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Abstract

This paper solves a class of coupled Burgers’ equations based on finite volume scheme in a uni-
form grid. A new scheme for discretizing convective term is constructed by Hermite interpolation
method with satisfying TVD (Total Variational Diminishing) criterion, and the time discretization
is fulfilled by using the third-order Runge-Kutta scheme. It is verified that this scheme has gained
a good computational performance by several classical numerical examples.
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1. 5|8

ARFT A R ARERAMEARR & Burgers J7 B2 AN B AT 0 AOMR AT o (EL b T L AE R 2 AN TR U )2 3G
BEA G ZATT M B A BUE BRI T Burgers J5 2 1R BRI M

—Z%H 4 Burgers ST FEA.:
2 0
%—5271;+77u2—u+a (L;v)=0,er=[a,b],te[O,T]
ov 0% v 0(uv)
E—y§+§va+ﬁ7=0,er=[a,b],le[0,T]
WIE 2% A
u(x,O):g1 (x),er:[a,b]
v()c,0)=g2 (x),erz[a,b]
WA

(@)= 0).ulb) = (1. 0.1
v(a,t)= fi(¢), v(bt)= f,(1),t [0, T]

Hbrs, pu, n, EREFH, o, BRAEFEFEH, WRTRESE . u(x,0) Flv(x,t) 2550 5E 1)E
stk L, “(2—3] SRR, 27” T g (x), (), £(), L) £(0)
S () R R

Esipov [1]4E5 T —4ER5 P Burgers 7718, WHFT 7 20 BIREE . Z88 & 7R 2 B J/EH T ARl
LT 0 A 2 VR B A m P o B LA AR AR 94K i (scaled. volume concentrations)iE AL () fij A5 . Burgers
[2]F1 Cole [31K I, 1&ITFEHRIR T & FHELG, Wit B E 458 AU RAE RS I A it i S i 3l A3
Soliman [41°KH T &k (4™ 2 (1) Tanh pRE0543 H —4ER & Burgers /0L FIREM MG, (HAE—RIBH T,
S burgers JTRERIEMNT IR AT . REHFN G —4ERES Burgers J7 2 BB M BEAT T K
Esipov 5t | — S BB, JRReaE RS SLIe Bdm 4T 1 HBL. Abdou M1 Soliman [5]FHAZ 73 AR K i
—%E Burgers /7 FE FAE & Burgers 5. Deghan [6]%% AF|H Adomian-Pade Fi A, 753 1 444 Burgers #4
GHREMEUESS B . Mittal 1 Arora [7)32H T —M%ET Crank-Nicolson Fl =X B FE&HREHE KA
Burgers J7 FEEUE KR J71% . Khater [8]554&EH | ARLe Mo 77 FEIE AR Chebyshev G E V%, FIH
Chebyshev 5 5323, K 7] @ {1469 — > ODES #4t, #8)5 HPUMT Runge-Kutta 75 ¥k fi# . Rashid Al Ismail
[918: AF)H %518) _ /) Fourier D iEEAIZ A TUFT Runge-Kutta 775, AT BB —HYME. FWLR%
BI85 G Burgers 7 F2 LA . Mittal [ 10155 A 2 T GH05 SRELLE(PDQM) 734t T — Ml A Burgers 77
. PDQM K84 Burgers Ji R AL AR T FE 4L, SR )5 VU Runge-Kutta J79%:3K fi#. Mohanty [11]
GENTRH T — MR ERE A Burgers J7 F21 DB B QR 55071k, WA (8 FEAT AT AL 4 BRER ML 2 AR R AL R 9
2T, Arminjon 1 Beuchamp [12]#2H T —4E#5 4 Burgers HEMARRIC L, FHEE T 5HAN T,
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T,

R E 2875 AT Runge-Kutta BU 7 yEAMHLE, 1Z 5752 B 8. ZH[13)15 AR T R B 88 240 2OB iz s A%
AR — 4 2 Burgers /7 F21 Taylor REEIT 7k,

AR A BRI #E Burgers J7 F22HBEAT SR, A BRAAARIEAE BB 1T AN 75 2E0] E e 1t 100 3F
ITERMEACKEIE, FAREFESZIMEEOTE, TR EE . 85, Bzt 55 %
ELARFASCHER[7] [14] [15] [16] [17]H OA WIRSTRMESEAT 17 B, RITHE 25 BT .

