Advances in Applied Mathematics M A#¥#&, 2019, 8(8), 1418-1431
Published Online August 2019 in Hans. http://www.hanspub.org/journal /aam
https://doi.org/10.12677 /aam.2019.88166 Hans Xt

Radial Positive Solutions of p-Laplacian
Problem with Nonnegative Local Terms

Yong Zeng

Guangxi University, Nanning Guangxi
Email: 452970899@qqg.com

Received: Aug. 1°%, 2019; accepted: Aug. 15", 2019; published: Aug. 227¢, 2019

Abstract

In this paper, we mainly study the existence of radial solutions for the following p-
Laplacian problem:

—m(|JullP)div(|VuP~?Vu) = f(jz],u), € B;

u(x) >0, x € B;

u(0) =0

where f and m satisfy certain conditions. We prove that the above p-Laplacian problem
has a radial solution through the origin mainly by means of upper and lower solutions.
Firstly, we make the auxiliary problem sequence of the original problem. Then we
get a monotone bounded solution sequence by solving the problem sequence. Then
we can get that when n tends to infinity, there exists a u, which makes this solution
sequencetend to u. Finally, we prove that u is the radial solution of the original

problem. The concrete proof is given in the third part.
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A EZEMR T Hp-Laplacian o] @i Z E#EA F7EM:

—m([[u]|P)div(|VuP~*vu) = f(|z],u), € B;
u(x) >0, r € B;
u(0) =0

Hep fimidme—E &Y, RNETEZBE ETROGEAKIER EiXp-Laplacian Bl H i [F S HIE
mfF, EARMNMERERIRMEBCEFS, AEREKFELLEFTIEE—2AFFEFT,
MAATLEBH S, — 0o B, BE—Tu e C'0,1) N C[0,1] EBu, — u, REIEAu BIARRAE
ZafE, BAERRES =% .
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1. 5|5

ASC BT A0 JE 47UR ER I p-Laplacian 77 72
—m([JullP)div(|VuP~?Vu) = f(jz],u), € B;
u(z) > 0, x € B; (1)
u(0) =0

Hrr, B = B(0)NRY RO TR BALIFER, N > 2, p> 1o |ul|P = [; |u[Pde, m:RT — R
NIELRE, f:]0,1) x (0,+00) - R ZEARSHIELRKE, Hf fElz] =1 Blu =0 L&FHER
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St BEHEBCAR AW R, Xp-Laplacian 7] 78 A BF 70 A WAL, (H K2 Hs 3 18O R 1 2 p-
Laplacian il & 1E i 177 62 (A 59 & MW ST mT BLZS ILSCR (1] [2]), 100 A% el g A i e AR 2 (41
RFEABRIAR T LAZS BEOCHR (3] [4] [5]). FEASCIRAT Gk th A i ] R R Rl B 1) /P 27, PR B
ETHESS Az e o AT AR SCRIR (ISR [6)A0 [7]), i 45 280 i 1) ) A A7 Ao

[ (1) m] LA e I Bl O RE A 2K

—m(Na(N) [ sV u(s)Pds)r N (N Ry = fra), e (0,1);
u(r) >0, r e (0,1);
u'(1) = 0,u(0) =0

vz

Hrh, a(N) = A2, BFANN) [} sV Yu(s)|Pds REN. phX, FiLLRATAT LA (N, p) =

D(3+1)
Na(N) [ sN " u(s)[Pds, MTTIFE] T
—m(¢(N, p))rt N (PN P 2) = f(ru), e (0,1);
u(r) >0, r € (0,1); (2)
W/ (1) = 0,u(0) =0

FEIR S SCE A AT T =AMEBE
(Hy) MERWETEE C 0,1), X THEML >0, BfFfEe > 0 XFrHM(r,u) € E x (0,¢] A:

flr,u)>L
(Hy) SHER IS > OFEEFEhs (1) € C([0,1);(0,400)) N LY(0,1), Hr € [0,1)Hu > § i,
|f(r,u)| < hs(r)

(H3) MEEEMIO < ko < k1,60 < m(||u)|?) < K.

