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Abstract

A second-order backward-difference mixed finite element (MFE) method for modified regularized
long wave (MRLW) equation is proposed and discussed in this paper. The spatial direction is ap-
proximated by the mixed Galerkin method using mixed linear space finite elements, and the time
direction is considered by backward difference scheme with second-order convergence rate. The
optimal error estimates for u in L2and H!'-norms and its flux q = ux and in L%-norm are derived.
Some numerical results are given to test our theoretical analysis and illustrate the efficiency of the
studied method.
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1. 5|5
A BT A WA ATFIIE IE RLW J7 2 7] L

u,+u, +6ulu, —pu,, =0, (x,t)elxJ
u(a,t)=u(b,1)=0, teJ, (1.1)
( )=u0( ) xel,

Ht I =(a,b), J=[0,T)(0<T <o), ¥IHEE u, (x) AR, RE u HIEFHL

VR, B, AW, AR ST R s I AR Z IR, X eI G mT DA —
BE 2R 1 A J 7 RE I B A Bk R R . KR b, MRORIER 2 1) K O RUBE T AR B O T 40
WO EE R IELNE RLW TREH[1]e ICZEAE ARG/ B T b B s ik, B TR 2 i A €k
SO 2 A () ZN AP, IR e Y R FEAAL, AN & — PR R R R 2R Y, 7555 FAth gk b AT Tl
Ja W MR FEAAS . RLW FREXS T N — M) KAV H R —FleR 2R M BOk B AR . A5 &
SCHR[1]-[23] 70 308 AR BUE 7 v SCBR[S] T8 T RLW I REfRIAE A FnmE— 4, RO B E
AR AIAE KA T T REA A AT AR, DIARA PR AR RO T BUERI A . it 2 AR 24
XF RLW 7 REIEUE 77k, B2 5 J53% 5] [6] [15], 2T Galerkin FHEF 5 U A FR 7 755 7] [8] [9] [10]
[11], VEAABRICHIE[12][13][14] [23], LMEE[16]%.

Mei #1 Chen [18]%1%} RLW F 2 T 2T Galerkin AvER B :FiH Hik. EARH, AT EK
JEXHMEIE RLW R 5T —Fp AP IR A o0k, FIHIRA Galerkin L@ W71, 1915 M 25
M OB TS 8] 7 1) . FAVE 2B BEAWSREK KT, HﬁT*ﬂ@ﬁuff%ﬁM{&?ﬁﬁwﬁﬁ
TR AR g =, BT D BRI EMN T, JF 5 AN S 20 AT 7 . 8 5 Sk
[18] [24] 25 MEUE T VEHATELE, BABR T u 5 g =u, MITRUE.

SCE ARG ﬁmT%T B, T AN ERZIBIRA LU LBEE R 5=,
W T u 5 g =u 43 RITE LR B BRET a5 2 0 RE T AR R LR 2. S0, A
—UEHUE S, XTSI ATEUEIRE, BJERTERIRSC TR s R CEF, ¢ Roan— RN
EwH, S5505Kh5 A Ex.

2. REARTHIESRZE
BINHBE R g =, BATAT LU RO DI IR TR
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u,=q 2.
u, +q+6u’q—uq, =0. (2.2)
AR AR D)~Q MR A TR, BRI (u,q):[0,T] > HL» I (Q) M0 T RGEHT -
(u,w)=(g,w),Ywe L’(Q) (23)
(,,v)+(g,v)+6(7q,v)+ 1(g,,v,) = 0,9 v e Hj. (2.4)

(7, 5 W, 45 519 HLA L2 (Q) AT BRAE 2311, 365 S F

v, ={vh|vh eCO(T),th‘ ePk(Ij),VI/. eT,,v, (a)zvh (b):O}CHé,
J N
w, :{wh|wh e’ (Q).w,|, P (1,).vI, eTh}cLz(Q),
J

Joh 7, MK ety B8 T = [a,b] 510 0 NAS TN 35081 =[x,x, ] =012, (N-1),
hy=x,,—x;, h=max h, P,(I,)ERELINFET m 2T FRQI)MQHNLEBIRS

0<j<N-1

RTE SRR (1, q,) [0 ¥, W, o 45
(uhxﬂwh):(quh)’ Vw, eW,, (2.5)
(y,,v,) ()., )+6((uh )2 qh,vh)+,u(qh,,vhx) =0, Vv, eV,. (2.6)
3. ZHrERESREFEMRNREMS T
3.1. ZHrEEES B EMEXER

