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Abstract

In this paper, we study the existence of weak solutions for the Dirichlet problems for

one class of singular p-Laplacian equations. Our proof combines the presense of sub

and supersolution theory.
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1. Úó

Ï�¹kÛÉp-Laplace�f4p(4pu = div(|∇u|p−2∇u)) ��©�§�>�¯K3ØÔn!í

NÄåÆ!6NåÆ!>�nØ±9��51Æ�+�kX2��A^§¤±éda¯K�ïÄ

áÚ
éõÆö�81"

�©�Ä�a¹kÛÉp-Laplace�§�>�¯Kµ


−a(

∫
|u|q)div(|∇u|p−2∇u) = u−αf(

∫
|u|m) + uβg(

∫
|u|r), x ∈ Ω,

u > 0, x ∈ Ω,

u = 0, x ∈ ∂Ω.

(1)

)��35"T�§÷ve�b�µ

(H1)Ω ⊂ RN§´��k.�«��>.1w"
(H2)q,m, r ∈ [1,+∞), α ∈ [0, 1), β ∈ [0,+∞)"

(H3)a, f, g : [0,+∞) −→ (0,+∞) ´ëY�¼ê�f, g ∈ L∞([0,+∞))"

(H4) inf
t∈[0,+∞)

a(t), inf
t∈[0,+∞)

f(t), inf
t∈[0,+∞)

g(t) > a0>0"

)��35¯K��´ �©�§ïÄ¥�­��K§5¿�p = 2�§�§(1)z��a¹k

ÛÉLaplace�§�>�¯Kµ


−a(

∫
|u|q)∆u = u−αf(

∫
|u|m) + uβg(

∫
|u|r), x ∈ Ω,

u > 0, x ∈ Ω,

u = 0, x ∈ ∂Ω.

(2)

© [1]3÷vH1 ∼ H4�b�^�e§¦^þe)�{y²�§(2)���3��)",	§�

§(2) ¥a, f, g = 1�AÏ�¹�ë�©z [2] [3]"

3 �©�§nØ¥§)��35�Ø�35Ñ�¤À��¼ê�mk'§�©¤À��¼
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ê�m´�6uëêp�§Ù¥p ≥ 2"�¤±ù��´�
¦(Jäk��5"I�rN�´§�

§(1)§�§(2)¤À��¼ê�m´ØÓ�"d© [1]�§�§(2)À��¼ê�m´H1
0 (Ω) ¿�y

²
)�3�)u ∈ H1
0 (Ω)"�©À��¼ê�m´W 1,p

0 (Ω), �©�8�3u¦^þe)�{y²

�§(1)�)�3�)u ∈W 1,p
0 (Ω)"

d	§dup-Laplace�f���55§é'up = 2�AÏ�/)��35(J�ïáI��

°[�?Ø"�©ò���© [1] p = 2�/����(J(�©5½
∫
u =

∫
Ω
udx)"

�©¤��(J´µ

½n1µ 3÷v(H1)∼(H4)�b�e§�§(1)���3���Kf)"

2. ý��£

�y²½n1·�k��
7�O�"

½n2.1µ(�©z [4] [5])3W 1,p
0 (Ω) ¥�K¼êu, u¡��§(1) �fe)Úfþ)´�§é

?¿Á�¼êv ∈W 1,p
0 (Ω),v ≥ 0§÷v

a(

∫
|u|q)

∫
|u|p−2∇u∇v ≤ f(

∫
|u|m)

∫
(u)−αv + g(

∫
|u|r)

∫
(u)βv,

a(

∫
|u|q)

∫
|u|p−2∇u∇v ≥ f(

∫
|u|m)

∫
(u)−αv + g(

∫
|u|r)

∫
(u)βv.

