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Abstract

Let A be a von Neumann algebra and Qe A be an arbitrary but fixed operator. In this paper,
we show that a linear bounded map J6:A—>A is derivable at Q , that is,

6(AB)=6(A)B+A5(B) forevery A BeA with AB=Q ifand only if there exists a derivation
7:A—> A suchthat §(A)=7(A)+6(1)A forall AcA where &(1) isinthe center of A and

) (I)Q =0. In particular, if A is a von Neumann algebra with no summands of type |, or a

properly infinite von Neumann algebra, similar results can be obtained by weakening the linearity
and continuity assumption of § into additivity.
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S(A)=7(A)+8(1)A, VAecA, HHbs(1)eZ(A)Hs(1)Q=0. FHith, # A REEH |, BERMT
von NeumannfUEE E L Rvon Neumannf{#, WH 5 & BiESRIB RS AT INIE S LIRER.

K5t
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1. 518

BRI EBALTT | IR, FRATIMBLSS 6 R >R &ET T, 4 6(AB)=5(A)B+AS5(B), VABeR;
SR XFT, # 5(AB)=5(A)B+AS(B)-A5(1)B, VABeR. HH MG r:R >R 2T
s(1)ez(A), Wi s(A)=z(A)+5(1)A, VAeREXN 6 R>REZ] LFT, WAL bRHET X
BT T XS TAMBMLER A EEEM, B8 20 aUmBAEA 25600 Ty
(30 S F W1 B2 ) T A2 R (L]-[8] R H % 30mk), Hpw iz — & ) &
WS o FR ORI OBE 8 SRR ME QeR (7 X ) W 7, & 5(AB)=6(A)B+As5(B)
(5(AB)=6(A)B+A5(B)-AS(1)B), VABeR, AB=Q. B4R, wmpte( )5BS etE
B WS A ERIMABI B 7458 (T SO SRS TR ()% T ZHX
WR[2], FRQ AR BRI ) Ar T am, H R ERAE Q A AT Sk R R )T 1. Sk
[BJUERH T =572 Hilbert 2% AR Banach 7% [A] EARHES FAREHI) LA AT 3. Li A1 Zhou [4]3ERH
7 Banach AREBIIL H SEREAN L A5 70 B nUT ST Jordan 7. SCHR[S] ) 2245 AR,
MERFTRB(H) BRI IN4S Al fESCHR6]T, 4 T B R AREL e AR R 5 557 7T S R nmes f
TR BN, FFIEM T Hilbert 2 R EAE LM EEH TR A4 T 5. Guo A1 An [7HEH] T R4ME
FHWARE TGN EZH T4 52 B(X) FEF von Neumann fRELFI AT IN4x TS 2. ASGIER T M von
Neumann fRECEI L 5 B 1A FHRIEMST 6 FEARRE I e T ErT @2 HACH TR —MriE ST il
M, AR A EERA | B ERIIE] von Neumann B TGFR K] von Neumann 0%k, TIH & 4t HIELAE
BEIGAA RTINS BISAAG R, HEMTIE] T RS2 7E |, 1 EMIG ) von Neumann AT TEFR 1 von
Neumann ARHCEATFIINT AR5 Ao SCHRT7] A At 24 A 21— % von Neumann A%, R 2 SCHR[4]
[5] [6] [717R (59 E AR A e . A BRBRSE TIPSR S 0. {H— /B0 von Neumann AGH(RT fig
ARFRE, WA EE AR T, PIRATH 77200 — 8% von Neumann FRBURTERUN . AT wolRE
PRI PRR ST BRI B PR AE BATT75 22 von Neumann AU TR A ) — 2R %125 5 - von Neumann AU A
ZB(H)WEMAETRE(B(H) 2K H B LA FLYER T 2m iR AR5, Hilg A=A, Hif
A'={TeB(H)TA=AT,VAc A}, A"={A} . FIZ(A)=AnA FRAMF L. #Z(A)=Cl, WKA
T von Neumann {04, Xt Ac A, IEC(A)NAIFOER, BRHEPA= AR/ LIEP .
AHEUEW] C(A) 1 {BAX:B e A, xe H} KA T2 0 L. %5 A 2B, W A 8 core
A=sup{SeZ(A):S=S"S<Al. #A=P &Y, MNP R<PREAMHLEY. £HP=0, Wi P 2
core-free (JL[9]). HHIIUEP =0 M HALM C(1-P)=1 . —f& von Neumann fREUIIR W22 SCHR[10] [11].
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2. FRERIGEMR

AR FH AT S %) von Neumann /8%t ST, FELRIT.