AL QUICK A IRABBUS Oy EEAL, #i& T — M2 TVD Al CBC-BAIR AU =i & A
PRI EUER I, H TR RS Burgers TR H M BB M . AR BRI : B—825 5 Ho=
ST 7RI e 43 AT BRARR RS AT B BB B Ak 58 = DL AR & Burgers J7 B2 441,
s T BUEF G SEIUES T T 4R

2. BUERARHIE
2.1. Burgers 7578

L Burgers 7 #2451
ou Ou 0*u

E+ua=vax ,xeQ= [ab]te[OT] 2.1

SR BRARRR LSS AR SR i A2
AR 0 [0, 6] #I90  N NS EERORAR, 12
X, =a<x;=a+Mx<--<x | =b 2.2)

— 2 N+—
2 2 2

— +
2 '/2

WA — AR =[x | x 1},j=(1,~~,N) a@&fgﬁm:b;’“

K ORI, BRI, wifs

dxafj dx

1 ot 1 Ox
/\EP’ f=u2
H—BH K
X 2, ek
—J-[ju(x,t)dx+f(x,t)x]? —VZTZ o (23)
BT W] 1S

%L u(x,t)dx+{f(x, I,tj—f{x,_l,tﬂzv{u'[x_ l,tj—u'(x_ l,tﬂ 24

REH j AN TTH R T A, (2.4) A AT AR AL

aljj(t) ' '
Ax7+ I xj+l,t -f xj,l’t =v|u xj+l,t —u xj+l,t
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NT R, 10

JUES)

l]=v[u’ L —u' 1] (2.5)
j_E /+5 j_E

BV SIS, 76 ¢ =1, W, i1 BT TR PRI 2 S0, TTBAHEL 0 70, 70, 2 at(2.5)
I, BRA = o T T T O, AU R T A I A

F%%Efrm\¥i’]@i%r$n??ﬁkﬁﬁMﬁu(x 10 ],j:(O,l,---,N), X5 AP B e U DL

TERR P EMER R mE, AAANTTRRQ2.5), T oRAF LT R sRE e fe4l. I 1 Wi, g
SEEREI T, WO xo = x,, HTORHR A B R AR A BB AR B RO, BT DAS S SE R AL 1 i 3

_
LG L B | B |
oioio:o:Q
i u { C i D
f

Figure 1. Three neighboring mesh points and the mesh face

B 1. =MRMHTRRET

2.2. EMIRR

WE 1 FR, U Cv D2 AHREI 3 AN T 5L 203l 387 B (upwind point). H14Cx(central point) !
N (downwind point) ) = /N1 £, f%ﬂ“}ﬁﬁﬂ$ﬂ:5’]ﬁﬁ(ceﬂ face). # FrHIMH ¢, HTCTIME 4,40, ¢)
MiE, —MIEOLT, EECEAS I I B S ] DARIR DL R BREOR R

b =1 (hs-te-9p) (2.6)
W ¢, AT LAKIE A
_ T1+k _
b=t [ G -)+ (¢c %)} 2.7)
H, 28k e[-1,1], X & RA R BE AT S B F R ks 0. A4 Leonard I IEN A &AL IE[18], &
SCIE AR 5 30 (Normalized Variable Formulation, NVF) A

. P-4,
¢¢D¢7U

XK ¢ FIHUEN 6,00, 0p.0, . TRAQOKZRIENLIERZ
:f(éUaécaéD) (2.8)
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T,

