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Abstract

Under the framework of water eutrophication prevention and control research, a nitro-
gen-phosphorus-phytoplankton model with two delays will be investigated mathematically and
numerically. Mathematical works have comprehensively explored the locally asymptotic stability
of positive equilibrium and the threshold conditions of occurring Hopf bifurcation. Numerical si-
mulation works have depicted the dynamic evolution process of nutrient and phytoplankton den-
sity and Hopf bifurcation. These results provide a great help for the interaction between nutrition
and phytoplankton in dynamics, and are helpful to deeply understand how the delay affects the
dynamic trend of the marine ecosystem. Furthermore, they can provide certain theoretical sup-
port for further prevention and control of eutrophication of water bodies as well.
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1. 5]

BE IR EVIP S R BEEICHUE RV BRI . T AR B AL KSR R
KM, fEEE RSN R RIS, SUEEI A CF A E S0, KIS = TR,
KA, R R FEKAEEYREICTIILR1] [2] [3]. B4k, ASWESsEm a] i —d w2,
ARAEIARA AT, ARSI A A H o %, AR ERGE, KE I E TRV b
NKEIHER TR, SEEEFRMUMARIAAHI. BT, AKESFEKEEEFRLC Ry L 4
FOKTGRAA BN AERL, e AR B Py AT LE PR 5 1) 4] o

n4, W2 RRAESERMBCAESER — BARTE I ED ARSI ), DUER s
B IR, AT SRR R, DR AR B SR AL R 55 S5 2 (5] [6] [7]. ARATTRIRTFLR M, LI,
WP, TR SR A A, R RN AT I ORBE R R, X AR R I R
R T REF BRI, MRRARESRG PN EEFR U EEREE, Ly g theilEiz
FIBUARRRAIT TT & & SR AR [8] [9] [10]. ARATH TARZRHE, X LB A R AVE AT LI ALl 220 i A= P
HEI BN AL RERE, T AR AP 18] A B A AR F 5 S SR SROBOROM 22 1) 225 TH AR 06 A= W e
B MBCAE R BEATHIFL[11] [12] [13]. Mei and Zhang [11WFFE T —FlAERHR I SN BL - RS, 157
T 2RSS P RAE VIR . Wang er al. [12]7% [EBIGRAN 3 B0 I ™ AL I fE e, 2
ST T A I T SR PR SOR (17 B R A ) - IR Y . Wang er al. [13]FIE T —JERATIY
MRS E TR - PRl AL AT USRI AT LR, MR oK B TR R AR A AN
RIRLAA o SCHR[14] [15] [16] R VEAHBITT 1417 A I RN 1 AR R B 25 O B R, BN TR T R O 3K
TR RIS 1 — s MBS, AT CRAEBATT b 2 (AR R B AT — 5 A SRR S

Li and Liu [17]8F 78 1 — 2 BA I RN (0 LR, hT th R G014 s 4 R AR Ve A A A
Hopf 73 % I BUE 26, X —J5ARMEASIRA M5 % . Martin and Ruan [18]75 1& 1 WK Z A (] 1838 (11455
SN, AR T AT I RN ANGE AR WSR2 AL - PR s, AT R B R T RE 2
ARG RERAG, B ABERME AL T Im SRR, BORE X RGP AR e e, RO A

ik
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W TSR Z R ) 2B R 2 [R]  B A LR A — A RUFIHESE . Shi et al. [191F 58 T — K BA 4 AT I Al
Dirichlet 115 561 B RS - U8, ARATTI 0T 50 SR B AR B S, N IRATIT 708 FROG R W fy
SR A A K e SR T — B R NIWE 77 Shi and Jiang [2010F 50 1 — IS EL A XU 80N IRV
WEEN) - PRI, X — B OO ERATT LSS A T 2 B AR R SR i T — B e B ER AR VAR . A
ATTHIBIE T R SR TR A ) KA 1 8 R — B R B = .