EF 2.1 & A von Neumann X3, Qe A ZEBMARBENET, WA RALEBS 6:A>AEQT
F, H §(AB)=5(A)B+A5(B) , VABeA , AB=Q ¥ HWN U HFET T r:A>A £ 4
S(A)=z(A)+5(1)A, VAeA, Hihis5(1)ez(A), 5(1)Q=0.

NUEHE R 2.1, HEWF LA,

¥ 22 % A, & Banach A%, HHfixl, 1=12--n. WRHBEAKELNA= Z@A

Q:ggieA, Q e A FOQ AT AT S A, Q& A T LA S 4.
ERH HRBCA 1S A2 & AT | =an|i ff) Banach fA. 1% A 2 A PHIAHT, t 2IEEAEEA
BHH Hﬂ(l—li+t1QA1)[(I—Ii)Q+tAjl=Q$D1F§ﬁ§EQEI@, H
5(Q)=5(1-1,+t* QAN (1-1)Q+tA J+(1 -1, + QA )S[ (1 - 1)) Q+tA |,

HEEs(1-1)A+(1-1,)6(A)=0, 5(A)=15(A)+5(1;)A-5(1)A> WS(A)eA, . HIT A, Banach
& B TCH AT LS BRI AT TR, RIS (A)e A, VA €A,

iﬁ5i=5|Ai, XﬂLVA:Zn:A,, B:iBieAEAB:Q, W AB =Q, . HIRXSEQ T, Wi
i=1 i=1
>.5(Q)=5(Q)=5(A)B+A5(B)

5(#\)25&2#\;5( )
5(A)LB+XAYS (B

i=1

>
/—\
\—/

N
[N
N
[N

5(9)=5(A)B +A5(B). VAB cA,. AB =0, W5 EQ TS, Fit, s s Sh

SRS (A)=7(A)+5 (1)A VA € AL 5 (1) € Z(A) . 1 A > ARG T H VA=Y A €A,

i=1

LTI A > AR T(A)=)r (A), B e T, Bt

5(A)=28(A)=36(A) =2 (s (A)+a(1)A) = r(A)+5(1)A

i=1 =1 i=1

16 ARET LR T, QR AR AR S R
51# 2.3 B A & von Neumann U, B PeAfifiP=0, C(P)=
1) X¥TeA, #TPA(1-P)=0, VAeA, WTP=0.
2) XfTeA, #PA(I-P)T=0, VAecA, MN(I1-P)T=0.
3) WZeZ(A), £HZA,=0, WZ=0.
UEBA i core-free AP LB R E A1 =P=0 HC(1-P)=1.
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1) B {A(I-P)x:VAe A xeH}{E H s &R,
2) HPA(I-P)T =0T (1-P)AP=0, VAcA. H{APX:VAcAxeH} /& H fii%, w73
T (1-P)=0H(1-P)T=0.
3) th ZA,=0, Zez(A), # ZA,=A,Z=0, KW zZP=0, (1-P)Z=2Z(1-P)=0 H
Z:ZP+Z(I—P):00
518 2.4 ¥ A 72 von Neumann {3, Qe A H P2 QWMEBIERY, £HC(P)=C(1-P)=1, NQ &
A WA v] A
B 4 R=P, B=I-P, A =PAP,, i,j=12 1 A=A +A,+A,+A, . X VAcA ,
A, =PAP eA;, 1<i,j<2. MR =P RQMEHRKY, FRQ=0. #AQ=0, N AR=0.
WAL S:A>ATEQ WS, 4 T=R5(R,)P,-Rs(R)R, X r(A)=5(A)-(TA-AT),
VAe A, Wz EQ A FHUHMYSE QAT I r(P) e Ay + Ay s NR—BME, IS (PB) e A+ Ay,
TES & — T T
(A + 1A ) (AL AL A, +U A, ) = QHS EQ TR, 13
5(Q)=5(A +tALA, ) (AIQ-ALA, +17A,)
(A HALA,)S(AQ-ALA, +1TA,)
=5 (AL)(ATQ-AA, )+ A (AIQ- ALA, )+ 5(ALA, ) A,
+ ALALS (A )+t S(AL) Ay + A (A,) ]
Ft[ S (Auhy )(ALO- Aghy )+ AuA, S (ALQ- Ay, )|
it AR ] 1
S(AAL)(ALQ—AuA, )+ A A (ALQ-ALA, ) =0 )
5(A11)A22+A115(A22):0 (2)

