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Abstract

In this paper, the periodic Cauchy problem of shallow water wave model with moderate

amplitude is studied, we first construct two solution sequences, they are bounded in
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Hs(T), s > 3/2, and converge to zero at the initial time interval, but the bound of the

distance between these two sequence is a non-zero constance at any time. This means

that the solution mapping of the equation is non-uniformly continuous in Sobolev

space.
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1. Ú^

�©Ì�ïÄdQuirchmayr3©z [1]í�Ñ�äkp���5��fYÅ�§��Ü¯K
ηt + ηx + 3ε

2
ηηx + δ2(aηxxx − µηxxt)− 3

8
ε2η2ηx + 3

16
ε3η3ηx

= − 15
128
ε4η4ηx − 1

24
εδ2(cηxηxx + dηηxxx)− 21

256
ε5η5ηx

+ 27
512
ε6η6ηx − 1

32
ε2δ2(eηηxηxx + fη2ηxxx + gη3x), x ∈ R, t > 0,

η(x, 0) = η0(x), x ∈ R, t = 0.

(1.1)

Ù¥η(x, t) L«gdL¡pÝ§~êε, δ ©OL«�ÌÚfÝXê§a, c, d, e, f , g L«Úµ�

'�~ê¿�µ´?¿�"¢ê"�§(1.1)l­åYÅ���§í�¿�ëê©O��δ � 1,

ε = O(
√
δ), 3©z [1]¥�¡���ÌÅL�fY«�"

Cc5§�
��5�.�JÑ5)º�
­�y�§X©z [2]¥�KdV�§!©z [3]¥

�Constantin-Lannes (CL)�§!©z [4]¥�Camassa-Holm (CH)�§�"Æö�éù
�.)

�5��
2��ïÄ§X)�ÛÜ·½5!�Û)��35!»�Å±9�áÅ�"Ù¥�â

Ñ�~fÒ´¥��Ì�fYÅCamassa-Holm �§µ

ut − uxxt + c0ux + 3uux − 2uxuxx − uuxxx = 0. (1.2)

NõÆöïÄ
�CH�§�'�fYÅ�'�HölderëY5!·½5!ÛÜ�35!���ëY

5!»�y��(� [5–9])§d	3©z [10]¥§�ö$^Kato�+½ny²
§�·½5"�´

·��±uyKDV�§´��Ì�fYÅ�§§
CHÚCLK´¥��Ì��§§¿�éõÆö

é¦��)�5�?1
2��ïÄ§~X3©z [11]¥§�öïá
CL �§±Ï)�»�y�¶
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3©z [12]¥§JiangÚZhouïá
�a#�3Ã¡�?�LPò�k:�áÅ��3§@o��

g,�¯K´UÄé���^uïÄ��ÌfYÅ�.§T|Quirchmayr3©z [1]¥í�Ñ
�

�^uïÄ��Ì�fYÅ�§§�Ò´�©ïÄ��§"�,éõÆö®²é�§����ë

Y5�
ïÄ¿�É©z [13]�éu§��5¿�´§�§(1.1)!Constantin-Lannes�§ÚCH�

§�A�©O´a1u + a2u
2, µαθ3 − εµθ3γuÚu§w,�©¤ïÄ��§�3²��"Ïd§·�

3�¡�ïÄ¥¦^�\E,�C�5�����(J"·��Ì�(JXeµ

½n1.1. e�3Ð�u0(x) ∈ Hs(T)�s > 3/2, @o�§(1.1)Ð��)�N�u0(x) → u(t)3?Û

k.8Hs(T)�C([0, T ];Hs(T)) × C([0, T ];Hs−1(T))´���ëY�"

½n1.1 w�·��§(1.1)�)3¢Ë�ÅHs(T)�m¥´���ëY�"�©(�Xe"e

�Ü©§·�£�I�^��Ø�ªÚÄ�½Â§31nÜ©§·�½ÂCq)¿�OØ�§3

1oÜ©§·��OCq)�ý¢)�m�Ø�¿$^¢Ë�Å�m���Ø�ª�5�§y²

(J"

2. ý��£

�©-�fΛ = (1 − ∂2
x)1/2, K�^uL2(R)��fΛ−2�±^�§�'���¼êG(x) =

1
2
e−|x| L«�

Λ−2f(x) = (G ∗ f)(x) =
1

2

∫
R
e−|x−y|f(y)dy, f ∈ L2(R).

éu?¿�s ∈ R, |^�fΛs = (1− ∂2
x)s/2½Âe¡�$�

Λ̂sf(ξ) = (1 + ξ2)s/2f̂(ξ),

Ù¥f̂(ξ) L«Fp�C�

f̂(ξ)
.
=

∫
R
e−ixξf(x)dx, ξ ∈ R.

