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Abstract

In the inverted band HgTe quantum wells (QWs), there are quantum spin Hall effects characterized
by topological protected gapless helical edge states within the bulk energy gap. By doping magnetic
atoms (such as Mn) in HgTe layer, quantum anomalous Hall effects (QAH) may occur in magnetic
HgMnTe QWs. In this paper, we investigate the effect of spin-orbit coupling induced by bulk inver-
sion asymmetry on HgMnTe QWs with respect to topological phase transition. Firstly, by the me-
thod of analytic calculation of spin Chern number in HgTe QWs, a topological phase transition from
topological insulators (TI) to normal insulators (NI) is presented in HgTe QWs when the strength of
spin-orbit coupling exceeds a critical value. On the combined effect of spin-orbit coupling and ex-
change filed, by numerical calculating spin Chern number, we plot the topological phase diagram
with various parameters. When the coefficients Ggand Gy depicting the exchange field satisfy GeGn <
0, three regions appear on the phase diagram, i.e., NI, TI and QAH. When GGy > 0, a new region of
gap closing appears and a nonzero spin-orbit coupling will open a gap in this region.
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FEREH R HgTe B T B, S WIS Z3h MRS I TC RERR MR IGU A S AHE B T B IR B /R
Bi. FEHgTeBTHHBANBEET (HIMER)E, #itHgMnTeR& TS HBIBETREBRRS. &3
AT T B RIEANTR A K B IRPER S AEHgMn Te R T B 5% R IMAZR. B4, B
RN B RERR L BATRILE A RRHER S B EEE RN T E R, FEHgTeR TR, RETMN
HINMEG A BB A SRR IMEZE FEHRIG M B IRPUER S HIERIER T, @ B ETH 5 B e,
BNEH TEARSHTHHEMIE. OV, HEBRIERNZES RZBGG < OFF, HIMARH
HE T ZEAXE: TELEE, HMEZEURERTREE/RMN. H6:6r > OFF, HILTHHESH
BRAE XK. RS BRRNERSERNEM, FEZRRAE KEERNITH I HER.
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1. 518

BT ERERUNAE N MR E 7S, BTEERE TSP EEBENMNH R, CFl
BT M ZHIRE . BT H IR RN S M AE 4 ek (T1) . A @ AE 2R AR, Fhdhdasih
TEARASBERRE & 524 IMAY I T REBR MR HE A T A4S, A3 AN E e A (K HL TV AR S R 7 T E A B
15+ EAEEN[1] [2]. £ 2005 £E, Kane £ Mele B RFE A7 280 Hh 4 H SE I 1~ E EE /R 0N R AR AT [3] [4].
TEIX /MO SR, AME [ EPUE R A 2 LT e E R AN BRI R . BJE, AMTRIAE bR
MR A B B HUE R SRR TS, SRR T E R SR NLLE A S P ok DA SRR g W [5] . 7E
2006 4, Bernevig, Hughes F1 Zhang $2H7E HgTe/CdTe & 1 [k Al i S A7 4E B T E g R RM[6]. A
LA, ARSI B 1 BB A IEEIE, WS TR HgTe & FRF B SC/A e BT E e /R 7].
FH AT IR AITEAE HgTe &1 B i 7 K& IR A SEE TE[8]-[18].

BT A BEE /RBON A3 AME R AT LR N E0E L. X HgTe B 1B S, @it 88 8055, A
VR TR SRS E0E 5[12]. 7 H A FFER, 87 HEE RN A R 4R T LA
H Z, AAR R [3]5 B HERREL[19]-[21] 5% Mo XFF I [A) SO AT ARG B R G, Z, AR RNIABER: & 3, X
DT A5 B e RR g [ 1]

P BB R G RIS HIA M HgTe &1 BRI S, k& HgMnTe & -7BF[13]-[16], @i iHH, A
TVRBL T X FM B REAAAE B T IR RN . SN, B2/ T AR R ASSFR AN Z5 44
A RSB A TeERE S0 T HoTe B FHEBE IR S2m, Hoanii s 7 B e s KA A R R R
Ii[8]-[10]. FEACH, BATE SIS TR RIEAR AR S E e &6 T HoTe &1 BHEFMER 1)
oM. B ATIRE, FRATRIL, % HgTe B TPHET & T HEE/RESN, 15 ARPIERARE RT3
MG SHERT, HgTe ¥ MIRINE G AR AR R Il A A . R BRATIH R T B IEFUE RS &% T HgMnTe &1
BHFR AT (52, SE I A TR RS, FRATE T R ST B AR A A
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2. IRBIFI A
£ HgMnTe &7 FFr, 25 8 A BRI AS X AR 51 RS 1) I EAE R 5 RN 7 R e BT vl 5O

M —B,k*+G, Ak_ 0 -A
Ak ~-M +B_k? A
H . +B k" +G, 2 0 )
0 A M -B,k* -G, ~Ak,
~A 0 ~Ak_ -M +B k* -G,