5(9):5(A11)AfllQ+A&15(A&11Q)_5(A11)A12A22_A&15(A12A22)+5(A11A12)A22+A11A125(A22) o 371,
HAAQ=0, 113 5(Q)=5(A;)AQ+A0(A/Q) . Hitk
5(A11)A12A22+A115(A12A22)_5(A11A12)A22_A11A125(A22)=0 (3)
FEQ)AF, 2 A, =P, HS(P)eA,+A,,, F5(A,)P+A5(R,)=0, 5(A;)P,=0. H(QQX, 7
A6(A,)=0, FHILRS(R,)=0. ATl
P15(A22):0’ 5(A11)P2:0’ VA €A, VA, €Ay, 5(P2)€A22 4)
H1Q=0Q, §(Q)=5(1)Q+15(Q), WH5(1)Q=0, §(1)R=0/M5(P,)R=0. 4% 5(R)P, =013
5(P1):O° E(B)iﬁﬁlﬂ, /i’\AuZPV A22:P2?%5(F’1)A2+P15(A12)—5(A&2)P2—A125(P2)=0,
|315(A12)|:’1:P25(A12)P2:0’ A126(P2)P2:|315(|31)A12’ V'A&ZEAH (5)

H(E)RMS(P)R =0, W1FA,S(P)P,=0, VA,eA,. H5# 2.3 (213 5(P,)P, =0 HHi(4)

Vs
5

§(R)=0, &(1)=0 6)
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XﬂLVAiZEAlz tEQ EE(P+'[A12) =Q, ? 5( ) 5( )Q+P5 +t|:5 A12 Q+A12 )]’ ﬁ&
S5(A,)Q+A,5(Q)=0. BEILPS(A,)Q=0450G)RHPR5(A,)PR =0,

5(A,)eA,s YA, €A, (7
HE)RM(T)X, A7 A5 (A,)P =P5(A,)A, =0, VA, €A, . FEILH5IH 2.3 Fl@4)15
PO(Ay )R =PS(A)R =0, 5(A)eAy, 5(Ay)cA, ®)
VA €Ay, AeA,, A, eA,,, HE)FIE)RTH
S(AAL) =0 (A1) Ar + AuS(Az) » S(Ashy) =S (As) Ay + A5 (Ay) ©)

VA €A, HHBQ=Q, B(Q+A,)=Q, AIH§(Q)=5(R)Q+Rs(Q),
5(Q)=6(R)(Q+A,;)+Rs(Q+A,) H5(P)A,+P5(A,)=0. BEAS(R)=0, FTLARS(A,)=0. 55—
T, EE(|31+A12)(Q_A12A21_A12+A21+P2):Q’ (7)== A(8) X nr 15

S(ALAL) = (A,) A+ A5(Ay) s VA €A, AjeA, (10)
(024 P,, 15 A0(AL)P =0, PS(Ay)P=0. &G RS(A,)=0, 113
S(An)eAy s VA €A, (11)

HEH 6 R G T, HAIEW (A A ) =6(A ) A+ AG(A), YA €Ay, AjeAys ijkl={12}.
WCEFRME A Case (ij, kl) - Case (11, 12) (12, 22) (12, 21)%) %UEB(Q)EWH(lO)ﬁT{ HFEIIE Case(11, 11) (22,
22) (21, 11) (22, 12) (22, 21).