HH g, =04, =1, FTLLQR.8)ILTEN
b =1 (4)
W k #2027 T
¢ (1——j¢c —(1+k) (2.9)

HRQ9EH, §, AR RIKIT kA g, , ARKFRRE B 1 RO B ERG 2 A S5
T TR WA S NV £, (EANER AR, XL s i AN L S,
b, SR SRk U 45 A ek b A% R 3 2 R A

Table 1. The linear convection schemes and the NV formulations

F 1. &MREREE NV &R

Schemes k Non-Normalized Normalized
SOU -1 4, =%¢C —%qﬁu 4, =%¢3c
cp ! 4 =l¢(+§¢n §=3h+3

Fromm 0 4, =9, (¢D 4,) (13/ =4 +%

QuIcK 5 b =20 120, -2 §=20+3
cul 3 b =2+ 30,4 b =205

R BUE M 2 IE AR B T RAE g — §, Hebr T L1y P 235 i 21 1E U 2% & €] (Normalized
Variable Diagram, NVD), H:—/M&X7ENVD E ) EIERIEAFR Y HXT NNV L. 7 Leonard #2 ¥ NVD
F%ERE I, Gaskell F1 Lau $2H 7 XA SN, BF CBC #EN]. R IEN AR S48, CBC #EN AT LA

N
be <@ =1(be)<1, 0<fe <1
b, = e, g <0 (2.10)
by = g =1

HUE RN A, SORRATE, SRR HEUE TR A R A S Y E n 8 8 5 e K LR, B
W% T @, M AL LA R AN 3

min(éc,gg,))s@ Smax(ggc,qu) (2.11)

A

BULE SRS — T CBC A Ao GRATE I L 2 A7 TR . 2 g, < <, BH ¢, 2 4. 24, , B
AR, SR I SR ¢, L

b <9 < HH g 29, 24, (2.12)
b <4, <1, Z0<g. <1 (2.13)

2 g & Byt | R G €[ Bpoty | AR MR, SLH I R A BN R g, = g 0 BRELRFE
MRS SRR . bR A IE A A B AR A LA
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Tﬁ/tﬁ’

[GE:

$ =0er M. <08, >1 (2.14)

SR1fT, Wei [19]F0 Hou [20]UE B T CBC #EM R g CRUEZE AR XA Sk, 1R 52 S BUE M Xk

. AT RIEAN G A, Wei f1 Hou $&HH 7 —/Nekdk () CBC #ENM, EP BAIR #EN . & 1) 1E 28 &4k
AN

3. . Ay 1a co 1
E¢Cg¢f:f( C)SE(CH), 0<¢C<5
1 2 3. o L _ . 2.15
5(¢c+1)ﬁ¢/$5 Ho, <1, 5£¢CS1 @19
¢f:¢C’ ¢C50512¢021

A NEBERIHRIE AL R E TVD (Total Variational Diminishing)Z) 4544, FH R i #% bR 5k
~HN

Ogy/(r)gmin(Zr,Z), r>0

!//(r) =0, r<0
Forty (r) 7 — BRI 25 (limiter) B &L, Horf
_ ¢D _¢c
¢C _¢U

TVD ZYH A AT ARIE R
b <1Hg €420 |, 0<f <1

2 _ s . s (2.16)
¢ = b ¢ <08g,. =1
22 FRTR, # BAIR X185 TVD [X 24 T4 2 b
2, A
‘ (Zf / /1'5&% c
1 R !
0.75 |eeeccececccccacaafonnas ‘
AT
05(ptl) | i)
Be
>
0.5 1

Figure 2. The regions of the TVD (shaded) and BAIR (hatched)
[ 2. BAIR XIFi(FEZERSM)H TVD XB(FAFERS)
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T,

