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Abstract

In this paper, the first-order necessary conditions based on the cross-Gramian are presented for
the discrete-time Single-Input-Single-Output (SISO) systems. First, by using the cross-Gramian, the
Hz-norm of the error system is obtained. Then, according to the Sylvester equations satisfied by
the cross-Gramian, the gradients are obtained with respect to the coefficient matrices of the re-
duced order system. Finally, due to the gradients of the H-norm of the error system, the
first-order necessary conditions based on the cross-Gramian are achieved. Meanwhile, the re-
duced order system is accordingly obtained.
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1. 53|

IEAESR, R KRBT 23 ) KRG TR AR =, 48 TR 53 BRI 40 A A7 LB s ok T
BRI . KHILSK, BFARANR— BB T3 REEW IR R4S, I H T DURFFE GG RS
GERIRRIE S AR MEANTC YRR S 5T AR T v o Y BB T VR — MG AR I AR SR T . B AT AR
X KA R G A BAR A AT BE L T SA0URE DL 2 0 SURBEROS [, DRI, B2 L T s B P LA
TAEHARSUE . B AT AL 7L O 2, WIEAE 2 B B B ik [ 1] [2], Pl Wi Y By
J5E[A] [3] [4], Krylov T2 [R5 R BB J7vE[1] [5], LA BAAE 1E 28 4 A 8 [ B 7 VR [1] [6]%5

B AR GBI B B T 0 AR 22 BRI SN BT RV o [A13 T Btk i) AN AR B BN 1) 3R G E A
Al LA AT Y B i, AT T AR X R b R R AR Gram FERE, DLAGIX AN Gram R
S35 /2 1) Lyapunov J5 R ST BN R XU ME R Ge, [7]R0[81NFH T b AR, 40 51l IS [E] S8 47
SIRF TR IE TR RS, T TR RGN RAMNRZ S T B Yk R4, 91N H
B TR V)3 R GE AT AT Gram SERE, G IEPATER TR BB 5k, Wi T B R U3 R SR
PP R4, W T R RS RAMIRZE T . HICAT W, EMIEREN RS FES, Gram HikE
KRAET EEME

Bl Hy BERIRERY 7 i — R E B R BRI 777, 2B T2 0F TN L 5eiE . [10]08 i >R
Lyapunov Ji#2, #2H TIELL RS Hy AR — 2B, B Wilson F. [LUAMUSRH TIELL REM
Hyland-Bernstein 25/, i ELISUER] T Wilson k145 Hyland-Bernstein 214 (450 M. [12]5€ X T 25N
Z i H (MIMO) B U 7] R G0 Hp Y%t RH Wilson %65 Hyland-Bernstein 4 4R BB R 5,
T ELR AR Lyapunov 77 TSR, BT DA[L2]4% s V) 26 Z (8 2% AR RIS BE Y R Ge,  [RIBUEBH T B it
1] R4 Wilson 26145 Hyland-Bernstein & {472 S 40 (1) BT Hp YE AT LAl T 2 F0 0] A8 Gram 45 FER R,
It CA[L3INFH — B HL s 77 i3t 98 7 38 MIMO iR 22 R G IBE I, 138 T VIS4G E 24 . th TR 58 X Gram
FEPERIE B R G0, KA Lyapunov 77 F2/NHXT 8D Z00E Kk, FRATEFFL T SISO B [ &4t
FF 28 X Gram FEREF) Hy SRR BE I J772:

EFXPUEARRE 1) SISO BSHIET IR R4, ASCHEH T 5T 58 X Gram 45 FF 1 Hy SRR BRI 7. 1
Je, FRZE RGN Hy W0ER R NS X Gram HRERITE S Ra, TN 2GR EUEME—Mits), &
TSR TR E RS H W0 BB RS s feJa, NAHRZE RS Hy WA, BATIZH T SISO B8 i [f] R4
BT 38X Gram FEFE— M BB, FEIAR IR RS N T RMEN RS, BATHEIT 2 X Gram
FERE, X ARG AR E 1) SISO B U [ RA M BEM RGHEAE T 07k
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2. F&mEHR
S Pt T R I R4S SISO BS BN 1A] A 4

5. {xk+1 = AX, +Bu,,

: (1)
Y =CX,,

Hrfr AeR™, BeR™, CeR™ZAZREHEN, WMAMGHHE, u, vy eRMx, cR"FHRE
T RGAEN A t AR, HHE AR . WA x, =0, X RGQ)BEAT Z A, IRA TG B8 K 2

1

H(z)=C(zl,-A) B ]

