPT) 5V W, 81
(vu”*?,VVh)=(ﬁ”*f,VVh), W, eV,
- - 1 5 ni —.
(8nP“,V_\’/h)+a(6tP”,v_\7h)+7/( V., h)+,6’((PcosU) *j —(f ’4,\7Vh),VWheWh, (4)
U° =10, (X),U" = 1, (U (X)+7u, (X ) +272%u, (X, 0)).




Sine-Gordon 7 H1-Galerkin dEHMTE & o2 R E T /M7

Hrbru, (X,0)=—au, (X )+ AU, (X )= Bsinu, (X)+ f(X,0)

S e (T T R (TR VA B A

p"—P" = (" -11,p")+ (11,

AT A SR IE TS5 R
EH 1B (v, ),V

n-i nol
2 _ 2
U Iu

TER ol o 14 ) = SUP Pl -
B X TAEE v, eV W, eW,, H(Q)E

1

n+3 2N+l
Vu ,VVh p VVh

(Gnﬁn,wh)+a(6tﬁ”,\7'vh)+;{v.f) VW,

ni

Kely,

:O(h2+z'2), “5”—Hhﬁ"

") g (2) R () H i AR E 6
ﬁetw((Hz(Q))z)’ ﬁt’ﬁtl E(HZ(Q))Z’ ﬁm-ﬁtm E(LZ(Q))Z ’ muxﬂ‘{f%ﬁ%ﬁlgngl\l ’ ﬁ

H (div,Q)

Jofss

Hr Rin :attﬁn - p'nn% :O(Tzﬁnn)i R; :atﬁn - p’tn'% :O(sz'm) °

:O(h2+72),

ni
A,Wh)

:_( " W) ZI (Un“+au 4+/3(smu)”%)vT/h~ﬁds+(Rl”+aR2",Wh),

(0)=0, uu,u, eL°°(H3(Q)) ,

®)

i G @) ME) N iRE TR

n+ n+1 Sn+d
(Véh Z,Vvh) (6? 2 vh) (Vnh Z,Vvh)+(ph Z,Vvh),

L 1

(6n§h“,v*vh)+a(81§h”,vT/h)+;/(V-§h""1‘,V~\th)+ﬂ((ﬁcosu) 2 (PcosU) N h] (6)

:—(6115Q,Wh)—a(6tﬁﬁ,v*vh)+ > _L}K(ug'% +aut"’% + 3 (sin u)"'%)v*vh ~ﬁds+(R1“ +aR§,vT/h).
Kel'y
EE)FMy, =&,
nsd|?
(-

(vt var e (vt (A ve ),
WRHE5H 115

n+3

<Ch?|u <Ch?|u

‘(Vﬁ%,vé‘ﬁ%)
i1 Schwartz 5 ¥ A (A #1675
(Artvart) <

n+d
2| (&g
3 1

0

Sn+d n+i . n+l
2 2 2
Ph V&, 5 V&,

<Ch?
0

n+1

(6 v

n+
2
= h

\_/o

Ve
0

0
)

—n+l

6, ?

—n+

p

2

1
+
2

+

Wl @)

sChz(u 2

3 0



Sine-Gordon J5#% H1-Galerkin AF BV & 02 1 & T 7 B

TE(6) hEL W, = 0,07 . ﬁﬁﬂuilﬁ( atéh”), 0

.é’h”v ,

)+
Kerl

—ﬁ((ﬁcosu)n"l‘ (PcosU) g ,0,6 j (R1 +aR;, 69 ) (5 '%’atéh”)ziA_

1)

0.0,

(0.00.08; ) +a z+7( V.o h")+y(§”’%,at§ )
=-(e

v 9 h
WPr007 ) -a(0,50,0,07 [ (u;’%+autn'%+ﬂ(sinu)n'%)6t " fids

EEBE AN I LA N
( rtéhn ' atéhn ) = (27)71 (

2 2
—n+d —p-1 —n4d
— 2
t7h 0 6t0h

+1
9 2
h

o)