EX1.1: F¥u e C0,1) N CJ0, 1FRAin) & (2) HIfg, aniRufe o SO 2 (2) 2

AT ER=A%AE, FATH AT LS H N 324518

EIEL.1: fE(Hy) (Ho)FI(H3) BT, W (2) = FE—A 1Efifu € C1[0,1) N C[0, 1]
SCESEARM LR EMUT . F TR T B — S T RR R AN Bl A L, B =4 B

FELw, ML AE,

2. T Ehsy
N T AEE BT ABRATAT S 25 18 T T A i)

{ﬂMMMMV“WW”W”%W=fmw,TGQH; )

w'(1) =0,u(0)=a>0
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HrahSH,
ENX2.1: W EHu € C10,1) N OO, 1]ik 2 T F2:

—m((N,p))r' =N (r¥ T P2u) = f(rw), € (0,1);
u' (1) > 0,u(0) > a

(4)

W FRu g R R (3) B i, Mu ome WRAVN TS558 AT T5, WEE T MRE
X Mu Fome RJa, FATE XC0, 1H—AF X (G, u):

(w,u) ={u e Cl0,1]:u<u<u,rel01)}
TR € N, AV HTFE X

LB = ()7

E, = [77 n
2 2

B4, E, C Bp,BE, C By HBEH)MG e, > 0 SHEERI(ru) € E, x (0,6,], fi
13 f(r,u) > Lo AR, FATATDMES e, )02, JH R4 H
ILm en =0

T LT X E, FATA LR B — A Hy (r) € C10, 1] H.

PN ()P () € €10,

i3
7'(0) <0,7(0) =0
v(r) >0, re(0,1);
(5)
PY(T) §€1, TEEl.
Y(r) < en, re B \E,_1,n>2
ORI 8 LR
8117_1, re El
qr)=%ert,  reE\E,1,n>2
0, r=20

MW q(r)fE[0,1] ik, SRJ5FATHL

Fibhai(r) < q(r), T Hau(r) 2 [0,1] ERESRE,  go(r) 2 R Ig 1, 17 H.
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p

) < [ s
< q(rp/p 1)))1/p 1)
re kb
= re€ E,\E,_ 1,n>2
r=20
fEr € [0,1] .k, 2y(r) = qo(r), Wy (r)i o FTLA, TATA:

flryu) > L (r,u) €10,1) x {fu:0<u<vy(r)}

V) = (Pt / g

SEfATIPSIP

PV )P () = (P

AHER thr oy (NP2/(r) € CHO,L %g(r) = ==EER Y (2 () B Re(r) >
OFLIEE, M\ify

NG [, ()t
r

lim g(r) = = lim m(¢(N, p)) =0

KA g(r)7E(0,1] E B Er = 0k & 5 Hg(r)7E(0, 1] FiES:, Frblg(r)7E[0,1] FA Ft. £ R oRIAS
WS N E R, 7T, FATE T2 E

Ko = min{l, L/(|gl + 1)}

WER2.2: RIEKEA : [0,1) x (0,00) — REBIELLRE, XA RI(r,u) € [0,1) x (0,00),h(r,u) >
f(ryu)e Bv e C[0,1] N CH0, 1]5& N AR, HXTFTEr € (0,1),0(r) > 0:

{ —m($(V, p))rt N (V) = A, v) o
v'(1) > 0,0(0) > 0
)

o(r) > K§ 9 (r),r € 0.1 ™)

VT 5 w(r) = v(r) — K7 v (r), B390(0) > 0= K7 T 7(0), Fiblw(0)> 0. SeiFw(l) >0, M
RuEE, Hw(l) <0, MAEEr € (0, 1)H15:
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Xtr € (0,71), HH(H,)FIKo 52 SCH:
—m(¢(N,p))rt =N (PN T PR > frv) > L > Ko(lgleo +1)
i g(r) e X153

—m(¢(N,p))r' =N (PN T P72 > —Kom($(¢(N, p)))rt TN (rV Ty [P )

(PN PRY > YRS PR Y (9)
45 (9)ZRAE(0, 7y ) A6 i ph o |2 B 18
V() > KJ ' (1)
Blw/(ry) > 0, )8, BiBlw(l) > 0. % FR BAVER(TRAFML, MEEN; € (0,1), 173
w(A3) <0
FHw(0) > 0Flw(1) > 043
w(by) = w(by) =0, by,by € (0,1)
w(r) <0, r € (b1,bs) (10)
w'(€) =0, €€ (b1,b9)
F T RIFER 79545 (9) RIS, SRR Ir € (€, bo) B (9)RAE(E, r) LA F il (10) A5
wi(r) >0

W B ANGE I AED, Blr BRI AS
w(r)>0

X5 (10)RFJE, (7)) pkaL,

ARR2.3: Bew, uld AN (3) (T ARAAD LA, A SR e AT R T T R A
(i)0<u<u< +oo,r € [0,1]