XVALB Ay, Ay ey, HO)IRE

5(A11811A12):5(A11811)A12+A118115(A12)
= é‘(Au) B A, + A115(811A12)
:5(A&1)B11A12+A115(811)A12+A118115(A12)
W[ S(ABy)—5(A)By— A (By) A, =0 [KIL, Hi5IHE 2.3 3
5(A11811)=5(A11)Bu+Au‘s(Bn)’ VAL B €Ay 12)
%1@\5”5'}5(%2522):5(%2)322 +A225(Bzz) v VA, By A,
VA €Ay AeAyFIA, €Ay, HI(10)I, (12)20H
5(A12A21A11)25(A&2)A21A11+A125(A21A11)
:5('6‘12A21)A11+A12A215(A11)
:5(A12)A21A11+A125(A21)A11+A12A21§(A11)
QIEE A125(A21A11) =A, [5(A21)A11 + A215(A11):| ’ 5(A21A11) :5(A21)A11 + A215(A11) » VA €Ay, AL A
%M‘EM%g(AzzAm):é‘(Azz)An+A225(A21) v VA, €Ay, AjeAy.
KVA, By €Ay, AyeAy, HIO, (10):UH
5(812A21A12):5(812)A21A12+8125(A21A12)
=5(812A21)A12+B12A215(A12)
:5(812)A21A12+8125(A21)A12+Blez15(A12)

RiE, B125(A21A12) = B125(A21) A, + By, A215(A12) Gierol 3 2.3 WY

DOI: 10.12677/2am.2020.96108 915 A H ek


https://doi.org/10.12677/aam.2020.96108

id

T

5(A21A12):5(A21)A12 +A215(A12) v VAL eA,y, A EA,

B 6 23T H Q& AR AT i, IR,

BEARE BALTHAEL MRS BT A-XEL, VM eM, AcA, HAiHLH AM =0 (MA=0)
AM =00, FKANM KIE(H) B R

FR A SCHR[4151 22 2.5 F1 von Neumann 8% b (184> Jordan 57 & T Fix—L, Al

5|2 2.5 von Neumann AL (RN e 5f 73 28 kR #B2 rT 4 vl 3 A

513 2.6 % A/ von Neumann OB, WA RN 61 A > ATE 0 min] 524 HACY AL ] S BG)
T A> AR S(A)=7(A)+5(1)A, VAeA, His(l)e ( ) o

B AMEERSEICPecA, H(I-P)P=0, 35((1-P)P)=(5(1)-6(P))P+(1-P)5(P), K
5(P)=5(P)P+PS(P)-5(1)P . KM, HiP(1-P)=0, HS( )=6(P )P+P5( )—-Ps(1), tEZE
S(1)P=Ps(1). NN A PSR ANETRAE A A, Frlo(1)eZ(A) . Xt vAe A, HAP(1-P)=0,
A(1-P)P=0 , 1 13 5(AP)(1-P)+APS(1-P)=0 , &(A(I-P))P+A(I-P)5(P)=0 , I
(AP)—-S(AP)P+APS(1)-APS(P)=0, §(A)P—5(AP)P+AS(P)—APS(P)=0.K 6 A FHIH A
o o oM & o oSk & W ® i, Bt L S(AP)=6(A)P+AS(P)-APS(1)=0
5(AB)=5(A)B+AS5(B)-5(1)AB, VA BeA. EXr(A)=5(A)-5(1)A, VAcA, H5(1)eZ(A),
HiF e REMES T, 5(A)=c(A)+5(1)A, VAcA, 0 AR LML T i,

