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Abstract

Let M, (C) be a matrix algebra, and T,(C) be an upper triangular matrix algebra. In this paper,

we show that, if L:M (C)—> M (C) is a 2-local Lie derivation, then there exist a matrix
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KL, TEHE

TeM,(C) andamap 7:M_ (C)—>Cl, suchthat L(A)=TA-AT +7(A),VAe M, (C) (*) where
t(A+F)=7(A),F = [A, B] \VA,B e M, (C). As its application, we show every 2-local Lie derivation
from M, (C)®M, (C)®---®M, (C) into itself has the form (*). In addition, we show that, if
L:T,(C)—>T,(C) isaz2-local Lie derivation and satisfies

L(A+B)-L(A)-L(B)eCl,, VA BeT,(C), then L has the form (*). An example is given to show
that the condition L(A+B)-L(A)-L(B)eCl, is necessary. 2-local Lie derivations from
T, (C)®T, (C)®---®T, (C) into itselfare also characterized.
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1. 5]

WARGERE, Z(A) WA PL. WEHEMH A4 HT T, H5R
5(AB)=5(A)B+A5(B),VABe A ML, K S:Ad>A ANT T, HEHEMETed, %A
5(A) =TA-AT VAe A4 BL. LR, MEARNRBE W LS TEIRIEE MR, LRPFHITIRRE
WA AR BRI, b A A il R S B A E A4 S T RS 1 4 A S B A A AR B =)
ML R AR . ST RIS T AL, H B2 R, Kadison [1], D. Larson #1 A. Sourour [2], FRZk
VER 60 A > A RIS T, EXVAe A, FERBT ARST 6,4 > AMF6(A)=5,(A). L
EHZEE, RIS TR LSS TIRZIRZI45 8 [1] [2] [3] [4]. 1997 &, P. Semrl £ 3CHR[5]F &
URIL T AREC LI 2- RS, TR (E RS SHRR) 614 > A N 2- R T T, #4f VABe A,
EERIT AB IS T Opp i A > AMEH S (A)=6,5(A), 5(B)=5,5(B) . P.Semrl [5]%1i T PR 4E AT
4y Hilbert 28] (¥ T A SRR ME S TR AR B(H) LFX 8wy, f55k, SCHRI6]H HLBUR UE B 77
EZNE A PRAERI T OL T ISR I a5k, 1930 T RBINA R . 6T 2- )R T TSR, SCER[7]H 1R
ET 40230, M, (A)ZIM, (M) 2-RisS RS T, Hi 4 RAHRAITH Banach fAHL
FER A B A FIXUE A7 1) Jordan 12 %

A B BRI 2 S T, TR TAE R Lie FUATLUE X Lie 7o FREMEMST L: A —» A
A Lie 3T, # L([AB])=[L(A).B]+[AL(B)],.vABe.4, HH[AB]=AB-BAJyAB I Lie #i. Lie
BT L RARER), EAERT 6 A > A MMM 014 - Z(A) i#F L(A)=6(A)+7(A),VAe A ,
Hz[AB]=0, VABeAd . BUTRHFTFM 2-/HFF, HARMATLIE LR Lie T 2-HH
Lie 7, SCHR[BIE dettt VRS Lie 7M1 2-J5 7 Lie T A, FREIEWS L: A - A4 NJRHL Lie
GF, B VAe A, FEKBT AT Lie 37 Ly A > A 5 L(A) =L, (A) o WU CEZMEESERR)
L:Ad > AA 2-F/E Lie 37, HXVABed, fFEKBT AB I Lie 3T Lyg: A > AEH
L(A)=Lag(A): L(B)=Lyg(B)o MLT 2-RE-S TR, 2-fE Lie 3T HIBTFLLMR B, [iF5

Tk
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SRS T 45K T 2 19 Banach %00 X 104 T4 M ST A PRI RAL B(X) b 11X Pt
UM T 2-F3 Lie S 7 L:B(X) — B(X) AHTER