W BRI BE N { By +). [ Hy +),|E, —) | Hy +))» JEeft|E ) F | H, £) 45 AR B PR R 1
fieiio B, =B+D, k. =k xik,, k®=k;+k . Z%A B DM Hi BB IUE. G (Gy)
NERIB R A A Y S BN LT () R B R R R (18] AL TAERERYAEXS MIA , HiR s A S sA
SRR G RL I B B A A 5

FRATIRH (4 75 72 Tt A AT AU VT B BB AR MR . A TV AR, B R

BTN DL g, o I A0 O B B SR [ A o, BRATTT LA 3 s 0 a5
BB
Oz |9, |0z |P-
(el G @
SRR AL, TRATTAT DA 2 1P M S R A 2R
z.=a.(Lr.) (3)
o, S I BB — LB T 7 AT L7538 O W2 P43
0. =B (4. +7.0.). @)

MBLEB R K, DU i R ) RAE AN

_i| (99-(04.\_[06. |04,
g:+(k)_|[<akx aky> <6ky 6kx>J' 5)

I T LB AR B A N DX Ay, FRATRT BRI RO
C, =, d°ka, (k). (6)
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WA

3. ¥hMBZE

Xt HgTe &7 BH(Ge = Gu = 0), A& HTRPUER A RN(A =0), MR (1) AR A . £
ZIEH T, HoTe EFBHORIME BIA R ZHMB YiE. 2 MB >0 I, RGEA 2 BN A S ANV Of
PEFHANMEF R T B RE RS, IR EGAR. SR MB <0 I, HgTe &1 By E il 24 2 ik .

SRIMTX T HgMnTe 57 BE(Ge, Gu #0), A HIEHIER SN (A = 0), i B e L fg b it
B, XFRL B RERRECA

C. =+[sgn(B)+sgn(2M =(G¢ -Gy,))]. )

) GeGy < 0 JF H. G -Gy, =[2M| 1}, HgMnTe & FBHAAE T MG [ e i 2R 2500 3 5 5 2 AR
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THERATE ST HgMnTe &7 B B TRFUE RSG5 F 3R IMEAS . BATE L1118 Ge = Gy =0 1
o SRR, FATRIBES B BB RS SR N, R G HoTe EFBFHIS S KA NIA
N AR BRI AR IR HNAAE . ST G, Gy # 0, AT HIHE A BN, GeGy < 0 1 GeGy > 0,
S L H R 30 P AH L

3.1. GE:GH:O

HATE SRR RSO, £ HgTe B 7B+ (Ge = Gu = 0), SIANHRPUERFJE, FATHT
LA RIR S RETE

E,. =-DK’ +\/(M ~BK?) +(AzAK),
@)

E,. =Dk —\/(M - Bk2)2 +(A£AK),

HA B, FTE, . XTRAE s AIp H I RETE . 32 R ORBATEY M i (Ol 8 R, BATRM T
R ARAR K7 TR FRIE e o0 KL

A+ Ak A— Ak
~ _.|:+ei6 A fﬁeiﬁ o
Ve (Akaye? [T (Ak—a)e? | ©)
f, f
Soop A, KPR A 009 — (LT AR 0 = tan (k, /K, ) » FFEL
A =1/ [2( 2 +(A+AK)),
(7 ] "

=M —Bk2+\/(M ~BK?) + (A% AK)

RAVEIL 75 HoTe B FBFh 581 EIEAUERE AR, i 0 B BORIAE =441 41216 BiSes 1
ICH P/ TG A — 1] 400 LR 940 6 B A 2T 21 B, AT 5 1 B
PREUR . BATKIL 4T HgTe B THRL T4 bt (MB > 0) KR (. 4 |A| > |AJM/B| . #ritefh
ISR T B4 SATION THHN TR HoTe BT, 1 REHUE AR A M TRDRHO MM
A .

3.2. Gg, Gu#0

X T HgMnTe & 1B UG, oA PR BB THE 0 7750 B EEUE RS & 0 T AR FMAE 5 R 5200
E N HMEUE TS, BATLERMWSECN A=1,B=-1,D=0,M =-0.1,

B EIATE &L R R 5 L. AR L) & 1(b), FATEH T HgMnTe &1 BHE A IRPUE R &
PRFEA = 0 I RETE, B HUETHEAS B E MR, BRATRIFENT IS R — (A R(T)). EXFE I
N, BRI N RE TER, JFHBI TR Y. HEAEM G:=03, Gy=-02, A
= 0 BF(1 1(a)), XA XA KRAT AT FAIE BE T &5 50 M S Z mBE i S0 il BT
PIRECA N, R, EEMIEL T, REWNNTETREE/RBEM. G =-03, Gy=-02, A=0
(] 1(b)), XA XHVE AT B e L35 10 S R E BE R 3 A 2 . RERNRECNE, (H2H
TREFR G, FRATHEIXFREBHUFR 2 RE B P & X 3
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Figure 1. (a), (b), (d) and (e) The bulk state energy spectrum at k, = 0 varies with k. The
former (later) number in the brackets means the spin Chern number of the spin up (down)
component of the Hamiltonian. (c) and (f) The bulk state energy spectrum at ky = k, = 0 varies
with Gy. The solid and dotted lines correspond to the conduction and valence bands, respec-
tively. The red and blue lines correspond to the spectrum of spin up and down part of the
Hamiltonian, respectively. The corresponding parameters are given by (@) Gg = 0.3, Gy =
—0.2,A=0; (b) GE=-0.3,G4=-0.2,A=0; (¢c) Ge =0.3,A=0; (d) G = 0.3, Gy =-0.2, A=
0.1; () Ge=-0.3, Gy =-02,A=0.1; () Ge =-0.3,A=0