(ii) FAERR KR (r) € C([0,1); (0, +00)) N L'(0,1), H(r,u) € [0,1)x < @, u > I

[ (r;u)] < h(r)

W i 3L (3) 2 /D AFAE — ANt € C[0,1] N CH0, 1) BXtFr € [0,1], u<u < a.
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f*(ra U) = f(rvﬁ(rv U)) +5<T7 U)
Horp

Blriu) =9 u,  ulr) <u<a(r) (11)

AR, f*:00,1) x R — RANESREHAB(r,u)E 5, AL, AT LA 2]
|f*(r,u)| < h(r)+ M, (r,u) € [0,1] x R (12)

HM = sup a(r), #FRIEIRATHEE T A &

rel0,1)

{ —m(¢((N,p))r' =N (r¥ o/ [P72w) = f(rou), € (0,1); (13)

W' (1) =0,u(0) =a
o HriE, AR R A, R IEA w2 BT TRE, BT DL E B 1 75k B SR A (H ) % b

KBS o)
/P2, _ . 1—N sT (s, uls d 14
s = Ly -
Bop(x) = |22z, FFERBOETREBEMREK N, (2) = |7 1z FTLL,

V(s u(s))
m(¢(N,p))

— g TN [TV (s uls) S
wmas [t [y

W = 7 (gp()) = g (N / s)

HXERC0,1], BEX—PMHETA: X - XWTH:

(Au)(r) = a — /O oY /t st)dt (15)

FrlAu € C[0,1], H(15):X. h(r) € LY0,1)FI(Hs) 1, Auf FH, @i (15)NJATIAE
Buses (13) (A EE H BRAIE B u & Aul I AN B pe

A, [ (suls)
e B el et

1
< et / (h(s) + M)s™~ds|
_ L h(s M
< lop([ Mas+ 2y
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FrbL, Auie S5 FEIES, HArzela — AscoliEFEAH, A(X)&—MEXELE, FHSchauder A3l 5
EHA: HTAFEARSS, Fillu € C[0,1] N CY0, 1)52 7] 7 (13) [ fi

B FRBATE My < w < @ B, Wy < u, BA12dr) = u(r) —u(r), BURIEZE, B
FEEr € [0, 1) Bu(r®) > u(r®), RJEH FEKE S, BA1:d(0) < 0&kd'(1) <0, BAERATR
WEd(1) 55 BAT5 T 5 PR .«
fHol—: d(1) >0

BHIXHERE R € [0,1], d(r) > OfERRST. MR (r) 2 TR (11) 5

—m(¢(N,p))r' =N (r¥ T P) < f(r )
f*(r,u) - 6(T7u)

HAm(o(N, p)) > 0, FiLAuIfe:

(P PRy < (Y PRy (16)
¥ F UM M B LB T H1 (1) < 079

e T R T L
i

u/(r) < (r)

¥ L0 EFR 15
u(r) < wu(r)

Bd(r) < 0F )&, 5 —Jit, WRd(r) > ONMEKSL, BIfFEr, € (0,1),43d(r) < 0. X
Nd(1) >0, FrUAFE B g B fffErs € (r,1), 15

d(T) >0, (S [TS) 1);
d(r3) =0 (17)
d/(Tg) Z 0

TEX 8] (s, 1) B S BRI THE AT 45 (16) KSR A ARG FEErs 21 _EARAr FR 615
u/(r3) < u'(rs)

Rl
d/(T3) <0

50T E, FrLAEE— = AR
I d(1) <0
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K Ad(1) < 0Hd(r*) > 0, FrLAETEN A € [0,1], fiEfRd(\) = d(X\2) = 0, HIMEE
Mr € (M1, X)) d(r) > 0. FTCAEHHEEIEE: F1EE € (A, o)H18d (¢) = OIRE B RIETEr €
(A1, Ao] E(16) AR SHERERIr € [€, No), ¥5(16)AECH]r LA 15

PN P2 > N P
BIXHER fr € [¢, \o) B

d(r)>0

PRk ETEr BN, EARIMS
d(T’) < 0,7" S ()\17 )\2)

KR Mr € [MAo)d(r) > 07 JE. Frbh, B LR WATE7E0,1] bu(r) < u(r), £ EHEK
PARKIHR T, w(r) < a(r), Frllu(r) <w(r) <a(r), k.