L(A)=TA-AT +7(A), VAeA, *)
K Ted, r:4->Cl RFRMS, WL r(A+F)=7(A),F=[AB],YABeB(X), ifi3iE ik
#iT BOX) LRk —RH 70 EvE . SCHR[OITE & 12 BB I 7 V2AiE B T 4E50K T 4 192 FREEF von Neumann
REC LI 2-J33 Lie 57 BA UKL
A EFEFAREM, (C )%ﬂi:ﬁa’fﬁ[ﬁﬂt‘iﬂ( ) -Lf 2- 56 Lie 35 FB#E L: M, (C) > M, (C)
N 2-5E Lie 1, W L HAEAR). MAHZE®RZIE T M, (C)oM, (C)@--eM, (C)HIHHK 2-5
i Lie ST E T# LT, (C) - T,(C) 2 2- i Lie %7, H L(A+B)-L(A)-L(B)eCl,, VA, BeTn((C)
WL AARR®), 36000 % L(A+B)-L(A)-L(B)eCl, Rl % . & ik % T
T, (C)®T, (C)@---&T, (C)HEHK 2-J5#k Lie 37

2. FELERKIERR
e, 4 (E ) M, (C) WARE L B (i, §) BB 1. SRR O MFERE. 1,09 n

E.»V=2FE, JWHEAeM, (C), #1753 AU =UA, Nl A T FHERE#F AV =VA,

G o A B U = zzi
i=1 i=2
y
a a, - a
Al B @
: : Loa
Fa'lf_ﬂiz.l([lo],Problem230) # ABeM, (C), [AB]=41,2eC, M A1=0.
51822 #7L:M_ (C)—> M, (C) K 2-J7#k Lie 71, WL(aA)=aL(A),YaeC,AeM, (C).
B X VA aA, aeC, AeM, (C), 71 Lie FT Ly M, (C)>M,(C), £
L(aA) =Ly a(aA)=al, \(A)=al(A). o
SEE23 #L:M, (C)—> M, (C)(n=2) K2-JuikLie TF, MAEET e M (C) Fimgi 7: M (C) > Cl,
15

L(A)=TA-AT +z(A), YAeM,(C),

Hrpr (A+F) T(A) F:[A B],vABeM,(C).
B LM, (C)—> M, (C) A 255 Lie 7, WX vABeM,(C), FEFT
Sap M, (C ) M, (C) BZ&tEmt 7, i M, (C) - CI, 43

L(A)=Las(A)=0,5(A)+745(A), L(B)=Lsg(B)=06s5(B)+7as(B)>
Hrhz,5[C,D]=0,vC,DeM,(C). BIAM, (C) LIFFANTT, MHEMET,, eM, (C) 1£15
L(A)=T A- ATAB+TAB(A) ( ) TA,BB_BTA,B+TA,B(B)’ 2

TUEQ)H 705 (A),7pg (B) REME—HE 1]
#L(A) =Ty A= AT, g +7,5 (A)=SpgA=AS, g+ fug (A) s T[T, 5=Sup. A]=fas(A)—7a5(A) HI
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S 2151 f 5 (A)—7as (A)=0, 745 (A)=Tfug(A), FTBAT,g (A), 745 (B) RME—HE K
%7:M,(C)>Cl,, 7(A)=7,5(A), 7(B)=7,5(B), VYABeM,(C), M LLESN
L(A)=T,;A-AT,;+7(A), L(B)=T,;B-BT,;+7(B), 3)
5l E 2.2 ME)M r(aA)=ar(A),VaeCAeM, (C), Hr(E )=0i j=12-mizj, KA
Ei,j:[Ei,i'Ei,j °
HE@)HUV eM, (C), HFET,, eM, (C) &5
L(U)=T, ,U-UT,, +7(U), L(V)=T,,V-VT,, +7(V),
AT =Ty, 6(A)=TA-AT, L'(A)=L(A)-5(A), VAeM, (C), WL V52&M, (C) LM 25