2.3. Hermite fH{EMAEFHITR

H EArA, ks SR A, B4 S NV S BITE 7 TVD XA BAIR X3 & 2 X 15
M. BRTTHRE M HR RIOPREWIER: ¢, = (4 ), 2w

1O=0.13)=2.s)=1

FI T B CUL B S A b, RBP4 B B AR MOUT R ok, /I Rl 2
A FHEREN. ¢ < g <2 00D, HURA 00 CUL ISR, 60 < g <1 W,iﬁﬂlf(o)zo,f(éj:%
R //(0)=2, R Hermite SEKIE IIE, AL AE MAMEKIL, WIE 3 B, AEIW LA R

A% X MCUI R Z4% A IE AL T X

TVD/ SOuU
. /

CcD

0.5

0.5 1
X

Figure 3. The illustration of the NV line of the MCUI scheme in the BAIR region
3. MCUI 48X 7E BAIR Xigi 1) NV £

ASCKH Local Lax-Friedrichs % R 5 I BE@E & f (ERPOAFIEE £ ] IERR N
f =h(¢L,¢R) ,» FJH Local Lax-Friedrichs T1 5 £ {E @ &= 701 R

i =L (8)+ 1 (9")-maxl s () (8 -0")]

XA BSOS MU T HOIER ] — Bt 220 % 5K

%+L fA l_fA 1 v 141.”—2uj+uj71
ot Ax\ i+~ i Ax Ax

2 2

2.4. HEBIEIER
SRR R T E RSB E IS, 52 7R T ) DNER TR, B
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i,

dg _
E—L(fﬁ)

N T B S , RF =W Runge-Kutta s E 47 B 1
gV =¢"+L(g")

@ _3 4 1740 0)
¢ _4¢ +4[¢ +L(¢ )]
n+l_l n z (2) (2)
o =0 5 0041 (9?)]
3. #8E Burgers FIZZHRBUEE G
3.1. Efl1
XF#54 Burgers /7 R4
o jou, o o) o
o §8x2+nu6x+a =0,xeQ=[a,b],t€[0,T]
ov v, ov L 0w) ~
= 6x2+§vﬁx+ﬁ—8x —O,er—[a,b],te[O,T]
Hrp
xe[-mn],6=u=1.0,n=¢(=-20,a==1.0
YR EINAE 2% A

u(x,t)=v(x,t)=e"sin(x)
u(O,t) = v(O,t) = sin(x)
G u(x,0) . v(x,0) fEt=0.0,1.0,2.0,3.0 AR

1 1
t=0.0
exact
- exact L
05F exacl 0.5
B - num t= L
num t=
num t= i
20 B -0 O
-0.5 -0.5
_1IllIllﬁl)//lllllllllIllllllllllll _1llllll\\ll‘l//lllllllll]lllJllllllll
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
X X
Figure 4. The numerical solution and the exact solution of Example 1 at different time for a = = 1.0
4. B 1 ETRNZ TR ERFERE, Edha==10
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T,

ZXTLERI u(xt), v(x,0) FEAFI RIEUE AR5 RSO IR AF I — Btk gl 4 W LLE IR

YR Mg BE I 8] O HERE T oS, TS AR AR &
3.2. He2

X F#54 Burgers /7 R4
2 0
ot ox Ox
o v av  0(uw)
—— Ut Ev—
a P %t e
25 TR AH S A
200 -1
u(x,t)—ao 2/{40[’3_1
_ (2B8-1
v(x,t)—ao(za_l
A:4aﬁ—l
4o -2

=0,xeQ=[a,b],t€[0,T]

=0,xeQ=[a,b],t€[0,T]

Jtanh(A(x—QAt))
- )_2A[%jtanh(/l(x—2‘4t))

SRIELL TSR, (), v(xt) 76 ¢ = 1.0 B 2R AR OLIE 5-7):

LT

xe[-10,10],6 = 4 =1.0,7 = =2.0,a =1.0, f = 2.0,a, = 0.05 ;

W 2: xe[-10,10],6 = u=1.0,n = £ =2.0,a =0.1, 4= 0.3,a, = 0.05 ;

5 3:

xe[-10,10],6 = u=1.0,7 = £ =2.0,a = 0.3, f = 0.03,a, = 0.05 .