BT UL BB A Deng et al. [211FFFEIARDGEE B, ASCHEE T — S BA BR8N A - B - FIEE
BiRY, AT RLRIRUNR

dx axz
—=1 -bx-——
dt o +x

d a,yz
g by -2 ()
dt c,+y

E: elalx(t—rl)z N ezazy(t—rz)z
dt ¢+x(t-7) o +y(t-1,)

Hrpx, y 73512 SR (mg/L)ME B (mg/L)TE ¢ I ZIK% L, 2 R REE I 210 A Y& (mg/L), 7,
R IR SR R, o Rl R OB SR I . RGE(D) T AR S S (217
SHMFE . WNEDZERIERTE, BATHRIEA G — RIR RGO RN I2AT N, FIRS()# 2
LA RI4R 2% A

—mz

x(1)=4(0)>0
¥(1)=4,(0)20p 0e[-7,0], @)
2(1)=¢,(0)20

g eC([-r.0] > k), (r=123), R ={(x.y.2)[x>0,y>0,z>0}.

2. FHEBISEMEFR Hopf 5332

IAE F BT R G0 (1) 1E T 5 R e AN Hopf 49 32 O
RN RBOBATHRITCLE: u(t)=x(t)-x", v(t)=y()-»"» w(t)=z()-2z", KIEPH A
E, = (x*,y*,z*) HACRE S, REB RGO, W RS ()R LA
dU

" —=MU(t)+NU(t—7,)+0U (1 —71,), 3)
/\EP:
U(t) = [”’v’ W]T » M= (mi/' )3X3 » N= (ni/' )3><3 » 0= (Ofi )3><3 >
my, ==b, - alCIZ* 7 M3 =— A o
(c1 +x ) G +x
My, =—b, — azczz* —, my, 4y
(c2 +y ) Gty
0y, = ea,c ny = €,a,C, ’
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;E\,ﬁi]‘mljzo’ n,j=0, OUZOO
T [AE-4=0, W13

A-a, 0 Ut
0 A—a,  —ay|=0, “)
a, e’ —ay,-e’ A
>~ EP:
a, =-b, alCIZ* 2> 3= 4% :
(c1 +x ) G +x
4y =-b, CIZCQZ* 75 Oy =t :
(02 +y ) Gty
elalclz* ezazczz*
a3 20 YT 2’
@) (asy)
RGE ()0 M HIREE T AR W R
A+ A2 +BA+(C+DA)e " +(E+FA)e’” =0, (5)

Horpre
A:—(a1,+a22), B=aa,, B=aa,,,
D =-aa,, D=-aja,, D=-a;a, .
N> T BLEEAT I 18
F—MER: 1=7,=0.
BH 2.1: 7,=7, =00, WRKME(H): 4,50, 4,4,>4,K, REEPERE =(x".)" )£
BRI o
WEB: M7 =7, =08F, J5FE(S)T LUEEAL -
P+ AN+ A,A+4,=0, (6)

A,=4, A, =B+D+F, A4,=C+E.

R4 Routh-Hurwitz FI 4, WEKAM (H,): 4,>0, 4,4,> A8, E, =(x*, y*,z*) 2 Rl AR

FMEM: 7,>0,7,=0.
EH2.2: 7,>0,7, =0/, WEFXM:
1) (Hy): SCHR[22] B DIELLG), ()AL
2) (Hy): f(@0)#0, 45-24,,>0, A —24,4,>0.
RALETPERE, = (x*,y*,z*) fr e [0, 2'10) RREEfe e, FH% 1 =1, H Hopf 7732,
WE: M7 50,7, =0, J7R(S) AT ELEEAL A
A+ Ay AP+ Ay A+ Ay +(B A+ By, )e " =0, (7
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Horpre
4, = —(a11 + azz) , Ay =010y —Ayy0y,, Ay =ayag,a,,
B, =-ajay,, By, =aa,a,,,
(Bt A = oo, (@, > 0) AT RE(TRISERERR, K6 SLAR A L2 B S R pe i o 19
{—a)f + Ay, + B, o, cos(@7,)— By, sin(oy7,) =0