FEHS, BAVEAMEIER RUW 7R W5 2R 6 T F it Mt 2 (it . W T8
BHGELTR, SATRH I [0, T) BEATHI4Y, 0 <t <ty <<ty =T » KK Al = T/N , N HIERHL

3u™ —4u" oy

¢ N[0T LRSI AL, & X" =4(1,), AR Ou" = ————— TERTI £ =1, AL, TTFE(2.3)-(2.4)

ZAt n+l
Han G
u™' w)=(q"",w), VwelL,(Q), (3.1
(w7 w) = (g7 w) . (Q)
(ut"+1,v)+(q"+],v)+6((u"+1)2q"+],v)+u(qt"+l,vx)=0, Vve H,. (3.2)

F TR D)~B2)ERT A7 1) BRI G B 224 3oL, FRATIAS 30 2 P Ak 1) ik ) 55 0% X
(u;’” , w) = (q””, w), Vwe L, (1), (3.3)

(afunﬂ,v)_i_lu(athnJrl’Vx)+(qn+l’v)+6(2(un)2 7 _(MH) qn—lav)

:(T]"”,v)+(r;”,v )+6(r§”1,v), vve H,,

X

2

(3.4)

y
=

n+l
t b

o =u(dq" -q"). (3.5)

o =(z(un)2 g _(un—l )2 qn—l)_(unﬂ)z 7

1 2 1
' =0u" —u
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5# 3.1: k26T ¢/ ,i=1,2,3, FHME &AL
< CAP. (3.6)

+

+

n+l n+l n+l
7 3 5]

5128 3.2: (CCRR26)H TH09 {w'}, FHIARE AL
2. n+l n+l 1
(Gtw W )ZEU

I BN THRELE v, <, DR B— 4 {u) ™ g i AL

n+l

w

R A i 1 N } (.7)

(urowi)=(ai"w,), Yw, €W, (3.8)
Al
(035" v, )+ (@20 )+ (a7 ) #6201 ) i =) 07w ) =0 vy <, (9)

N IR ZEAG TR T, B RATI TR SN T — .
513 3.3: (SCHR[12] [17] [27DAEAFAE AN IR T 1T, - L2 (Q) » W, 45 F 3o
(¢-T1,4,v,.)=0, v, eV, (3.10)
DU T A T 2oL
la—T1,q] < CH*" g ., G.11)
512 3.4: CCRA[12] [17] [27)A TAEE K u € H AT
(u,—Pu,w,)=0, w, W, (3.12)
lES]
ot = B, |+ e = Byl < CH ]
AT ABEORZEMTE, BATKIRZE T LIS A
' —uy =(u" = Bu")+(Pu" —uy ) =n" +¢",

(3.13)

k+1

q"-q; =(¢"-T,q")+(T,q" —q; )= p" +&".
B FE(3.10), (3.13), (3.3), (3.4), (3.8)MI(3.9), TEr=1¢,, ALV LLTFHNUI R iR 2 77 FE s
(&' +pmw, )= (s w,), Yw, €W, (3.14)

(@ )@ ) vo(2(0) o= () gt )~ () 0 (Y o
+(p’”l +§””,vh) = —(8,277””,\/,, )+(rl””,vh)+(T§’”,vhx)+6(r3"”,vh), v, €V,.
3.2. RLiREMT

XS KA B 4 B R LR E A, OF BARS T W R E R 3.5
EH 35 Tl eV, q eW,, N
o —ui o -a]|< (" + 22%).

(3.15)

"u” —u, "1 < C(hk +A1‘2).

iEBH: H(3.14)n] 15
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(62§n+l w ):(atzgwl’wh)_(atzpnﬂ’wh)’ Yw, €W,

FEGASHFGBA6)T R L v, =¢"" s w, = ug!™, AT EI N &

(7™

¢ )+ u(0isi g ff”)

:ﬂ(afpn+l,g;1+l)_6(2((un)2 q"—(u;’)z q,’,’)—((u"")z qn—l_(uz—l)z qul)’gmj

+1 +1 +1 +1 +1 +1 +1 +1 +1
(P e e )+ (e )+ (el )+ 6 (25 )

< c[“z((u

+ ||pn+l ||

n 2 n n 2 n n-1 2 n-1 n-1 2 n—-1
q —\u, ) g, |—|\u g —\U, ) g

2 2 2 2 2 2 2

+k”"+WﬁH+WTH+W?H+k”H+MTH}

2

BUEBAIAG THA S AT LA 2

H q _”h

<

< CZ:_[ («’