IR A I RIS AL A, RR R GE(L) 2 #E A E 1. R UG R, FRATIRZARBL(2)
SR E HouT ATl M) R 4t
PATE RGBT AR E BT A M) SISO BEFT R 4t

S {)Afku =A'A&5\(k +Bu,,
Y =CX,,
Hii AeR™, BeR™, CeR™ Hr<n.
H (z) 1 Hy JEE0T LIBE SCH

H 2, = (¢ )00

Sk () RFIEHUHEE. trace () FRAEFE I T RGE(1) R SISO R, trace(H (e ig)H(i" )=[H (e” ro
RIS, By B SR, BT DA 40 . RGEHI H, S ¥ T LB Gram A FER R A

|H (z)|||242 = trace(BTQB) = trace(CPCT) = trace (CRB) ,
$oq P =Y (AB)(AB) A1Q=Y(CA') (CA) 48 14 5 B (L) T B AT AT W Gram A6 B, I FLilk 2
t=0 t=0

Lyapunov 75 2
APAT +BB" =P fll ATQA+CTC =Q

4 R=Y(AB)(CA') RERGi(L) 1% X Gram fiFF. R L Lyapunov J7F2[14]

=0

—

BC+ ARA=R,

i e <)

n R
AR (2) = H (2)- A (2) » TRERZE ARG M3 X Gram Hilk R, {7E 4 YAt R, :{Y FJ JEH

XFT SISO £4t, R?=PQ KA.
MR 7 R G

i /& Sylvester J5 %
BeCe + '%Rep\e = Re °

IR BIENR, EXATBe S
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M T P A5 ST BAAS 2

BC+ARA=R,

AXA-BC =X , ®)
BC+AYA=Y, 4)
ARA-BC =R. (5)

REE RG] Hy VAT 152 X Gram FEFE R, F&om N

| (z)||f42 = trace(C,R,B, ) = trace {[C —CA]LF:

X 1| B A A ~nn
H AD:trace(CRB+CXB—CYB—CRB),
R B
(@) F(3), trace(CXé)ﬁEﬁE?\J
trace(CXé) = trace((Y - AYA) X ) = —trace( BCY ): —trace(éYB) o
AR E (2) ¥ Hp TEHL
[E(2)];,, = trace(CRB +2CXB - CR8) (6)
~ trace (CRB - 2CYB ~ CRB) . ©)
BANCABR TiRE R T X Gram R Hy k. 768 N RS T, IRATERH iR H,
GHHFRIER, WIFRIEE T2 X Gram FFE R — B b 4.
3. BETXX Gram FEREHN—M VL EFHFH

RIAIHEF32 X, Gram SR H, T8I R, J AT AL SISO BN ] RELHET % X Gram JEHEHY—
WA AR, HATEOBR TR, J5A RS I R G S AR MR N R A NGRS, W
DI EIRE RO H 86T A, B A1 C IBRRE. 57648 M S0 YR B0 T S M2 R AR R 5 L.

X 3.1 SAFRBEEL f (X) HUBEIE R —NSHERE V, f (X)eR™ . HiiE X A[13]

d . .
[V f ()], _mf(x),._l,...,n,1_1,...,p,
Ht X eR™ . (X +A)WTARFRA
F(X+A)= £ (X)+ (7, £0X),a)+O(Jaff),

Hep (v, f (X),A>:trace((vX f (X))T A) .
2R E3 e SCBL K Lyapunov J5 R, BATTATLAG RIR 2 R ST Hp R T BB R 40 R BUEREROBE S -
#£®32 4 I(ABC)=[E(2)], » MI(ABC)MBEEV,I, VIMVIHHN
v =2(VAX +RAR)', v,J=2(CX ~CR) F1v.J=-2(RE+VB)',
KPR, XHYi#HLEHEER)~5).
T B ATV, A8 ARENH Av A, L BT X, Y AR D BIBIREI N X +A, L Y +4, MIR+A, ,
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B ~ A 0 R X+A, || A 0 R X+Ay
e €]+ - . . = . . (8)
B 0 A+A;||Y+A, R+A; |0 A+A; Y+A, R+A;

