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Abstract

The paper studied the following finite spectrum of third order boundary value problems with n
transmission conditions

(py")'+qy=,1wy, ted=(ac,)U(c,c,)U---U(c,.b),
AY (a)+BY (b) =0,
CY (c;—=)+DY(c, +)=0.

For any positive integer n,m,,i=0,1,---,n, there are at most m;+m, +---+m, eigenvalues. The

main tool used in this paper is iterative construction of the characteristic function and Rouche’s
theorem. The key to this analysis is the construction of discontinuous function solutions.
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1. 5|

oy 7 R 1) 2 oy 7 R B R BN BRI T T Tl o AT, =Bk sy T R 1 R 4
AL N A AR, LR Va0 iz fln, A s R R e R . )2
B WP HhERS| WA PR . TR L, 6 I T R 1) R I TSRS L ARA
R, WISCRR[L] [2]. 1E/22E T3 SR FAEIGH L IRsZAREN )8, DRI 53 5 R 1) [ 3] FR
T (RRIE T BT 52 BIR 2 22 F R, F1an%tT Sturm-Liouville (8] BE FRE[4] [5] [6] [7], B EBEIR
Sturm-Liouville & @47 BR8] [9] [10] [11], AL A% &4 1220 Sturm-Liouville £ BR 1% o) ¥ 7
o HMECOM I EmEIPUEY. /SHy, 54 2n B[12] [13] [14] [15], IEFCAEGEAEERY, FreAmT R E
SRICIHE) B R E o) b2 o ER XS T2 B HAT A BR B R o0 7 R A 0] 3t P RIE AT 98 a2 B A N
(17, & Ao 5 AXTT M 28 BA A BRUG I =Bl sy 7 FEAH inl R4 HR [16], (645 =B sy 77 A2 1o )
A PRV RS BON R P SEBR ] R DGR . BIS B =B T RRE I R R R A A IR, TR A RE
X T HARRAEAE AN B S P2 A RO, Ik 4 ) R0 (PR A R A L

HAT, 2280 TR B oy 77 FE12 f8 1) R 1 B A BRI B e i 7 R E A AR, ansgik
[17][18] [19]. {EfS—RMIZE, 2017 4E, Ao Wi T FRWZEA A FRIE N =il (e [ i

(py”)'+qy:ﬂwy,teJ =(a,b), (py’)"+qy=/lwy,teJ =(a,b),

AY (a)+BY (b)=0; AY (a)+BY (b)=0.
YT RF—ANIEEE m, ZAEEZH 2m+1AMFIEE, A1 F i 32 22 T B A AW ek 2O ris R, AR
FEA A,
Z UL EARH TAER R K, A EEFZE TR —KEEG n ML KA B =Hr b b 1) A IR
(py") +ay = Awy, 1)
AY (a)+BY (b)=0, @
CY (¢, -)+DY (¢, +)=0, 3)
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Hrhy=y(t), ted=(ac)U(c,c,)U--U(c,,b) » —w<a<b<+wo , ABeM,(C), ce(ab),
C..D,eM,(R), det(C))=p,>0, det(D,)=6>0, i=12,-,n. Bhb 2 NiliSH, HRBOHEHRNFIF

rz%,q,We L(J,C). (4)
Forpr L(3,C) AR L Lebesque n] AR 52 {8 bR BUM LB 5 - 2511 (4) & TT AR (L) T A WME I 8E (a,b) B A
HME— R FRELLIE, 2 [20]. EASCH, W@)ME/SL, AT [ E(1)~@)hR B A BRI
2. TR HER KRR

Lu=yv=y,z=py", )”\'J‘ﬁjifr%(py”)' +qy = Awy FEMHI RG KRN
u'=v,v'=rz,z'=(Aw-q)u. (5)

uY 0 1 0)(u
V| = 0 0 rjv]|. (6)
z Aw—q 0 0OJ\z

SE 1 JIREAE ) BT IXE] R U R fRE T XA By Sy =y 2 = py" HOVERIR Y.
51 1 W a(LA)=]4d (tA)](e f =12ted) NRLEE)HEVIHFKI O (a,2) = | FIEMHERE, N
A€ C 2 ) (1)~ (3) IR AH 24 HA S

A RN AR A

A(4)=det[ A+Bd(b,1)]=0. ©)
R ) 4.«
A@):@KApna@n+gﬁkwrzq;wa%%, ®)
Forre 1<, j<4,dy, 1<i, j, k1 <4, j = HUBURRMBTHERE A B 1R 2.
UEH]: 51 ERES — A UUEW] WOCHR[16], () Bt AT 15 O