) ®)

—A,, @} + A,y + B, @, sin(w,7,) + B, cos(wy7,) =0
)BT IR G AN, TS
o +E, o +E,,0l +E; =0, )
>N EP!
E, =4,-24,,, E,=A4,-B) -24,4,,, E,,=A4;,-B.,.
B v, =], MITFEQ) AT LLEEAL
v + Ey v +Epv, + E,; =0. (10)
PN RE LR
fl(vl)=v13+E21v12+E22v1+E23. (11)
B8 (Hy,): SCHR22] P B Q. DIEBLG), G, W f (v) BEOFE—AER, SR—fkd, By
BADIIHRA v, vy, vy W @ = v, (k=1,2,3)
H(8) AT 753
B, +(ByyAy — By Ay, )0 — Byy Ay

cos(ayz,) =
2 2. 2
By o +B,,

; (12)

(leAzl _Bzz)a)l3 +(BzzA22 _leAzs)a)l

sin(@y7,) = o i B , (13)
21771 22
H(12)F1(13) 715
B, @' +(B,,A,, —B, A, o> —B,, A
2n—arccos{ u + (B S 222)w1 Z 23:‘, if (13)<0
0 = B o + B3, (19)
1= 5
B, @' +(B,, A, — B, A,,) &’ —B,, 4
COSI: 21771 ( 22 221 221 222) 1 22 23i|’ lf(l?))ZO
B, o +B,,
T{;=L(¢1+2jn),(j=0,1,2,---,k=1,2,3), (15)

Dy
EX 7, = min(rf,?) |k = 1,2,3) v 2 A(r)=a(r)+io (7)) REIETTRDE—MR, HiET r =1,, IFHH
Ra(r)=0, of(ry)=0,. KT FAETFRT)HLHT RS, 95

-1
i) _ 32 +24,A+ 4, N B,, T (16)
_4(

dr, A+ 4,0+ Ay A+ Aﬁ) B, A’ +B,A 2

l
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[dRe(ﬂ)J_l 3 3of, + 2(A221 —24, )‘0140 +(A222 — B, ~24,, 4y, )a’lzo
dr,

A=ioyg @y +(A221 —24,, )w160 +(A222 —24, 4y )a’140 + Ay, a7
1 fi'(a)lzo)
@ o +<A221 —24, )(0140 +(A222 —2A21A23)a)120 + A5,

-1
- da :
TR (Hy) e f(00) %0, A3 =24, >0, A3, =24, dyy >0 RIS, Re(—j #0. iFEE.,
a A=iwy
FE=MEB: ,>0,7,=0.
B 23: 7,>0,7, =0, WEKLE:
1) (HZI): [FlEHE 2.2;

2) (Hy): fi(@)#0, 45-24,>0, A4 -24,4,>0.
RAETFEARE, =(x".)".2" )1, [0, 7)) RAWILRER, FHHY 1, =1, B HIT Hopf 432,
EB: M7, >0,7, =0, JFE(S) AT UL -
2P+ Ay AP+ Ap A+ Ay +(By A+ By )e ' =0, (18)
/\EPZ
4, :—(a11 +a22) , Ay =ay,ay, —apay,, Ay =a5ay0y,, By =-aya,y,, B, =a,ap,4a,,

B8 A =i, (@, > 0) RFAFLASR, H5HANIE L5 B S B0 R R 2 T 75

—w, + 4,0, + By, 0, cos(w,7,) - By, sin(w,7,) =0 (19)
— 43,03 + Ay + By, sin(@,7,) + By, cos(@,7,) =0’
BT A TTRE- I ARG AN, AT 43
@3 + Ey, 0y + Eyo: +E, =0, (20)
o
2 2 2 2 2
E, =45 _2A32 , Ey = A32 - B; _2A31A33 » Eyz=435-B,.
Bk v, =0; , NWITFEQ0) 0] LA A
v +E,v; + Ev, + E; =0. 1)
TE SR
S (Vz) = VS +E31V22 +Ey,v, + B (22)