½n2.2µ(�©z [6])�1 ≤ s ≤ ∞�§Ls(Ω)´Banach�m"

½n2.3µ(�©z [7])�1 < p <∞�§W 1,p
0 (Ω)´g��Banach�m"

½Â2.4µ(�©z [8])�X´��B∗�m§{xn} ⊂ X,x ∈ X"¡{xn}fÂñ�x§P�xn ⇀
x§´�µéu∀f ∈ X∗Ñk lim

n→∞
f(xn) = f(x)"ù�x¡�:�{xn}�f4�"

½n2.5µ(�©z [8])(Eberlein-Smulian½n)g��m�ü (4)¥´f(g)�;�"

Ún2.6µ(�©z [8])3g��Banach�mX¥§8Ü�f�;5�k.5´�d�"

½n2.7µ3÷v(H1)∼(H4)�b�e�δ ∈ (0, 1]§eã�§�3)"{
−a(

∫
|u|q)∆pu = (|u|2 + δ)−

α
2 f(

∫
|u|m) + uβg(

∫
|u|r), x ∈ Ω,

u = 0, x ∈ ∂Ω.
(3)

y²µ1�Ú§�E�§(3)�fþ)µ

b�R > 0v
�¦�µΩ ⊂ BR(0)§¿b�e ∈ C2(Ω)´e¡��§�)µ{
−∆pe = Mβ, x ∈ BR(0),

e = 0, x ∈ ∂BR(0).
(4)
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@o§�3v
��M > 0¦�µ

{
−∆p(Me) = Mp−1+β ≥ 1

a0
((Me)−α‖f‖∞ + (Me)β‖g‖∞), x ∈ Ω,

Me > 0, x ∈ ∂Ω.
(5)

-µu = Me§2�v ∈W 1,p
0 (Ω) �v ≥ 0�Á�¼êé(5)ª?1©ÚÈ©��µ

∫
|∇u|p−2∇u∇v ≥ 1

a0

∫
((u)−αv‖f‖∞ + (u)βv‖g‖∞)

≥ 1

a0

∫
((|u|2 + δ)−αv‖f‖∞ + (u)βv‖g‖∞)

≥ 1

a(
∫
|u|q)

(

∫
(|u|2 + δ)−αvf(

∫
|u|m) + (u)βvg(

∫
|u|r)

(6)

ü>Ó¦±a(
∫
|u|q)�µ

a(

∫
|u|q)

∫
|u|p−2∇u∇v (7)

≥ f(

∫
|u|m)

∫
(|u|2 + δ)−αv + g(

∫
|u|r)

∫
(u)βv.

d½Â2.1�u = Me´·����E�fþ)"

1�Ú§�E�§(3)�fe)µ

�λ1´e��§µ


−∆pφ1 = λ1φ

p−1
1 , x ∈ Ω,

φ1 > 0, x ∈ Ω,

φ1 = 0, ∂φ1

∂ν
< 0, x ∈ ∂Ω.

(8)

�1�A��§ν´	{�ü �þ§�φ1 ∈ C1(Ω) ∩ C2(Ω)"

-u = εφ1§2�v ∈W 1,p
0 (Ω)�v ≥ 0�Á�¼ê§d(8) ª�µ

∫
|∇u|p−2∇u∇v = εp−1

∫
|∇φ1|p−2∇φ1∇v

= εp−1

∫
[|∇φ1|p−2∇φ1∇(φ1v)− |∇φ1|p]v

= εp−1

∫
(λ1φ

p
1 − |∇φ1|p)v

(9)

du3∂Ωþµ∂φ1

∂ν
< 0, φ1 = 0"Ïd�3η > 0¦�3Ωη = {x ∈ Ω : dist(x, ∂Ω) ≤ η}þ÷vµ

λ1φ
p
1 − |∇φ1|p ≤ 0.
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l
§

εp−1

∫
Ωη

(λ1φ
p
1 − |∇φ1|p)vdx ≤ 0 ≤ a0

Γ

∫
Ωη

{ 1

[(εφ1)2 + δ]
α
2
v + (εφ1)βv}dx

≤ 1

a(
∫
|εφ1|q)

{f(

∫
|εφ1|m)

∫
Ωη

(|εφ1|2 + δ)
−α
2 vdx

+ g(

∫
|εφ1|r)

∫
Ωη

(εφ1)βvdx}

(10)

Ù¥µ

Γ = max(a(t) : t ∈ [0, ‖u‖q∞|Ω|]). (11)

23Ω0 = Ω \ Ωη¥�εv
�¦�÷ve�Ø�ªµ

εp−1λ1φ
p−1
1 ≤ a0

Γ
[

1

[(εφ1)2 + δ]
α
2

+ (εφ1)β]

2(Ü(9)ª�µ

εp−1

∫
Ω0

(λ1φ
p
1 − |∇φ1|p)vdx ≤

a0

Γ

∫
Ω0

{ 1

[(εφ1)2 + δ]
α
2
v + (εφ1)βv}dx

≤ 1

a(
∫
|εφ1|q)