H15] 3 2.2-2.6, AEER 2.1,

SEH 2.1 MER JBiER MBI S (A)=7(A)+5(1)A, VAc A, it A5 ARST, 5(1)eZ(A),
5(1)Q=0.%VABeA, AB=Q, §(AB)=17(AB)+5(1)AB=17(AB)+5(1)Q=17(AB)=17(A)B+Ar(B).
I

s

5(A)B+AS(B)=(r(A)+5(1)A)B+A(z(B)+5(1)B)
=7(A)B+Ar(B)+25(1)AB=17(A)B+Ar(B)
Bk, 5(AB)=5(A)B+AS(B), VABeA, AB=Q, STEQHF.
TIERENE. "OEQRWT, H10=0/6(Q)=56(1)Q+15(Q), 5(1)Q=0. ik KIEK
#YREP, 40,=1-C(1-P), ©,=1-C(P), ©,=1-0,-0,, MO,<P, ©,<I-PH{O} , &

i=1,2,3
M IEAZ [ AR - éﬂzAzi@Aizi@(@iA)o A:iA,:i@iA, VAeA .
i=1 i=1 i=1 i=1

B 1 ker(Q)=0.

UEif, Q2 AR E R, KIHTIE 25 M6 2 F T, Q72 AR INERME) 25 5.

B 2 ker(Q)=0.

BAO, <P, firanQ, =ran®,Q=0,, FrbhQ & A, 4738 A, HmolE 25, Q& A, Mk
PE) A A 5 A

KAHO,<I-P, HQ,=0,0=0, FrLldigl# 26, Q, =072 A, KLt 20 F 5.

E O P ranQ,=ran®,Q=0,P=P, , it C, (R) N A, F P M h 0 E % A
0,-C, (R)<0,-P,=0,(1-P)<I-P . &% 0,-C, (P) £ IEX T 0, EI’JEP‘D&?/, Sl
0, - cAB(p)+|_c(p)<|_p, e,-c, (P )+p<c() #0,-C, (P)=0, C, (R)=0,. %f
W13C, (0,-P) =0, M52 2.4, 13Q, /2 A, MW IN(ZME) 273 5.

b 518 22, Q2 AWK X TR, FEEST iAo AR S(A)=r(A)+5(1)A
VAcA, Hhs(1)ezZ(A)Hs(1)Q=0. EHAHE.
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#+ von Neumann fRECAE S IEFR A R T 08E, WFRIZAECNE LR von Neumann /8%, HETG
PR von Neumann FEH A Jo i 2 & LA RS u IR (L[12]), a2l T 51 22 2.6 HIuE A

FIE 2.7 WARAELM von Neumann AREL, JWETINBRGS 6: A > A7E 0 HAT S HAUEAES T
T A AR S(A)=7r(A)+5(1)A, VAcA, Hhs(l)ez(A).

HH5IEE 2.7 FsE B 2.1 fRUIE A

EHL 2.8 ¥ A S FH IR von Neumann 0%, Qe A RAEEMEREEHF, WA NBE A > AfEQH
FUHEMNEFET T A AR S(A)=r(A)+5(1)A, VAcA, Hts(l)ez(A)HS(1)Q=0.

HSCER[7] A E B 3.1 A

B3 2.9 % A B |, B BRI von Neumann AREL, TR 5 A — A7E 0 £in 524 HAX
MEESTFrA>A, 8 5(A)=r(A)+5(1)A, VAcA, His(l1)ez(A)HS(1)Q=0.

5] FE 2.9 FE B 2.1 fIRUE A

EH 210 #ART I B P OEAMT von Neumann {08, Qe A RAFEMARB EH T, WAl hom b
S:A>AEQHFHHMAFERT r:A> AR S(A)=c(A)+5(1)A, VAe A, i 5(1)eZ(A),

s(1Q=0.
AR von Neumann AREGZ AT 1, B0 LTI von Neumann AUKL, i€ 2 2.10, FA11452 LA
L

R 2.11 ¥ A ZFET von Neumann fRE, Qe A H6:A— ARFINLSS

1) £#Q=0, WoEQ U FHUHEMNYFEFFriA>AMAeC R S(A)=c(A)+1A, VAcA,

2) #Q=#0, MefEQ M FHAMAERLTT.