3. TR K EIERA
T EEIE R HE LS, B T4, MER I e N, B

en(r) = max{r, 2%},7“ € [0,1]

fa(ryu) = maz{f(r,u), f(en(r),u)}
WIS, f,:]0,1) x (0,00) — RAES: H.

falryu) > f(r,u), (r,u) € [0,1) x (0,00)

falryu) = f(r,u), (r,u) € E, x (0,00)

AXFAERIE FHEK C [0,1), RESGHIEK x (0,00) Ef, — fo BRIFBRATE SUFFI{f, 100,
T

fi(rsu) = fi(r,u)
fg(T‘, u) = min{fl(rv u)?fZ(T7 u)}

fn(ra U) = mm{fnq(ﬂ U), fn(rv U)}
AT £, 120 s SLZEO, 1) x (0, 00) - HUELE S5, E

fl(’l“,U) > f2(r7u) > 2 fn(r’u) > fn+1(r7u) > 2 f(T,U)

Fah, BANERRH(ru) € B, x (0,00)
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f(r,u) < fn(rv u) < fn(ra u) = f(rv U)

R
fa(ryu) = f(r,u), (r,u) € E, x (0,00)

Frlh, SHMEBRIETHEK C[0,1), EK x (0,00) L f, — fo BULETRATII T [ 0] 75 (2) i 4 Bhid {8
EF=E 2R

(17)n

—m(¢(N, p))r' =N (rV ! ') = fulr,u), € (0,1);
u'(1) = 0,u(0) =€,

IRBHE, (17), BIfE R (17) o B0 B, T HFRATH 45 P25 5] B

SI383.1: WHEREMc € (0,e,], w, = creF@(17), [T fif.

WE: B Au(r) AE L BTCA(1T7), 218780, BIZHES| B3I R FIEXEE Kc € (0,64, falr,c) >
0. FEIXBEIATHIEA TGN

n=18, fi(r,c)= fl(T,u) = maz{f(r,u), f(er,u)} > f(ei(r),c) > L > 0.

Bdn = k > IR S50 AL W40 = k + 15,

fk+l(7"7 C) = mzn{fk (7", C)a .EH»l(Tv U)}
XN
ﬁc+1 (T, u) = max{f(ra u), f<6k+1) u)} 2 f(ek-i-l (T’), C) > L

B AT
fre1(r,e) >0

TRBEFHMERE e € (0,6,], fu(r,u) > 0, FTLAGER AT,
51383.2: HEH(17),(n = 1,2,3- - )EDAEE — DM, € C1[0,1) N C[0, 1| HIl L Hn > 21, 17
TE0, < Up(1) < Up_1(r)o
W B IRNE, Mn = I8, BM > ONEE, BB &(H,), FIEEERy € L0,1) N
C(]0,1); (0, 400) ) fFi15:

[f(r,u)| < har(r), (r,u) € [0,1) x [M, 00)

HXFF A EH B M -
|flex(r), u)| < har(ei(r)) < Mo, (r,u) € [0,1) x [M, co)
BAILG(r) = har(r) + MW : G(r) € L(0,1) N C([0,1); (0, +00)), HIiL:

|f1(r,u)| < G(r),(r,u) € [071) X [M7OO)

BN, ARIRATHE RE T T ) AL
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{ =m(¢(N,p))r' =N (r¥ o/ [P72f) = G(r), 1€ (0,1); (18)

(1) = 0,u(0) = M
AR B SCRAT LU i E— i
' sIG(s)
¢ m(@(N,p))
BHING(r) > fi(r,uc(r) Hu(r) <0 min ug(r) = ua(l): Bug(r) > 0. FELFEn, € (0,6,
f: m < ug(l), TREBITE3L K, n AT, 00 FAR F7EL2E5 5

ug(r) =M — / e ds)dt < 400
0

0<m <ug(l) <ue(r) < +oo
SRIE B (He) F1, AFTERR SR, € L(0,1) N C([0,1); (0, +00))f#i1F T kAL,
|f(7"7 U)| < hm (T)7 (T7 u) € [07 1) x <7717UG(T)>

P E2.37%, W (17) A EMFu, € CH0,1)NC[0, 1| B2 < ui(r) <wug(r)e BTLAZ WAL,
Bisn = kR, 18 (LT) A7 FE fRu Ay, B4, < wp < wp U TR FE AR5 A7
TEG), (r) #1415

|fk(7"7 u)| < Gk(r)v (7“, ’LL) € [071) X [M7 OO)

Pino=k+ 18, HEAHEL G (r) = Gr(r) + M M2
|f(€k+1(7“),U)| < hM(ek+1(T)) < Mka (Ta u) € [07 1) X [Mv OO)

M Goger (r) 5 12«
| fer1(ru)] < Grya(r)