) 2 SR R u(xt) s (o) =05 W i=1.0 1L+ L, REEY, RARHF,
u(xt) s v(x) BBUE TR BAR AT AR BT (L% 2 A% 3).

\\\\
0.08} AN exact t=1.0
. \ num t=1.0
\
B \\\\
0.06} \
i X
=} \
0.04} \
0.02f
o 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I I\'\
10 5 0 5 10
X

: \\\ix
0.18F exact t=1.0
! \\} num t=1.0
“Qk\\
0.16f \\
0.14f \
| \
0.12f N\
| ! | Il | | | L | I | L | | ' L l\\\\l‘\\?‘t
-10 -5 0 5 10
X

Figure 5. The numerical solution and of Case 1 at#=1.0 fora= 1.0, #=2.0

E 5 1ER 1 E = 1.0 BRI EER, HEda=1.0,4=20
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= \\ :
F N\ - exact t=1.0
0.06 exactt=1,0 |[0.035f num t=1.0
I num t=1.0 [
0.055f 0.03F
[ > [
> 0.05 5 0.025F \\\
- : AN
0.045} 0.2 \
[ _ N
0.04f 0.015F
: TR TR W S I S TR R N VR CH T : T T N N N [ NN N T NN S A TR SO \I\
-10 -5 5 10 -10 -5 0 5 10
X
Figure 6. The numerical solution and of Case 2 at#=1.0 fora =0.1, #=0.3
E 6. 127 = 1.0 HRIMEKER, HPa=01,4=03
[ 0.14}
0071 exact t=1.0 i \, exact t=1,0
i numt=1.0 i N\ numt=1.0
[ 0.13} \
0.06 [
[ 0.12f
>0.05} 0
i 0.11F
0.04 I
i 0.1f
0.03 [
; A :
ST R NN N N ||l|1||‘\‘0.09_11111 1111111[1111\’
-10 -5 5 10 -5 0 5
X
Figure 7. The numerical solution and of Case 3 at = 1.0 for o = 0.3, f#=0.03
E 7. 1EH 37 = 1.0 BRI EER, Hda=03,8=0.03
Table 2. Comparison of errors at different time for u(x,f) of Case 3
< 2. 1B 3 P u( ) ERRIZIRIRZE LR
t=0.5 t=1.0
N a B
L, (u) L, (u) L, (u) L, (u)
16 0.1 0.3 1.6656 E-004 7.2159E-005 3.2549 E-004 1.2509 E-004
0.3 0.03 2.1049 E-004 8.7568 E-005 4.1150 E-004 1.5109 E-004
20 0.1 0.3 1.9554 E-004 5.8306 E-005 3.1348 E-004 9.6397 E-005
0.3 0.03 1.9554 E-004 5.8306 E-005 3.8800 E-004 1.1307 E-004
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T,

Table 3. Comparison of errors at different time for v(x,f) of Case 3

= 3. 18 3 v ER RN ZIIRE LR

t=05 t=1.0
N a p
L,(v) L, (v) L,(v) L.(v)
16 0.1 03 7.7838 E-005 4.7995 E-005 1.4866 E-004 8.4067 E-005
03 0.03 3.7809 E-005 2.7057 E-005 6.7112 E-005 4.8558 E-005
20 0.1 03 3.4366 E-005 2.5711 E-005 1.4143 E-004 7.4946 E-005
03 0.03 3.4366 E-005 2.5711 E-005 6.0624 E-005 4.3862 E-005
~
4. &g

RN AEREBUETT ST — KM S Burgers TR MEEM, A SCUR A IBUE T 5RO BT

BAIR {EAT TVD #EN], 5% Hermite fEAIE T A HAR TR 6E, 5 Fib RS, 14
L IEEBIRAE, MR BRI A R ERE, R HE AR EROR .
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