R
K@) M), JATATLMEEIA, . A, FTA 02T FE
AAA+AYA=A,

AXA; +AA A=A, ©)
ARA; +AA A+ARA=A, . (10)
i E (2) 9 Ho VS KCRIATR(E), WIT A [—Bahsh A) Wl BLZor
A =3(A+a;,8B,C)-I(ABC)
~ trace(CRB +2C (X + Ay ) B~ C R+ A, ) B) - trace(CRB + 2CXB - CRB)
= Ztrace(CAX é)—trace(éAF}é).
REF@)FI(9), trace(CA,B) HILAE RN
trace(CAx é) = trace(AX (Y - AYA)) = trace(Y (AX —-AA, A)) = trace(YAXA, ) «
FH(5)F1(10), A1
trace(éAﬁé) = trace(Aﬁéé) = trace(A|$ (AIQA— Ii)) = —trace(ﬁ(AAF§A+ AﬁAA)) = —2trace(FA{AI§AA) o
K3, AJ =2trace(YAX A +RARA, ) = 2trace((YAx + ﬁAﬁ)AA) = 2<(YAx + éAﬁ)T ,AA> i, &
(K]
VI =2(YAX +RAR)' .
BEFORBATER 3 C FIC+ A HHE VI o MBI, X AR FIEARZN X +A, FIR+A,, IF

HeAmi 2
B - A Of||R X+A,||A O R X+A,
X [C —C—Aé]+ X . = . . (11)
B 0 AJlY R+A; |0 A Y R+A;

KM, TRGFEIA, A FTA WL
AA,A—BA: =A,

AAA-BA. =A, . (12)
% E(2) M H TEHRIE (7). KT CH—Brahish A 1T DA KR A
A =1(AB,C+a;)-I(ABC)
:trace(CRB—2(6+Aé)YB—(é+Aé)(FAHAFE)é)—trace(CRB—ZéYB—éﬁé)
:—trace(éAﬁéJrAé §é+2AéYB).

H(5)F1(12), 3%
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trace(éAﬁé) = trace(AFi (AﬁA— ﬁ)) = trace(li(AAﬁA—Aé )) = trace(liéAé) o
(Al it
AJ = —trace(éAéé +A¢ RB+ ZAéYB) = —trace(liéAé +A¢ RB + ZAéYB)

- ~2tace((R8 +Y8)a )= -2{(R8 +v8) ).

v :—2(F§é+YB)T .
&, ROT v I MHEERE, J%T B [1IBh
V4d =2(CX ~CR)

War. 4 bRk, EBRGEREAL. UEEE.

fEEH 3.2, WAVES TIRE RS H 080T A, BAIC MIKEIE . 68 FRmHe, BATEH

ST A X Gram HFEI— BT R AE, DL AREH R 5 4.

%ﬁ&3ﬁfJ%i*A%%ﬁL§ﬂ@,M

A=WTAV, B=W'BHIC=CV,

HwT=—RY, V=XR*HW™V =1_. X, Y FIR #Z Sylvester J7F2(3)~(5)-

FERR: RN I fERaE AT A, B RIC R NE, FiL

v.J =2(YAX + ﬁAﬁ)T =0, V.J =—2(YB+ ﬁé)T =0HIV,J =2(cx —éFE)T =0
Wor. HF R, A
A=-RAXR™', B=-RYBHIC=CXR®,
TR, BRITEXWT =-RY, V=XR. FiE, WV =1 &,
@A WL FEE AT X, 153

BCX + AYAX =YX . (13)
T CX =CR, YAX =—RAR, (13)"]LAMLLS
BCR - ARAR =YX . (14)
TEA) L PILRR AT R, 35
BC—ARA=YXR™, (15)

~

KA5) 5E) M, BEIYXRT=-R . #—%, RZ+YX =0, Ul
WV =—RIYXR =1,
ROT . 22 ERriR, EHEEeERoT. FEE.
EM 33 ML EMT A, BRMCREXETR, XHY MEk, &
{A B, c} { RIYAXR™, —“1YB,CXFE*1} ,

Heh R, X ALY " LLE Sylvester [ 77 F2(3)~(5)153 8. X JysRARHTIL AL 2 1 SISO 25U A 2 5 ¥ b
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FEXTBHLARE R SISO BN IR R4, ASCIRH T2 X Gram AEFE R Hy LB FEf 7 ik, &

g, BATHES TRTIRERGI N Gram FFER HY68G 5, WHT TIRERGN Hy GO T B &
GABUEI— I itsh; &)a, RIE—shRE, B2 TRERGMN H EHCE T BN A5 R E0E
FERIRRRE, LRIE T2 X Gram JEFFI—Br e 2250, BRI RS0 tH—Br e ZEORPF I . AR SRR &
L RE, BATH RN T 22X Gram KiFE, X OUREHHIFLE I SISO B UM [l RELHIBEIT RGtFE it 1
Tk
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