BB (Hyy ) BOL, WITFRQ)ZEDA —AIEMR, AR, B FRQMIERICA vy, vy, vy WA
@y = oo (K =1,2,3)  HRIE(19) 75
B31w;1 +(BszA31 —B31A32)a)22 - By, 4;,
B @) + B,

cos(m,7,) = , (23)

(331A31 —B32)a)§ +(B32A32 —B31A33)a)2

2 2 2
By @, + B;,

sin(,7,) = , (24)

H1(23)F1(24) 7] 15
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B, ws +(B,, A, — B, A, )w: — B,, A
27 —arccos| —— (B: 321 231 322) EM R & , if (24)<0
B\ 0; + By,
®, = >
’ B3la);+(B32A31—B31A32)a)22—B32A33 £ (24)> 0
cos B ol + B ’1( )—
310, + Dy,
: 1
z’sz=—((p2+2j7r,),(j=0,1,2,~~-,k=1,2,3). (25)
2k

X ryy =min (e [k =1.23) . 4 A(5,)=a(n,)+io, (o) REFEARA8I M HIETr, =5, JFH
B (1) =0, @, (1) =0y« FETF o, AR FE(S)WLHATR S, /55

-1
i) 307+ 24,4+ 4y, LBy K 26)
dr, ) -A(A+ 420+ A+ Ayy) ByA+Byd A
i
(dRe(/l)J' 1 £ (@3) on
dz, A=iang wZZO a)260+(A321—2A32)a);0+(A322—2A31A33)a)220+A323 ’

-1
S s , da ‘
BN (Hy) e f(03) %00 A5 =24,>0, A —24,4,>0, UllJRe[—] #0 . 5,

o A=iwyg

FIUFER: 7,€(0,7),7,>00

EH 24: 1,€(0,7),7, > 00, WRFKM:

1) (Hy): QOFAEARAIER:

2) (Hy): (AC+BD) (w5 +a))~(4>+B7)#0.

RALETPERE, = (x*,y*,z*) fr, e [0, T;O) R REBHERER, HHE% 1, =, B I Hopf 3.

WEW: 27,e(0,7,), 7, > 00, ¥, (EASHL B A=io, (o, > 0) SRS, B IHARNIEH Ay
B SR R S T 45

*3 * . * * * _ . * * *
-, +a,,a,0, — [a,3a31a22 sin (a)zr1 ) +a,,a,,0, cos(a)zrl )J = a,,a,,a,, Sin (a)zrz ) +a,,a,,0} cos (a)zrz)
. (28)
*D * k. * _ * LA *
(@), +ay, ) @) ++ay,a5,a,, cOs (a)zr1 ) — a,,a;,@; sin (a)zrl) = —a,,a,,a,, cos(aoQT2 ) + 305, ; Sin (a)2r2)

BN HFE -7 R fFF A, n15:

*6 *4 %2 . * * _
o, +E, 0" + E,m, +E43+E44s1n(a)21,>+E45cos(wzrl)—O, (29)

)
=

_ 2, 2 _ 22 2 ) _ 222 2 2 2
E, =a;,+ay,, E,=apa; —anay +a)ay,, Ey=ana5a5, —apana,
_ B3, 2 _ @ 2 %)
Ey —_2"13”31”11((02 +a220)2), Eys —2a13a31(a)2 T aynw, )