EH 4 A2 T von Neumann U8, HIGEHE 2.1, f£EAeC, i3 5(1)=21, BEIQ)WRL. H
5(1)Q=0, Q=#0fEH 2.1, WHSs(1)=21=0, (2)HIL,

HiffEe 2.1, AR 2] T SCHR[S]H M LA R 4518

e 2.12 AW 5:B(H) > B(H), QeB(H).

1) £Q=0, WsEQ WY AMYFETTFr:B(H)>B(H)HAieC, fifFs5(A)=7r(A)+1A,
VAeB(H).

2) #Q=#0, MoEQ A SFHHMAERTT-

B oW
ARSCAR A I o R AT 3 R R AT A

S Hk
[1] Cristrl (1996) Local Derivations on Operator Algebras. Journal of Functional Analysis, 135, 76-92.
https://doi.org/10.1006/jfan.1996.0004

[2] Zhu, J. and Xiong, C.P. (2007) Derivable Mappings at Unitoperator on Nest Algebras. Linear Algebra and Its
Applications, 422, 721-735. https://doi.org/10.1016/j.laa.2006.12.002

[3] Wu, J, Shi, J.L. and Li, P.T. (2002) Characterizations of Derivations on Some Operatoralgebras. Bulletin of the Aus-
tralian Mathematical Society, 66, 227-232. https://doi.org/10.1017/S0004972700040077

[4] Li, JK. and Zhou, J.R. (2011) Characterizations of Jordan Derivations and Jordan Homomorphisms. Linear and
Multilinear Algebra, 59, 193-204. https://doi.org/10.1080/03081080903304093

[5] Pan, Z.D. (2012) Derivable Maps and Derivational Points. Linear Algebra and Its Applications, 436, 4251-4260.
https://doi.org/10.1016/j.1aa.2012.01.027

[6] AN, R.L.and Hou, J.C. (2013) Characterization of Derivations on Reflexive Algebras. Linear and MultilinearAlgebra,
61, 1107-1119. https://doi.org/10.1080/03081087.2012.743025

il

DOI: 10.12677/2am.2020.96108 917 AR A


https://doi.org/10.12677/aam.2020.96108
https://doi.org/10.1006/jfan.1996.0004
https://doi.org/10.1016/j.laa.2006.12.002
https://doi.org/10.1017/S0004972700040077
https://doi.org/10.1080/03081080903304093
https://doi.org/10.1016/j.laa.2012.01.027
https://doi.org/10.1080/03081087.2012.743025

i,

[7]1 #EZ, 2. FF vonNeumann % BT FIMENZIE[I]. B4, 2018, 61(4): 611-640.

[8] AN, R.L., Xue, J.H. and Hou, J.C. (2015) Equivalent Characterization of Derivations on Operator Algebras. Linear
Multilinear Algebra, 63, 107-119. https://doi.org/10.1080/03081087.2013.851197

[9] Miers, C.R. (1971) Lie Homomorphisms of Operator Algebras. Pacific Journalof Mathematics, 38, 717-735.

[10] Kadison, R.V. and Ringrose, J.R. (1983) Fundamentals of the Theory of Operator Algebras. Vol. |, Academic Press,
New York.

[11] KADISON, R.V. and RINGROSE, J.R. (1986) Fundamentals of the Theory of Operator Algebras. Vol. Il, Academic
Press, New York.

[12] Pearcy, C. and Topping, D. (1967) Sums of Small Numbers of Idempotents. Michigan Mathematical Jouranl, 14,
453-465. https://doi.org/10.1307/mmj/1028999848

il

DOI: 10.12677/2am.2020.96108 918 AR A


https://doi.org/10.12677/aam.2020.96108
https://doi.org/10.1080/03081087.2013.851197
https://doi.org/10.1307/mmj/1028999848

	Characterization of Derivations on von Neumann Algebras by Derivable Maps
	Abstract
	Keywords
	von Neumann代数上的可导映射与导子
	摘  要
	关键词
	1. 引言
	2. 主要结果及证明
	致  谢
	参考文献 