Zj (é"'i,atéhn):(zr)l[

2

0

—-nl g -1 —n+l —
(v-eh%,v-alah"):(zr) (Hv-ah | —|v-a

Tk A (i=1--.6)  EIFEIERA Young R, K17

0

52
|A1+A2|£C(||attﬁi:]” +||atph (||6ttph o \Pn (2))4‘%”8#9;] . @
<tz [ (B[ + )d5+ 20|,
- - TV
i <c(Ire], IR, Jodr Osc( LRy j) G scr+ 2ol ©)
FIFH 512 2, FRATA
ni ni nt - nt? nt? nd? A |4 20l
|A| <Ch?| Jug |l +]lu/ | +[u™ O <ChH fug#ll +{u | +{u™ | [+= ateh”‘ : (10)
3 3 3 0 3 3 3) 5 0
XFFAELRPET A, o T BRI H A% cosu [ Lipschtiz & 424
Nl o -\ o
|A4|:[3((r)(cosu cosU )" 6t0h")+£(cosu(ﬁ—P)) ,6t6h”]
=nd n: =\
<C||p o) (cosu—cosU ) ot (ﬁ—P) HOJ 0,
ni I ng -
<C H(u—u) +|(s-P) 0] o), o
<ot ofe] ) ||, ekl
0 0 0 0
nl 2 ni 2 ni 2 —nl 2 o - 12
SC[ /el 1l IR oA I (2 j+_Hat9hn
o o o o) 5 0
<cnt{ o] + pr i o i g 2 +Z”8t§h””2.
2 2 0 o) 5 0
2R, A TN
~n.d|? — a —0 12
| Ag| < C( 6, o+ 0, O)+€ 0,07 . (12)



Sine-Gordon J7 & H1-Galerkin 31 VR & 7012 FIMBE T /0 #7

22 /N
oia

2

)" foa P B )

o o H(dva H(div.Q
<cl[arif ] oo [l o] ot e Je e [ (1male 1B Jas e
< h , h S 5 ) n 5 t 5 ttl2 t

LWL 20, RJERT n 1IN -1RAM, JAG

0,6 +)/H9
H(div,Q)
< Ch* rz i P 2+‘u”’% o " (||ﬁ L+ ||2)ds
a 5 , | © ol 0 ht ||, il

2

4 ~ne1?
+Cr" + 6, +
0

N-1
+CTZ(
n=0

R E U gy =Vt — 1wt =0(7*), H.6P=0. ik

HnZ
hO'

5112 21
On | TV o0
0

H(div,Q)

% o3 2z ol L YA zolP _ .
‘ateh IS4 G IR U3 IS U] W o(#).
X
2
—»n*% _1 nn n-1 1 an pn-1 1 . ~n ) —ol1
% H (div,Q) - 4( O H(din) 9 (d|vQ)j+2<0h 6 )+2(V 6,.,V-6, )

FIF Young £45 43

AN An- an An— 1 Aan 2 An— 2
CAAE v e, < le ] e
Kb,
(v-é” v-é“fl)<”v-§” ‘V-é”’l <1Hv-§” 2+‘V-67"’1 ’
h ! h = h o h o _4 h o h 0'

H%ﬁﬂﬁ%%r%&%—m>o,ﬁm%

I A “HN ar 2+ cr+L “5""1 2,
8 5 "l 4 o
Hrhw = "u”i’"(H?’(Q)) +||ﬁ||iw(H2(Q)) +"utt ||i°°(H3(Q)) +||ut ||i“’(H3(Q)) +I;N (”ﬁt "i +|| r))1”2 )dS

R B 8 Gronwall 425X, T S

12

(div,Q)

0

- 2
g <ChW +Cr*, (13)
H (div,0)
BEAEO L3R, TATE
£ scuvgh“*% gChz(w% clam| g )+Crz.
1 0 3 2

EH 1 A3E



Sine-Gordon /5 f% H1-Galerkin JE WMV & 7012 108 E 1T 204

E&WmE

VFE BT T HOIHE .

Bl (References)

(1]
[2]

(3]
(4]

[5]
(6]
[7]
(8]

BREE, KR (2011) Sine-Gordon 7 FE I — AR AEV R G R T /M. 7/ F 240, 3, 289-297.

EFFS, FIARTE (2012) AFZRME Sine-Gordon 7% Hermite ZUA FRITHT MBS T MAMIE. /7805 547R, 5,
777-778.

ARV, EIFFY, BUERL (2014) Rtk Sine-Gordon J7 % i) 57 PR NE Jo mokE E Ap BT, 7/ 402, 3,
245-256.

Pani, A.K. (1998) An H'-Galerkin mixed finite element methods for parabolic partial differential equations. SIAM
Journal on Numerical Analysis, 2, 21-727.

AR, KR (2011) DXk T FER— A H-Galerkin JETMEE & ok 3. A7/H#0+#, 3, 448-455.
FHI (2006) XLHITIAH AN 440 T A% H-Galerkin JR-& TCIERIRZ AT, A8 #2% 1, 19-30.

FREE, EHL (2009) MR 40 7 FE — B HY-Galerkin Y8 & 7o 3. LAZH2# 47K, 4, 648-652.
PREE, e (1996) RO BRIGHIE S b, bR AR AL, fRE.



	Supercloseness Analysis of an H1-Galerkin Nonconforming Mixed Finite Element Method for Sine-Gordon Equations
	Abstract
	Keywords
	Sine-Gordon方程H1-Galerkin非协调混合元法的超逼近分析
	摘  要
	关键词
	1. 引言
	2. 混合元格式的单元构造及性质
	3. 全离散格式的超逼近分析
	基金项目
	参考文献 (References)