2

)Y () a7

2(u) a2 ) () Joi () 0 - o o) i
L1 L+ i (1D

<C(lof +lo [+l e+l b+l +le [ )
FEREG 14T, A4 w, =&, #H Cauchy-Schwarz A% 1] LA 3

e <c(ler I+l )

BAERLA T FEGB.17), (3.18), (3.19)7] LA1E 2
(atzgnn’gnn)+ﬂ(at2g;,+1’g;.+1)

= u(@p

e )=6(2((w) " =) ) =(() 4 =) o

+(pn+l +§n+l

n+l )+ (T1n+l , gn+l ) + (Z_;HI gn+1 ) + 6(Z_Sn+1 gn+1 )

<c(lof ol ol T = 8 (T 1)

elete T+l +lo T+ +||'7”’ | J

FIF G 3.2, FFHF 4Ar T ITFE(3.20), FA1453)

2 2 2 2
n+l n+l n n n n—1
e[ +ps =< =] =l =<
2 2 2 2 ntl 12 )
<c [IIP"”II e I R (R
i=n—1
2 2 2 2 2
o[ +ler |+l [+ [+l ]

T n SRS FH 8 Gronwall 51 F8, w A5 3.

2

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)
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+1 2 +1 2 +1 2 +1 2
SC( P+ T+l (3.22)
elgze [+l o[+l +T )
B a7 7 FE(3.20)F1(3.19) AT LTS I
§n+1 2 SC( pn+l 2+ T]n+l 2+ T;H 2+ 1_3n+l 2
(3.23)
+||atzpn+1 2, o 2+"pn_1"2Jr 7" 2, e 2).

RS T FE(3.22)~(3.23), 5IEE 3.3~3.4 DL = AAEA ] USRI e F gt .
4. BUESE

FERX T, N 7RSS P O VR A RO R, FRATEE AN R I ] 2 b B A A LR
BRI BAE S . N 7RIS BUER A, BATAT DB R T =M AA &

I = I:udx ~ hZ]i:u;’,
1, =J:(u2 +y(ux)2)dx ~ hi[
=Ll (v -ate Jae= i3 ) a0 ] |

Heb 1,0, L@ ERC R E, SRR,
A S MRLW 7 H2(1.1), HERRAER

u(x,t):\/Zsech(p(x—(cﬂ)t—xo)) 4.1
Mo p= |— ", x Ml RAFEMHEL BREMHIEA
,u(1+c)
I = “*E,Iz :EJFZ‘“DC,I3 _4ct 2upe
p p 3 3p 3
BAVTT @ BICLI iE 5, FHHAVIE %N
u(x,O):\/Zsech(p(x—xO)) 4.2)

Hrte=1,x,=20. FEBANIRED, EAIL0<x<100,0<r<10.

2 1, AEEFISRIE KN R =025, BIEE S KN At =0.0125, BHHIH T =MATE
I, L, L EAFEI A £ = 2,4,6,8,10 [ B AREUE . KA 45 v DUE HBRATH 71306 AR S R4 10 42 LU A
uFi .

w2, AEAFSSKE RN h=0.125, FH T u FEAFERAE=2,4,6,8,10 ., KFEH] /5K
N At =0.025,0.05,0.1 15}, 7€ B R IBRARIR 2L R W 2 hIRATE S E BIHE U S R 2. [, ¢
(RAR DG4 FAE S 3 AR HL.

4 rh, JRATE E A 2 KON Ar=0.01, B3] T u EAFENEE £ =2,4,6,8,10 &, ZE[AE] 58
KA h=02,04,0.8 N O HEERELS L. WRd G a1, £ 77 BRSO H 2. FE, g B
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Table 1. Invariants of single solitary wave. /& =0,125,Ar =0.0125,¢, =1,¢, =0.5
# 1. MACENARTE. h=0,125Ar=0.0125,¢,=1,¢,=0.5

ij’ fEﬂ Il 12 13
A 4.4429 3.2998 1.4142
2 4.4429 3.2999 1.4143
4 4.4429 3.3000 1.4143
6 4.4429 3.3000 1.4144
8 4.4429 3.3001 1.4145
10 4.4429 3.3001 1.4145

Table 2. Convergence order and error in Z*-norm for u of time. 4 =0.125,c =1

2 2. u By LIREMBFEUEM . £=0.125,c=1

I 18] A=0.025 A=0.05 A=0.01 Order(0.025/0.05) Order(0.05/0.1)
2 0.0028 0.0111 0.0461 1.9871 2.0542
4 0.0036 0.0178 0.0886 2.3058 23154
6 0.0041 0.0256 0.1483 2.6424 2.5343
8 0.0049 0.0355 0.2298 2.8570 2.6945
10 0.0058 0.0475 0.3346 3.0338 2.8164