@oéu?¿�f ∈ Hs(R) k

‖f‖Hs
.
= ‖f‖Hs(R) =

(∫
R
(1 + ξ2)s|f̂(ξ)|2dξ

)1/2

<∞.

�
¦O��\{B§·���5C�§�η(x, t) = u(θx−āt, t)−b̄,Ù¥θ = 1√
µδ

,Ïd�§(1.1)�

=z� {
ut + (a1u+ a2u

2)ux = f(u, ux), x ∈ R, t > 0,

u(x, 0) = u0(x), x ∈ R, t = 0,
(2.1)

Ù¥

f(u, ux) =(1− ∂2
x)−1∂x(b1u

2 + b2u
3 + b3u

4 + b4u
5 + b5u

6 + b6u
7 + b7u

2
x

+ b8uu
2
x) + b9(1− ∂2

x)−1u3x.
(2.2)

3�©¥, ‖f‖Hs = ‖f‖Hs(R), ÎÒ. Ú& �^5L«�A��¹��~ê�Ø�ª. ~
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Xf(x) . g(x) L«éu,
~êc > 0, f(x) ≤ cg(x). ·��I�^�±eÚn.

Ún2.1. XJr > 0, KHr ∩ L∞´���ê. d	

(i)er > 0, K
‖ fg ‖Hr≤ cr(‖ f ‖L∞‖ g ‖Hr + ‖ g ‖L∞‖ f ‖Hr);

(ii)er > 1/2, K
‖ fg ‖Hr−1≤ cr ‖ f ‖Hr‖ g ‖Hr−1 ;

(iii)e0 ≤ r ≤ 1, s > 3/2, r + s ≥ 2, K

‖ fg ‖Hr−1≤ cr,s ‖ f ‖Hs−1‖ g ‖Hr−1 .

ùp�1�^´Calderon− Coifman−Meyer .��f�O,�©z [14].

Ún2.2. (� [15]¥�Ún1) XJ[Λr, f ]g = Λr(fg)− fΛrg �Λ = (1− ∂2
x)

1
2 , Ke¡���f�O

¤á

(i)er > 0, K

‖ [Λr, f ]g ‖L2≤ cr(‖ ∂xf ‖L∞‖ Λr−1g ‖L2 + ‖ Λrf ‖L2‖ g ‖L∞);

(ii)er + 1 ≥ 0, s > 3/2, r + 1 ≤ s, K

‖ [Λr∂x, f ]g ‖L2≤ cr,s ‖ f ‖Hs‖ g ‖Hr .

Ún2.3. (� [16]) b�σ1 < σ < σ2 �f ∈ Hσ
1 . K

‖ f ‖Hσ≤‖ f ‖
σ2−σ
σ2−σ1
Hσ1 ‖ f ‖

σ−σ1
σ2−σ1
Hσ2 .

3. �ECq)

3ù�!¥§·��Ä�§�Cq)¿�-�§(2.1)�Cq)�/ª�

uω,n(x, t) = ωn−1 − n−scosA,A = nx− (a1ω + a1ω
2λ−1)t, (3.1)

Ù¥ω�u1½ö-1¿�n���ê"y3·��Où
Cq)�Hσ��ê�Ø�§òCq

)uω,n(x, t) �\�§(2.1), ·��±��±eØ�µ

F = uω,nt (x, t) + a1u
ω,n + a2(u

ω,n)2uω,nx − f(uω,n, uω,nx ) (3.2)

w,uω,nt + a1u
ω,n + a2(u

ω,n)2uω,nx �±�¤Xe�ª

uω,nt + a1u
ω,n + a2(u

ω,n)2uω,nx = −1/2a1λ
−2s+1sin2A− a1ωλ−2ssin2A+ 1/2a2λ

−3ssin2Acos2A,

(3.3)

Ù¥·�^�
5�sin2A = 2sinAcosA.
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Ún3.1. -σ, α, β áu¢ê§náu��ê�n� 1, K±e�ª¤áµ

‖ cos(n(x+ α)− β) ‖Hσ=
√

2π(1 + n2)σ/2 ≈ nσ. (3.4)

XJ£3.4¤¥cos�¤sinE,¤á"Kéu?¿s ≥ 0, ·�k

‖ uω,n(x, t) ‖Hσ=‖ ωn−1 − n−scosA, ‖Hσ. n−1 + n−s+σ, n� 1. (3.5)

Proof. ù�Ún�y²Ú©z [17]¥�y²aq§�©òØ2?1y²"

e¡y²(3.3)�Hσ�§¦^Ún3.1§·��±��

‖−1/2a1λ
−2s+1sin2A−a1ωλ−2ssin2A+1/2a2λ

−3ssin2Acos2A‖Hσ . λ−2s+1+σ +λ−2s+σ +λ−3s+σ.