R (Hyy ) : QOAFERBRANIERBSL, HId A oy, (k=1,2,-,1) .
MG (28) AT 15
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*4 2 *) * . * *) *
. ~@)" —a}\@)" +(apaya, - aya;ay ) @, Sm(”ﬂl)_(‘lmaslwz +al3a31a22a“)cos a)ZTl)
cos(a)Qrz): ,
*2 2
Ay303 0, + x50y,
L 1 * . . _
7,,) =——\arccos(w;7, | +2jn ,(]—0,1,2,--~,k—1,2,~~-,ll), (30)
2k

EN 75 = min(z-;k(o) |k = 1,2,--~,ll) v B A(ny)=al(n)+io) (r,) RFEETEGK —MR, HiETr, =1,
FHHWH L o« (r;()) =0, @ (r;()) =) o WRT ¢, FIFRHE T RSP TR, 53

(ﬂ]l CG+iD, 1 7,

- : 2 2 4
dr, piaty A+iB wyy +a;, A

Hr:

4 = aya3,0,,0, sin (w;ofl ) + 5, 05 COS(");071 ) >
B, = ay,a5,a,,0,, €08 (w;OTl ) — 5,0, sin (a);OTl ) >
C =305 +ayay +1, (a13a31a);0 sin (w;orl ) ~ Qy305,0y, COS (a);OTl )) —a345, Cos(a);ofl) >
Dy ==2(a,, +a,) o) +1, (awa“a)go cos (a);orl ) +ay,ay,a,, sin (a);Orl )) +a,a,, sin (a);orl ) .
[

dRe(4(z2) B (4G +BD,)(0’ +ai )~ (4 + B) 31)
dr, (47 +B7) (@i’ +ai)) |

s
27120

824 (Hy) e (AC +BD,) @3 +afy ) - (A7 + B ) # 0 oL, A Re(%j | 20, JFE.
2/ 2=iwn

FRMER: 7,e(0,7,),7,>0.

B 25: 1,€(0,7,),7,>00F, WHRE

1) (Hy): GI)FFEARAER:

2) (Hy,): (4,C,+B,D,)( @3 +aj) )~ (45 +B5)#0 .

RAEFWAE, =(x.)".2 ) e[ 0,7, ) RFHHNERER, FHEY 1, =7, B HIL Hopf 43,

T 27, (0,1,), 7> 00, i (ERSH, B A=iof (o] >0) RIS, HIANIHS
5 SR R R T 45

*3 * . * * * _ . * * s«
-0 +a,,a,,0, — [anana11 sin (a)l 7, ) + a,,a,,@; cOS (a)l 7, )] = a,,05,a,, Sin (wl T, ) + a,,a;,@; cos (a)1 rl)

(32)
9
(a, +ay) o +ayapa, cos(wfz‘z ) — Ay,,,®; Sin (a)l*rz ) = —a,,a,,d,, COS (a)l*rl ) +a,,a, 0, sin(a)l*rl )
K (32) A PIANTIRE T T R JE AR, AT A5
o + Egot + Eyo + Ey, + E, sin(a)fz'2 ) +Eg cos(wfrz) =0, (33)

Hrr:

_ 2 2 _ 2.2 2 2 2 2 _ 22 2 2 2 2
Ey =aj, +ay,, Es=aynay, —apa; +anay, Eg=ana,a) —aia5a5,
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_ B3, 2 . _ 2w
Ey = 2aynayay, (0)1 Tap )a Ess =2ayay (‘01 + a0, )

R (Hy, ) : GIMFERRANIERBSL, Hid A o, (k=1,2,-,1,) .
MRAE(32) AT 15

x4 2 *2 * . * *2 *
W — a0 +(a23a32a22—a23a32a“)a)1 SIN| @, T, | = Gy305,@, " + ay303,05,0,, | COS| @ T,

cos(a)l*rl)=

>

2 2
ay305,0; + 3050y,

o =L*(arccos(w;rl)+2jn),(j=0,1,2,--~,k=1,2,.--,12), (34)

1k
R X gy =min (2O k=121, ) » % A(r)=a(n)+iof (r) REFEHFS—ME, HET 7 =7, ¥
Hiwi a(rl*0)=0 , a)l*(rl*o)z @y o MRT 7, BIRHETTRES) ATk T, 155:

ﬂil _G+iD, 1 T
47 ) A +iB, @) +d, A
Horr:
4, = a;a,,a,0;, sin (0)1*072 ) + 30,0, OS (a)l*OTZ ) >
B, = ay,a,,a,,@;, cos (w1*072 ) - a13a31w1*02 sin (wl*OTZ ) >
C,=-3w,’ +a,a, +1, (a23a32a)1*0 Sin(wl*ofz ) T Ayaydy, Cos(a)l*ofz )) Ay, Cos(a’l*ofz ) ’
D, ==2(ay, +ay) o, +1, (ana}za)fo cos(col*or2 ) + ayya5,a,, sin (a),*orz )) +ayas, sin(a)l*or2 ) .
[

, (35)

dRe(/l(rl*O)) ) (4G +B,D,) (@37 +a) )~ (4 + B])
dr, . - (A22 +15’22)<a)1*02 +a222)

-1
Y (Hyy) e (4,C,+B,D, )3 +a), )= (45 + BS ) # 0 JOLI, )ﬂUﬁRe[ﬂ] £0. IFHE.,

@ A=iwr,

3. YEMER

HUTH D&% R0 0EP SRR 2 YEAN Hopf 2332 1 2R 04T, A 1t — D4R R4t ()R 4= 13
JIEAT N, FERR SRR 25 RIAE AT AT, X R G (V) FATHE OB J1 AR . X R AL 7 S 4L
PEQTT AL 7 .
4,=06, a,=08, b =03, b,=04, ¢,=2.5, ¢,=3.0, ¢=06, ¢,=04, I,=50, I,=55, m=035.

M T[54 BB AT L, I 2D IR A, RGUR IR 52 R LA E 1, 2
I S BUE AW R, RGERIARE e R AR, T H 2 I S HUE R T I AN R4 H B E 1
JE 311 o

M 5~ 8 BRI AT 71, FATFEREAT DS R F R 458, EE — IS BE 2GR € X
B, 25— NS EUE DN T IR AER, RGP R0 R ML AR E 1, T4 5 — DM S8l
AW RIS, RERREE R RERL, BERTInFEN RG2S BB E K E k.
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Figure 1. (a) Time series; (b) Phase portrait, the initial value is (3, 3, 10), when 7, =0,
7,=15<2739=1,
B 1 () Hr,=0, 7,=15<2739=1,, MIHERG, 3, 108, RF()HIATEFZ
B (b) MNFES()EE

10
0
0 1000 2000 3000 4000
10
=5 A
0
0 1000 2000 3000 4000

30

20

0 1000 2000 3000 4000 0 o
time t y
(@) (b)

40 04
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Figure 2. (a) Time series; (b) Phase portrait, the initial value is (3, 3, 10), when 7, =0,

7,=40>2739=1,

2.(a) Hr,=0, 7,=40>2739=1,, FIAIEHRG, 3, 08T, RE(1)HRIEFS

E; (b) MR ZRZ(1)HEE

10
< 5ﬁv 15
0
0 500 1000
10 ~ 10
> 5|,
0
0 500 1000
5
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Figure 3. (a) Time series; (b) Phase portrait, the initial value is (3, 3, 5), when 7, =0,

7, =55<12=1,

B3 () Hr, =0, 7,=55<12=1,, MIREARG, 3, 5B, RG(1)RIRTIEFFIE;
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Figure 4. (a) Time series; (b) Phase portrait, the initial value is (3, 3, 5), when 7, =0,
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Figure 5. (a) Time series; (b) Phase portrait, the initial value is (3, 3, 10), when
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Figure 6. (a) Time series; (b) Phase portrait, the initial value is (3, 3, 10), when
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Figure 8. (a) Time series; (b) Phase portrait, the initial value is (3, 3, 5), when
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