FEL 2: A TER A e C,A(A) =0, BAMEREM A e C,A(A) =0, NWFRIE(1)~(3) (EREF 17 (4) (2)
() AR
3. AB n MEBREHHN=HribERENA R

FEIX — 85 A IRAT TR T X J) J A 01 T 401

a=a,<a <, <<, <, =0~

Ci+=0Cpp <Gy <Cp < <Cpopy <Cromu =0

C))
Coat=Cra0 <Ch1 <Cha2 < <Ciiom , <Criam 41 =Ci
cn+ = Cn,O < cn,l < cn,Z << Cn,2mn < Cn,Zmn+1 = b!
ﬁ?%%ﬁ%ﬁmwmmﬁww’%r@=ﬁ%:0N’ﬁmﬁ
EYOR Ay
L;: w(t) = O,LZZ: ‘W(t)tdt £ 0,k = 0,1+, Mg, t & (2, By )
€1,2i41 C,2i41 -
Lw w(t) = O,LL2i w(t)tdt £0,i =0,1,+-,my,t & (Cyp.C 500 ) 10)

LC:,:ZMW(‘) #0, [ w(t)tdt £0,2=0,1,--,m, ,t e (Cn22+Co22t)-

Cn,2z
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M q(t)=w(t)=0M, NH

jaz“ 0]2“ )tdt £ 0,k = 0,1+, My —Lt & (8y 1, 850,),
k41

k41

1, 2i 2 C1,2i 2
Lm ; ¢oj t)tdt #0,i =01+, m —Lt € (C, 5.1,C 0z ) a1)

n,2z+1'¥n,2z+2 )

Lcn;“ ¢OI“ t)tdt #0,2=0,1,- mn,te(c c )

51H2: W (9)~A)KaL, HFHF—N1eC.

D(t,4) = (t.4)](te(a,c,)) NRGE)HLHIEHIT O (a, 1) = | FIIERIERE;

¥, (t,2) [W,ef(t )J(te(CiiCi)C =D =Cpppy c1ri =1,2,5-,0 ) HRLEE) WU W, (¢ +2) =
(b W, (c+,2) =W, (C g, ) = D(c+,A) )M EE AR RS, U

1)
1 a —a, 0
®(a,1)=| O 1 0|, (12)
AWo =0y (AW, —0p)(a, —ay) 1
@1(83,1) ¢12(a31ﬂ~) ro(as_a1)
D(ag,4)=| (AW, —0y) 1+1,(Aw,—q,)(a; —a,) f (13)
¢31(a3’/1) ¢32(33'/1) (1W1 0 [ro(a3 31)]‘”-
Hrp
¢11(a3,/1)=(a3—a1)r0(/1w0—q0)+l,
¢12(a31l):(as_a1)[ro(/1wo_qo)(ai_ao)+1:|+(ai_ao)a
¢31(a31/1):[(aa_al)ro(lwo_QO)+1:|(}“W1_Q1)+(AW0_qo)l
¢32(a3'/1)=(/1W1_ql)(a3_a1)ro+l-
R, XFi<k<m,,
1 M1
D (ay,,,4)= 0 1 (N O (ay 1, 4). (14)
-G AW —d (A —qy)
2)
1 C1—d 0
¥ d)= 0 1 0], (15)
AW, o = 0 (/IWi,o_qLo)(Ci,l_ao) 1
l//i,ll(ci,3'/1) l//i,lz(ci,3'/1) ri,O(ci,S_Ci,l)
\Pi(ci,slﬂ)z ri,o(/lwi,o_qLo) 1+ri,O(ﬂ’Wi,O_qi,O)(Ci,l_aO) fio : (16)
l//i,31(ci,3'ﬂ“) ‘/’i,sz(ci,svi) (/1W|1 qll)[ (CI3_C )] +1
Hrp
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l//i,ll(ci,:S*/l)=(Ci,3_ci,l)ri,0(/1wi,o_qi,0)+l'
Wi,lZ(Ci,S’A) (|3 C|1)[ (]'WIO qIO)(Il a0)+1:|+(cl,l_a0)'
l//i‘3l(ci,3’ﬂ’)=[< i3 Cll)lo(ﬂ’wlo q|0)+l]( il qll) (]‘Wi,o_qi,o)’
l//i,32(ci,3'ﬁ'>:(ﬂ'wi,l_qi,l)( i3 C|1)r +1.
BE—fit, T 1<x<m(x=ij-2),
1 1 ri,/(—l
/1)2 0 1 Fiea Lpi(bi,ZK—llﬂ“>' 17)
AW, =G AW =G ri,rc—l(ﬁ’wi,lc—l - qi,chl)
UERH: H(G) AT AEMESE T M 7 XIEv 2 B4, 17E g, w B T 07X E Fz2 W il RkE M
FI(5), ERAI{F LG . .
BIH#E3: &)~k , TN reC,
D(1,2) = [ (1.2)](t € (a,6,)) HRLE)H NI A D (a,2) = | IR
\Pi(tﬂ’):[l//i,ef (t’)“ ](IE(CI C|+l) n+l1 = b Cn Zmn+lai =1121:n)y\j/%gﬁ(5)¥%/%%ﬂﬁlﬁ%'ﬁ: \Pi(ci-f-,ﬂ):
(b W, (c+,2) =W, (C g, ) = D(c+,A) ) LA, A
®(b,2)=¥,(b1)G,¥, ,(c,—2)G, ¥, ,(Cry—A) - GP(c,— 1),