(3.6)

�e5y²f(u, ux)�Hσ�§Ù¥·�I�^�Ún2.1(ii)!Cauchy-Schwarz Ø�ªÚÚn3.1,

‖f(u, ux)‖Hσ = ‖(1− ∂x)−1∂x(b1u
2 + b2u

3 + b2u
4 + b3u

4 + b4u
5 + b5u

6 + b6u
7 + b7u

2
x + b8uu

2
x)‖Hσ

+ ‖b9(1− ∂x)−1u3x‖Hσ

. λ−2s+1+σ + λ−s−1+σ.

(3.7)

�â±þ�O§·��±��±e·K"

·K3.1. éus > 3/2, 1/2 < σ ≤ 1, n� 1, ·�k

‖ F ‖Hσ. n−rs , (3.8)

Ù¥rs > 0�

rs =

{
2s− 1− σ, 3/2 < s < 2,

s+ 1− σ, s ≥ 2.
(3.9)

4. Cq)�ý¢)�m�Ø�

-uω,n(t, x)´�§(2.1)�±Ï)§Kuω,n(t, x)÷v{
∂xuω,n + (a1uω,n + a2u

2
ω,n)∂xuω,n − f(uω,n, ∂xuω,n) = 0,

uω,n(0, x) = uω,n(0, x) = ωn−1 − n−scos(nx).
(4.1)

�
�OCq)�ý¢)�Ø�§·��

v = uω,n − uω,n.
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w,§v÷v±e�ª
∂tv = F − a1uω,n∂xv − a1v∂xuω,n − a2(uω,n)2∂xu

ω,n + a2(u
ω,n)2∂xuω,n

+f(uω,n, ∂xu
ω,n)− f(uω,n, ∂xuω,n),

V (0, x) = 0.

(4.2)

Ù¥F�(3.2)½Â�÷vØ�ª(3.8).

·K4.1. en� 1, s > 3/2, 1/2 < σ ≤ min1, s− 1, K

‖ v(t) ‖Hσ
.
=‖ uω,n(t)− uω,n(t) ‖Hσ. n−rs , n� 1, 0 ≤ t ≤ T, (4.3)

Ù¥rs > 0�d(3.9)�Ñ"

Proof. ^�fΛσ�¦±�§(4.2)ü>§,�^Λσv�¦±(J§2é±Ï�mS�x?1È©·�

�±��

1

2

d

dt
‖v(t)‖2Hσ =

∫
T

ΛσFΛσvdx− a1
∫
T

Λσuω,n∂xvΛσvdx− a1
∫
T

Λσv∂xuω,nΛσvdx

− a2
∫
T

Λσ(uω,n)2∂xu
ω,nΛσvdx+ a2

∫
T

Λσ(uω,n)2∂xuω,nΛσvdx

+

∫
T

Λσ(f(uω,n, ∂xu
ω,n − f(uω,n, ∂xuω,n))Λσvdx

= E1 + E2 + +E3 + E4 + E5 + E6.

(4.4)

�e5·�éØ�F�Hρ�?1�O§Äk1���OXeµ

|E1| =
∣∣∣∣∫

T
ΛσFΛσvdx

∣∣∣∣ ≤‖ F ‖Hσ + ‖ v ‖Hσ. n−r
s

||v(t)||Hσ (4.5)

1���OXeµ

|E2| .
∣∣∣∣∫

T
Λσ∂x(uω,n, v)Λσvdx

∣∣∣∣+

∣∣∣∣∫
T

Λσv∂xu
ω,nΛσvdx

∣∣∣∣
≤ ||[Λσ∂x, uω,n]v||L2 ||v||Hσ +

1

2

∣∣∣∣∫
T
∂xu

ω,n(Λσv)2dx

∣∣∣∣+ ||uω,n||Hs ||v||2Hσ

. ||uω,n||Hs ||v||2Hσ ,

(4.6)