Table 3. Convergence order and error in Z2-norm for ¢ of time. 4 =0.125,c =1

2 3. q B LHREFBFEULE . £ =0.125,c=1

I 18] Ar=0.025 A=0.05 A=0.01 Order(0.025/0.05) Order(0.05/0.1)
2 0.0035 0.0129 0.0519 1.8819 2.0084
4 0.0036 0.0164 0.0779 2.1876 2.2479
6 0.0040 0.0221 0.1242 2.4660 2.4905
8 0.0045 0.0299 0.1918 2.7321 2.6814
10 0.0052 0.0398 0.2799 2.9362 2.8141

Table 4. Convergence order and error in L?-norm for u of space. Ar=0.01,c =1

F4.u B LHREFS B . Ar=0.01c=1

I fi] h=0.2 h=0.4 h=0.8 Order(0.02/0.4) Order(0.4/0.8)
2 0.0027 0.0111 0.0562 2.0395 2.3400

4 0.0048 0.0203 0.0919 2.0804 2.1786

6 0.0070 0.0303 0.1334 2.1139 2.1384

8 0.0094 0.0406 0.1768 2.1107 2.1226

10 0.0118 0.0510 02211 2.1117 2.1161

DOI: 10.12677/aam.2019.812240 2102 IR Esid


https://doi.org/10.12677/aam.2019.812240

b
e
da

Table 5. Convergence order and error in Z2-norm for ¢ of space. At =0.01,c =1

5. q 8 LHREFMT AWM. Ar=0.01c=1

I ] h=02 h=0.4 h=0.8 Order(0.02/0.4) Order(0.4/0.8)
2 0.0026 0.0105 0.0533 2.0138 2.3437
4 0.0042 0.0176 0.0818 2.0671 2.2165
6 0.0061 0.0260 0.1167 2.0916 2.1662
8 0.0080 0.0346 0.1532 2.1127 2.1466
10 0.0100 0.0433 0.1905 2.1144 2.1374

20 40

t 0 o

Figure 1. Surface for exact solution u

B 1. B u

'80 100

60
09 20 40 X

Figure 2. Surface for numerical solution u,

E! 2. %&ﬁﬁﬁ?z@

BT JORERAR u 1E (x,1) €[0,100]x[0,10] R =4 EM&, €2 8 h=02,Ar=0.02 i, HEAF u, 1=
Yl AT RS 2 FTELE H, BUEM w RIFHOEAL TR B0 uo 1€ 3 AR 4 235008 q RIKERIE S
h=02,At =0.02 FKIEEAE g IO =HEXTELIE, BATTAT LU B BUEAR g IR S HRBEARL T RS W AR ¢ -
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Figure 3. Surface for exact solution ¢

B 3. g g

100

20
t 0 o0

X

Figure 4. Surface for numerical solution g,

Bl 4. AR g,

1.2

025710 20 30 40 50 60 70 80 90 100
X
Figure 5. Comparison between u and u,

5. u F0 w, XTLEE
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Figure 6. Comparison between ¢ and ¢,

6. g 1 g, XTLEE

0 2

Figure 7. Numerical solution u,

7. B u,

0 2

Figure 8. Numerical solution g,

8. B1EM g,
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5 FREERh=02,At=0.02 5, AFEIBAZt=2,4,6,8,10 FEUEM w, KR u BIXTELE. [H3HE,
K6 N q AR, 5 A 6 RoORFISRAINSL B RHA B BN u A1 g PREFEIEFE A, 7] UG H
BUESA w, A1 g, 7T AR I A WU (8 o A1 g

7 FE 8 RN B2 AL P AEA RS ]2 £ = 2,4,6,8,10 [ =4E 2L A

M EIRZ 1~5 FIE 1~8 4081, BAVAIESES RS2 3.6 RHERs R bBZvar, FHW
BAIE T I RATAY 7R T MRLW J5 R A Bob: .
5. &t

FiA SR, AT T MRLW FREEEH 04T 7 —Fh B a5 2 0 MR & B R oo ik, B2
Jra BRI VRS E R IC v, ARy W B AE B R ZE S k. BATT IR T AR BUE L RE, X%
TriE A BSOS SR TSRS S5 R, I H S HADEUE AR L, AT TR IR Z S . A
BUEEHI 4R LA R, AT 75T MRLW J5 FE 2 EL e 20 .
HE&mHE
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