{f(

∫
|εφ1|m)

∫
Ω0

(|εφ1|2 + δ)
−α
2 vdx

+ g(

∫
|εφ1|r)

∫
Ω0

(εφ1)βvdx}

(12)

-u = εφ12(Ü(9)§(10) Ú(12)��µ

a(

∫
|u|q)

∫
|∇u|p−2∇u∇v

≤ f(

∫
|u|m)

∫
(|u|2 + δ)−αv + g(

∫
|u|r)

∫
(u)βv

(13)

d½Â2.1�µu = εφ1Ò´·��é�fe)"

1nÚ§y²�§(3)�3�Kf)µ

éu¿©��M§¿©��ε§okεφ1 ≤ Med(7)Ú(13)ª�µ(3) ª���3���Kf

)uδ�÷vεφ1 ≤ uδ ≤Me.�

íØ2.8 �n ∈ N�,�â½n2.7�§eã�§µ{
−a(

∫
|un|q)∆pun = (|un|2 + 1

n
)−

α
2 f(

∫
|un|m) + uβng(

∫
|un|r), x ∈ Ω,

un = 0, x ∈ ∂Ω.
(14)

���3���Kf)§�÷v0 ≤ u ≤ un ≤ u”
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3. ½n1�y²

y²µ1�Ú§�s ∈ [1,+∞)�,y²�§(13)¥�un3W
1,p
0 (Ω) ∩ Ls(Ω) ¥k.µ

�?¿v ∈W 1,p
0 (Ω)�Á�¼ê2é�§(14)©ÚÈ©�µ

a(

∫
|un|q)

∫
|∇un|p−2∇un∇v =

∫
f(
∫
|un|m)

(|un|2 + 1
n

)
α
2

v +

∫
g(

∫
|un|r)uβnv (15)

-Γ1 = max(f(t) : t ∈ [0, ‖u‖m∞|Ω|]),Γ2 = max(g(t) : t ∈ [0, ‖u‖r∞|Ω|])§2-µC =

max{Γ1,Γ2}§3(15)ª¥�v = un|^þã^���eãØ�ªµ

a0

∫
|∇un|p ≤ C

∫
(u1−α
n + u1+β

n ) ≤ C
∫

(u1−α + u1+β) ≤ C(K1−α +K1+β)|Ω| (16)

d(16)ª�§un3W
1,p
0 (Ω)¥k."

é?¿s ≥ 1§�K = max(u(x), x ∈ Ω)§@okµ

(

∫
|un|s)

1
s ≤ (

∫
|u|s) 1

s ≤ K|Ω| 1s , (17)

d(17)ª§�un ∈ Ls(Ω)�3Ls(Ω) ¥k."

1�Ú§y²�3u ∈W 1,p
0 (Ω)§¦�un ⇀ u"

d½Â2.3�W 1,p
0 (Ω)´g��Banach�m"2(Ü(16)ª,d½n2.5§Ún2.6��3f�EP

�{un} ¦�un ⇀ u"

éu?¿v ∈W 1,p
0 (Ω)®�un ⇀ u3W 1,p

0 (Ω) ¥§�â½Â2.4�µ∫
|∇un|p−2∇un∇v →

∫
|∇u|p−2∇u∇v. (18)

1nÚ§y²éu?¿s ∈ [1,+∞)�3un → u3Ls(Ω) ¥µ

�1�Úf�{un}���f�EP�{un}§Ï�{un}÷v0 ≤ u ≤ un ≤ u§Ïd�3{un} �
f�EP�{un}§¦�3Ω¥A�??kun → u”

2�â½Â2.1�Ls(Ω)´Banach�m§Ïd,un → u 3Ls(Ω) ¥"1oÚ§nÜ1nÚ�(

J§±9^�H2H3·��±��µ

a(

∫
|un|q)→ a(

∫
|u|q),

f(

∫
|un|m)→ f(

∫
|u|m),

g(

∫
|un|r)→ g(

∫
|u|r).

(19)
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1ÊÚµy²�§(1)�3)µ

d(18)§(19)ª�§3�§(14)¥-n → ∞ ���§(1)"dc¡y²��é?¿n ≥ 1 �

§(14) �3�Kf)§Ïd�§(1)�3�Kf)"

Ïd§½n1�y"�

Ä7�8
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