1. (a), (b), (d)FA(e)iF7SREIETE k, = 0 BEE k TIMIXRE. EFESEMET— M EF
B—1MESA T BRELMBET S H BIEMFR. (©)FF)FSEIEEk =k =0FE
% Gy EUMXRE. SEMBLESRIMETSHMNS. CEMIELS T B
LSBT . EFHSEHFIH() Ge =03, Gy=-02, A=0; (b) Ge=-03,
GH =_0.2, A= 0; (C) GE = 03, A= 0; (d) GE = 03, GH =_0.2, A= 01; (e) GE=_0-3!
Gy=-02, A=0.1; () Ge=-03, A=0

TESINERHUER A, ATRIL, feH AN A8 S (E 1(d)FIE 1(e)). Bt THHE XS RIPE RE, Al
I WE 38 0 (I8 R BORT [ BE R 3 I R B OR AR TR G XTI L(e), FRATRIL, AR EHUIER
BEAEE RGN EBEREL R RER A I X ETIF 7 —ANRERR, s BRI R AR R T ST

AT H TR RS ES (BRI ES, (M) TE ke = ky = 0 Bl Gu 2L MIEIZ(H 1) 1(F), Hrp
[ IE S5 06 BT E e EATE e N R IIRERE . RATEIL, 7E GeGh <0 I, FHAMBEALLN, ZXH
SR G RN Z I SRMTE GeGy > 0 I, 38 XM RALE S AN 2 8. {ERERE S+, &
N1 73 5% FE P RIS L, B GGy < 0 A1 GeGy > 0.

3.2.1. GeGp <0

FERX—/IFi, AT GeGy < 0 HIIE DL, M TIRIMAZE BRI REREAIST T B A & ot AT
T AT EATRITE, = GeG < 0 I, BERRAVFT Tl & Rl ek 28 T HoA BUM e R AR I T i AR RE
A Z 8o FrEL, AT T IXASRERRE RIAR B4 2). F HiEnE B RO BUE T 5, BATRIL,
FEREE REBIIITITERE &, RGURA T HhIMAAL.

HATE B LR R E (4 2(2)), 4 Gu = —Geo At A FEG I 40 AR 5 B RERS
E R BATEBL ERMEFLT, M7 =DRAAFREIMEI X 28 RRPUERE G R A s
SREELESIS . RARFHIANMEZES . £ RPUERM SR, MEELIIRE NG R, RERE TH
IMAAE, MRS AR R T RE RS . IRIMAESHIA N, B B RRPUEM S IRE IR, RS
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Figure 2. The phase diagram for the value of the energy gap as a function of Gg, Gy and A.
The white lines correspond to energy gap closing. The parameters are given by (a) Gy = —Gg;
(b)A=0;(c)A=0.2; (d) A= 0.4

2. BEBR{EREE Ge, Gy AAZILHVEE. BRELNNTRERAE. EhHSH I 7
H@) Gy=-Gg; (B)A=0; (c)A=0.2; (d)A=0.4

ML AR AR AR A A A . MR ATV, BRPUER G IREA = 0 i, MRSk 3 &7
W IR R IMAAE R AEAE Ge = 0.1, 7E Ge = 0 B, IR ALk 3@ 28 AR R MR R A TEA =
0.316. FATKIL, HfEA )25 AT I 45 RARFF— 2.

B J5 B ATTH T REBRAE 1K/ T Ge AT G R IAH (1] 2(b)~(d)). FRATAIL, H FEPIE RS 555
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A LR . SRR AF AN, BOKK B EFUIE R & 2 (015 P Fh 4a 2 ok K A AH A8 3135
AL

3.2.2. GeG >0

H GeGy> 0, I THEBINIIA, &S ARMMNWARA L. A TR LA, Bl i)y
BT AR S A VR, TR PRI BT 171 51 R G HOMEAME R . 4151 A — MBI 1 e
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4 LR 4 BB () 3(0), REBRI A I I — % FL 4, ARG 5L (G — Gy, =[2M))
AERRBATIFINC I, SRR E DR, AR IR AL A 58 2458 8 — MY
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Figure 3. The phase diagram for the value of the energy gap as a function of Gg, Gyand A. In
(a) and (c), the gap closing (GC) region is surrounded by the white lines. The parameters are
given by (a) G4 =Gg; (b)) A=0; (c) A=0.2; (d)A=04
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