Ù¥^�
©ÜÈ©ÚÚn2.2(ii). �e5·��Oª(4.4)�1n�Xeµ

|E3| =
∣∣∣∣∫

T
Λσv∂xuω,nΛσvdx

∣∣∣∣
≤ ||v∂xuω,n||Hσ ||v||Hσ

≤ C(||v||Hσ ||∂xuω,n||L∞ + ||∂xuω,n||Hσ ||v||Hσ)||v||Hσ

. ||uω,n||Hs ||v||2Hσ ,

(4.7)
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Ù¥$^�
Ún2.1(i)ÚCauchy-SchwarØ�ª"

aqc¡�y²L§§·�U���{Ø��Hσ���O§¿ò(J(Üå5�±��

1

2
||v||2Hσ . B||v||2Hσ + n−r

s

||v||Hσ . (4.8)

=

d

dt
||v||Hσ . B||v||Hσ + n−r

s

, (4.9)

Ù¥B´�{���N"·�A^Ø�ª

||uω,n(t)||Hs . ||uω,n(0)||Hs = ||uω,n(0)||Hs

�±��

||v(t)||Hσ . n−r
s

, n� 1 0 ≤ t ≤ T, (4.10)

ùÒy²
·K4.1.

�e5·�y²½n1.1

Proof. 4·�Äkb�s > 3/2,¿�u1,n(x, t)Úu−i,n(x, t)©O´�§(2.1)3Ð�^��u1,n(x, 0)Ú

u−1,n(x, 0)�),�ùü�)áuC([0, T ];Hs(T)). dª(3.1)Ú||u(t)||Hs ≤ 2||u(0)||Hs , ·�U
��

||u1,n(x, t)||Hs + ||u−1,n(x, t)||Hs ≤ 2C||u1,n(0)||Hs + ||u−1,n(0)||Hs . 1. (4.11)

�t = o�λ −→∞�k
||u1,n(0)− u−1,n(0)||Hs −→ 0. (4.12)

�t < 0�§$^n�Ø�ª�±��

||u1,n(x, t)||Hs + ||u−1,n(x, t)||Hs ≤ 2C||u1,n(0)||Hs + ||u−1,n(0)||Hs . 1. (4.13)

�t = o�λ −→∞�k

||u1,n(t)− u−1,n(t)||Hs ≥ ||u1,n(t)− u−1,n(t)||Hs

− ||u1,n(t)− u1,n(t)||Hs − ||u−1,n(t)− u1,n(t)||Hs .
(4.14)

$^cosα− cosβ = −2sinα+β
2
sinα−β

2
��

||u1,n(t)− u−1,n(t)||Hs = ||2n−1 − 2n−ssin(nx− a1ωt− a2ω2λ−1t)sin(a1ωt+ a2ω
2λ−1t)||Hs .

(4.15)
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�k = [s] + 2, $^Ún3.1Ú||u(t)||Hs ≤ 2||u(0)||Hs��

||uω,n(t)− uω,n(t)||Hk ≤ ||uω,n(t)||Hk + 2||uω,n(0)||Hk . nk−s, 0 < t ≤ T. (4.16)

¦^Ún2.3�-s1 = σ, s2 = [s] + 2k

||uω,n(t)− uω,n(t)||Hs ≤ ||uω,n(t)− uω,n(t)||
k−s
k−σ
Hσ ||uω,n(t)− uω,n(t)||

s−σ
k−σ
Hk

. n
−rs(k−s)
k−σ n

(k−s)(s−σ)
k−σ

. n
−(rs−s+σ)

k−σ ,

(4.17)

ò�c�rs�\þª��||uω,n(t)− uω,n(t)||Hs . n−εs ,Ù¥

εs =

{
(s−1)(k−s)

k−σ , 3/2 < s < 2,
(k−s)
k−σ , s ≥ 2,

(4.18)

ùp�εs�u"§·��(4.14)ü>4��e(.k

lim inf
n→∞

‖ u1,n(t)− u−1,n(t) ‖Hs ≥ lim inf
n→∞

(‖ u1,n(t)− u−1,n(t) ‖Hs −||u1,n(t)− u1,n(t) ‖Hs

− ||u−1,n(t)− u−1,n(t) ‖Hs)

&

∣∣∣∣sin a1t+ a2λ
−1t

2

∣∣∣∣ > 0,

Ù¥0 < t < min
{
T, 2π
|a1+a2λ−1|

}
. ùÒy²
½n1.1.

5. (Ø9Ð"

�©ïÄ¥��ÌfYÅ�.�±Ï�Ü¯K§·�Äk�E
ü�)S�§¦�3Hs(T),

s > 3/2¥´k.�§¿�3Ð���«mÂñ�"§�´ùü�S��m�ål�e.3?¿�

�T´���"~ê§ù¿�X�§�)N�3Sobolev�m¥´���ëY�"�,��
��

�ëY5§�´E,k�
¯K��?�ÚïÄ§~XT�.�)3Sobolev�m¥�HölderëY

5"

ë�©z
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