¥ (c

i,2k+1?

Hrp
G = [gi,ef sz =-D'C;.

WER: EB S SR [21] 5l #E3.325 4, Bk S I SClk[21]41[22]. O

Bl E4: ()~ TR —NaeC,

D (t,4) = (t.4)](te(a,c,)) WRGE)HLHIEHIF O (a, 1) = | FIFEMIERE;

W (46,4) = [Wier (64))(t€(CCt) Gy =D =Cy oy 1l =1.2,+,0 ) WRGEE) M ZHIIAK A W, (6,+,2) =
(B W, (c+,4) =W, (C . ) = D(C+,A) I FE MR . 35T @ (b, 4) WA 1 R 455

n mo-1 m -1 n [mi-1
#.(b,4)=R][RGG !_[ (Aw, ;) (’1W1,i - ql,i)H (AW —-q, j) +¢(b,4),
i-1 -0 i-1 i=2| - i
n mo -1 m -1 n [mi-1 7]
¢, (0.4)=R[[RGG !_[(ﬂ’wk =) (lwl,i _ql,i)H (lwi,j _qi,j) + ¢ (0. 2),
i-1 -0 i-1 i=2| j-1 i
n L Mol my -1 n [m-1 T
¢3(b.4)=R[[RG'G p(ﬂ‘wk =) (iwl,i _ql,i)H (/IWi,j _qi,j) + s (b.4),
i-1 -1 i-1 i=2| j-1 ]
n my -1 m -1 n [ m T
¢1(b,4)=R[JRG'G !_[ (Aw, =) (/1W1,i _ql,i)H H(;)’Wi,j - qi,j) + (b, 2),
i-1 -0 i-1 i2 | j-1 i
n my -1 m -1 n [ m 7
¢, (b,2)=R[[RGG p(lwk =) (AWM _ql,i)H H(}“Wi,j _qi,j) +¢, (b, 4),
i-1 -0 i-1 i=2| j=1 i
n mg-1 m -1 n [ om ]
¢5(b,2)=R[JRG'G l_[ (AW, =g ) (’1W1,i O )H H(/lwi,j - qi,j) + (b, 4),
i-1 -1 i-1 i=2| j=1 ]
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(b A)= RHRG*G**rﬁl(ka Qk)”:l:(/lwll ql'i)ilj ﬁ(lwi,j _qi,j) +¢ (b, 4),
¢ (0,4) = RHR G*G**H (Aw, — Qk)”:lll(/lwll %,i)ﬁ_ﬁ(iwi,j _Qi,j)_+¢3lz (b,2),
ba(02)=RITRE " T (2w~ TT (o - )T T(aw, -a.,) |+ (5.0,

Hrp
G = O111 ()“Wl,o - ql,O) + 012 (AWI,O - qLo) Tt (AWI,O - ql,O) + 012 (AWI,O - qLo)
+ 013+ 0113 (/1W1,0 - qLo) + 0123 (’1W1,0 - ql,O) + 01,33

G™ = Hrzz[gi,ll(ﬂwi,o - Qi,o) +0ixn (lwi—l,mi_l —Uiym, ) +0ir (/1Wi71,mi_1 - qi—l,mi_1>
+t0int0iant gi,lS(ﬂ’Wi—l,mi_l —Oigm, ) + gi,ZS(iWi—l,mi_l —Oiym, ) + 91,33]1
R= H 0 R = H o (b.A)= (RﬁRij.