WG, 2t 5n = I8 T 15 18 B(17) 4 FELE fBuy, € C1[0,1) N C[0, 1) Hi# Enppy <
U1 (1) < ug(r)e FTPAGS RO,
AT EFLKIEA LR
UERS: HI5BE3.2%0, W (17)AFAE R () € (i, ue(r)), BIOAfi(ru) > f(r,u), BBl dmi2.2
AT 2

w(r) = KJA(r),r € 0,1]

BB w72 (17), AR, 385 A T R AR e € [0, 13 A2 -

H 51 B3 1FRA TR gy v 73 FE T RE (1) 1 R READ B, Hopr < i < wp» WHI(H2), F1E
iHih,, ., € L(0,1) N C([0,1); (0, +o0)) i

[F(ryw)| < By, (1), (rsw) €0,1) X (g )
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FEHAE2.350, W RE(17), 1 FEEM w0 B Tr € [0, A1 < tuns1(r) <un(r)e T35 B g (rou) >
f(ra U)%Dﬁﬁ@2 29:‘” )
Upi1(r) > K& y(r),r €[0,1]

FTEL, VA4, FATAT DA 2 ) B (7)), B B L, o 3 AL -

€n S Up S Up—1, (S [07 1] (19)

TR (Yoo IR PR B, T DL AR E B B b AR R M € [0,1), Mn — ool
Uy, —> Uo ﬁﬁﬂv
Kg ' (r) S u(r) < ug(r),r € [0,1] 20)

Rk, ATEW s (2) I Ky, /2 0@ (17), KI#E, Bt bLe ] BUS BCR TR
T B B 1 N 1fn
Un(T)=€n—/O @, (t' N/t e (( )(;))ds)dt
S, (6 (N, p)) = m(Na(N) [ 55 g (3)]Pds) T EL

!’ 1-N 18N71fn(87un(8))
)=t [ )

MEEHETHEK = [0,1] € [0,1), fFE-DEHEN* >0, ERHK C Ex-, WIMESEKIN > N,

u.

f“(rﬂ ’U,n) = f('ra un)"r' eK

L, BA1 o)
’ 1-N CRA S, Up(S d K
i) = — 5 (r / ). e
m$ﬂmﬁpuiﬁﬁﬁﬁgwm>o,%uﬁﬁ%>o,ﬁﬁﬁKiﬁmﬁwm>%oxm
FAHER I € [0, un(r) > K7y (r), SREIRATATLUEF],
un(r) Z 507T eEK
& (Hy), AFAEEREhs, (r) € C([0,1); (0, +00)) N LY(0, 1)f# 3

|f<7‘a un)l < héo(’f’),r eK

EEHhs, (r)FEK EA S, BTN TR A R B IE W B M, JATA:

sN=1hs, (s)

i) = SR

Ju, ()] < o (r'
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i Arzela-AscoliE #, AT ISR fEKFu, — vHu € C(K). Bl Au, & 817), W, Br

e BA LR
_ T e [V (s ua(s))
Un(7) un(o)_/o ‘}Opl(tl N/t Wd&)dt,reK
SRIGEAIN AR IR, P b s e S5 e PRS-
_ T gaen [TV (s u(s))
u(r) u(O)—/O cppl(tl N/t st)dt,ref( (21)

M ERBHEGFTLUEH, ulr) € CHE)HBRR)ME—NFHE, FHHKMTENE THu e
C'0,1), @it (21)=mT AW/ (0) =0, FHHF,

u(0) = lim u,(0) = lim &, =0

n—oo n—roo

BUAEFRATAE Hu(r)fEr = 0L R ESH, BoN{e, Y0k FL T0, ArCAXHESA O > 0, 17
N >0, SHEKn > NE
en <0

Bfillin = N, Bug(0) =ex <. Fhug(r) € C'0,1) N C[0, 115, (FFELBE/NS > 0ffifF:
0 <uy(r)<6b,rel0,9)
T {w, 120, B 22 (20) T 15
KZ " (r) < ulr) < ug(r) < 6,7 € [0,6)

Hﬂ@ﬁ‘]ﬁ%ﬁﬁ*ﬂliﬁél{ﬁ’y(r) = 0n] 1%, liir(l)u(r) =0 = u(0), Blu(r)fir = 0AbIES:, Frllu €
C'0,1) N C[0,1]o AT KrwE 1)@ (2) F)—> IEA#.

B it

FPTRIE IS H I A A THEIRR IR S 58 TR BT ar i piferh, g 2R R
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