UERH: HI 5 327] %0
qp(cl_'}“) = q)(a2m0+l’ /1)

1 0 M1
= 0 1 M1 d)(aZmO_1 /1)
g AWy =Gy (AW =Gy
1 1 M1
= 0 1 M1
e ~ Oy AWemg — Oy (AWe = W
1 M2
{ 1 - (D(aZmofyl)
Woo 1 =G s AW Oy (AW 1 =Gy 1) Ty
911 12 13
=10y Oy O |D(2 5:4),
0, 0, 0,
Hrp
Oy =1 Ty (AW =y o) = Ty (AW, 3 = 1)+ O (AW, =0l ),

612 =2+ I’-mo—l (ﬂerl _qmo—l) = rmo—l (/Iwmo—l _qmo—l)—’_o(/lwmo—l _qm0—1)7
913 = 2rm0—2 + rmo 1rmo ( qmo ) mo lrmo ( Wmo—l - qm0—1)+ o(rmo—lrmo—z (//meofl - qmo—l))’

HZl = rmO—l (;)’Wmo—l _Qmo—l) = r-mo—l (/Iwmo—l - qmo—l)—i_o(/lwmo—l - qmo—l)l
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Opp =14 1 4 (AW 4 — 0y )

= gt (AW = Gy 1)+ 0y (AW 5 =l 1)),
Ors =Ty 2+ Ty 4Ty o (AW 4 =l 1)

= Ty a2 ( AWy 1 = Oy 1) +0(Fry aFg 2 (AW 2 = U 1)),
O = AWy — G + Ty (AW, = G ) (AW s — G )

= (A, = 0, ) (= 1)+ 01y 4 (0, =y ) (A4 1))
Ory = 2( AWy — G )+ Ty s (AW — G ) (AW 4~ G )

= (A0, = 0, ) (= 1)+ 4 (0, =y ) (A4 G 1))
Oy = 20, (AW, =Gy )+ Ty 4Ty 2 (AW =l ) (AW, — Oy )

= Fg-1Fmg—2 (lwmo — O, )(ﬂ’wmo—l - qm0—1)+ O(rmo—lrmo—z (ﬂ’wmo Lt )(ﬂ'wmo—l - qmo—l))'

H T
1 1 -3
D (2, 5 4)= 0 1 Fo s D (2, 5, 4),
)“Wmo -2 qm0—2 /1Wm072 - qmo -2 (/1Wm0 -2 qmo—z ) rmo -3
H
O, 0, 0O
(D(C1_v )“) = 921 922 923 q)(a2m0—3 ) j')
Oy 0O 0O
911 ‘912 ‘913 1 1 rmo -3
=0y Oy 0Oy 0 1 Mng-3 o (az my-5° /1)
931 932 933 /IWmD -2 qmo -2 ﬂ’Wmo -2 qmo—z (/lwmo -2 qmu -2 ) rmo -3
Thi s  Ths
=M M My |P (aZmo—s ' Z),
M1 M2 s
o

My = Oy + (AW 5 =0 )6

= Tt (AW 1 = g ) (AW 2 = G )+ 0T Ty (AW 3 = 1 ) (AW 2 = G2 )
Mo = Oy + Oy +( AW, =0 )03

= T -aTi (AW 3 = Gy 1 ) (AW 2 = G2 )+ 0 a2 (AWoy 1 = U2 ) (AWoy 2 =2 ).
s = T30+ 560 + T s (AW -y = Q2 )i = Ty ab ot s (AW = G2 ) (AW — G )

+ 0<rm0—1rm0—2 I’-mo—3 (ﬂ’wmo -1 qmo—l)(iwmo—z - qmo—z ))’
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Mot = Oy +( AWy 5 =y 5 ) O = T 1T o (AW 1 = g1 ) (AWog > =l 2 )
0 (g 4Ty (AW 1 = Gy 1) (AW, 2 = Gy 2)),

Moo = Osy + Oy +( AWy 5 =Gy )0 = T il o (AW 4 = 1 ) (AW 5 — Tl )
40 1Ty 2 (AW 3 = U1 ) (AW~ Uy ),

Mo = Ty 301+ Tng 5000 + T s ( AWy 5 =Gy ) Os = T 4l oMy (AW 1 =Gy 1) AWy 5 =l )
40 (T 4Ty 2Py 5 (AW 3= G2 ) (AW 2 =Gy 2 )

My = Oy +(A’Wm0—2 _qu—Z)HSS = Tng-1fmg—2 (AW Oy, )( my-1 qmo—l)( 27 qmofz)

+ O(rmo—lrmo—z ()“Wmo - qmo )( mo-1 qmo )( qmo ))
My =0y + 05, +</1Wm0—2 _qmofz)gsa = Fg-2mg - ( )( my—1 qmo—l)( mo—2 _qmofz)
+O(r 0-1 mo ( Wmo _qmo )( my-1 qmo )( qmo )

T3 = rmo—3931 + rm0—3932 Rl (ﬂerz - qm072>633 = Fing -1V —2Tmg -3 (/1Wmo Lt )( -1 ~ Yy - )( mo-2 qmofz)
+0(rm0—1rm0—2rm0—3 (leO _qmo )( mg-1 qmo )( my—2 _qmo—z ))'

HE ETrik, A

S S i
q)(Cl—,/l) =1 Sn S q)(av/l),
San Sn Sa
Hrp
my-1 mp-1 my-1 mp-1
S HrkH(/IWk qk)+0[HrkH(/1Wk qk)
k=1 k=1 k=1 k=1
my-1 mp-1 mg-1 mp-1
& =11 (AW —a)+o| [Tn ] (2w, —q,)
k=1 k=1 k=1 k=1
mg-1 my-1 my-1 mp-1
Sis HrkH(ka_qk)-}_ [TrIT(Aw, G)
k=0 k=1 k=0 k=1
mg-1 mp-1 my-1 mp-1
S=11nIT(Aw —a)+o| [Tn ] (AW -qa,) |
k=1 k=1 k=1 k=1
mo-1 mp-1 mg-1 mp-1
&= 1InI1(Aw —a)+o| [Tr T (Aw —aq.) |,
k=1 k=1 k=1 k=1
mo-1 mp-1 mg-1 mp-1
&= 10l (Aw —a)+o| [TrI](Aw -a,)|
k=0 k=1 k=0 k=1
mo-1 mp-1 mg-1 mp-1
fsl_ﬂrkl_[(/lwk_%)"‘o !_[rkl_[(lwk_%) ,
1 k=l =1 k=L
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(18)

82 FH H =ik e
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HE ERTr, WA

m-1  m-1 m-1  m-1

‘//i,ll(cnl_v/l) = 1] i L (iwi,j _qi,j)+0 L] fi 1 (ﬁ’Wi,j _qi,j> )
m-1  m-1 m-1  m-1

Vi (Ci+1_v/l) = 1] ri,jg(ﬂwi,j _qi,j)+0 1] ri,jg(/lwi,j _qi,j) ,
m-1  m-1 m-1  m-1

l//i,lS(CiJrl_’Z): 1] f L ()“Wi,j _qi,j)+o 1] fi L (;“Wi,j _qi,j) ,
m-1  m-1 m-1  m-1

Vi (ChamA) = L] il O(AWi,j _qi,j)+o(_ 1 il 0(/1Wi,j _qi,j) '
i= j= i= j=
m-1  m-1 m-1  m-1 19

Vi (Ca—A)= 1] il O(AWi,j _qi,j)+0 1] il O(lWi,j _qi,j>J' (19)
i= j= i= j=
m; -1 m; -1 m; -1 m; -1

l//i,23(ci+l_'/1) = ri,jH(AWi,j _qi,j)+0 ri,jH(/lwi,j _qi,j) ,
=0 j=1 =0 j=1
m-1  m-1 m-1  m-1

l//i‘31(ci+l_'/’i) =11%; (ﬂwi,j _qu)+0 hii (ﬂwi,j _qi,j) ,
i=0  j=0 =0 j=0
m; -1 m; -1 m; -1 m; -1

Vi (Ci+1_:/1): f H(//”Wi,j _qi,j)+o ri,jH()“Wi,j _qi,j) )
=0 j=0 =0 j=0
m-1  m-1 m-1  m-1

l//i‘33(ci+1_’/1): rl] (ﬂ“W| j ql J)+O rl j (/1W| j ql J)
i=0 j=1 i=0 j=1

255 3T 40
®(b,A)=¥,(b4)G,Y¥,,(c,—2)G, ¥, ,(c,1—4)-GP(c,—, 1),

24 (18)M1(19), Z5IRTFHIE. O
SEFE3: WmneN, 0,0, %0, FH(O)~A1)L, Wk E(1)~@)E L4 my+m, +--+m, MFHEME.
UERH: HI 5131 %0

A(/l):det(A)+det(B)+ZZCij L+ >Zk“| i i
i=1j=1 1<i,j,k,1<4
TR 5 BAM AL ¢,(b,1),4,(0,4),¢5(D,2) KT A FIHREH my+m +--+m,» T ¢, (b,2),6,(b A1),
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