Lie §F. HIF# r,5(A), 70 (B) MIME— T4 H 7 1€ S L'(A) Hi% 2 (3), HL(U)=z(U),
L’(V)=r(V)o

XEi=12nKkU, fFET, , eM,(C) LR
L'(U)=Tg, U -UT, ,+7(U), L'(Ei’i):TE__VUE”—Ei'iTE_,VU+1(Ei‘i),
FHAL'(U)=7(U)eCl,, BRAhsIE 21 5T, (U =UT | #T, o xR T JE —E; T,y =0,
EﬁlL'(Eiyi>=r(Eiyi)eC|no ,
RE i =120 ni= j U, fFET , e M, (C)fE3
L'(U)=Tg WU -UTg , +7(U), L'(E;)=Tg oE;~ETe, 0

EjjuU—ij
HAL(U)=7(U)eCl,, FLAESIE21MT, U =UT, . #&T, Kok, L(E )eCE .
KE 0 j =12 mi= ] KVAHET €M, (C) fiif7
L'(V) =T WV -VTg y+7(V)> L'(E;)=Te vE ~ETe

J,V (M) (] Eij,V

FAL(V)=2(V)eCl,, Mgl 21/ Vv =VT - #T  EWQ). BT T B - T
(i, ) BrEA 0, FILLL(E ;)=Te, VE,J ETe,,v =Te, 0B —EijTe, 0 =0

iU L]

W VE, (i, j=12,,n). A= ZaIJE,JeM (C), FHEWGT S,e M, (C) > M, (C) i

L'(A)=8,e, (A)+7(A). L'(E;)=6xe, (Ej)+7(E ;)
i L'(E,)=7(E;)516,e (E;)=0- ik
E0ne, (AE, =0ue, (EAE ) -0ue, (E;) AR, ~E A5, (E))
5AE”(a,,E,,) 0—0=aj,i5AyEivj(Ei,j)_o
B 5, (A)=0. L'(A)=7(A)eCl,, VAeM,(C).
L(A)=5(A)+L'(A)=TA-AT +7(A), VAeM,(C).

AE

% VA, BeMn((C) . 4 F=[AB], WAHET, . eM, (C)L&MME 1, M, (C)>Cl, ,

TA+F‘A( ) , 13
7(A+F)=L(A+F)-[T,A+F]
=[TA+F'A, A+ F}+1A+F'A(A+ F)-[T,A+F]
=[Tarn—T.A+F 47,0 o (A+F)
AT,
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(A)=L(A)-[T.A
=[TA+F‘A, A:|+TA+F,A(A)_[T' A]
:[TAJF,:‘A -T, A]+TA+F.A(A)

(Al it

7(A+F)=7(A) =[Taea =T F |+ 7aiea (A+F)=7pie s (A) =[Taiea =T F [+ 706 s (F) =[Taen -T.F |»

57 2.0 4 (A+F) =7 (A) . Kk
L(A)=TA-AT +7(A),

Hiz:M, (C)>Cl,, Hr(A+F)=7(A),F =[AB],YABeM,(C). D
THEALE AR T 2 2.3 1 EZIE T, (C) L1 2-/5# Lie T+
EH 2.4 #L:T,(C)>T,(C)A 2-fE Lie T, W
i) AT €T, (C) KWt 2T, (C) > ClL 8 L(E ;) =[T.E; [(i#]), L(E;)=[T.E,]+7(E;)

A E.; (L(A)-[T,A])E,; =7(A):
i) 4 L(A+B)-L(A)-L(B)eCl, i, f7ET T, (C) kB4t 0T, (C) - CI, {7
L(A)=TA-AT +o(A);
R, 2 L(A+B)=L(A)+L(B)I, f#7ET T, (C) L&MW 0:T, (C) - CI 13
L(A)=TA-AT +o(A).
B §) BT T,(C) L Lie 37 ks Lie $7[11], B EMSF 7NN 57 ([12], Corollary2.6),
KT & 2.3 MEW, 4T =T,y » L'(A)=L(A)—(TA-AT), W L'(E ;)=0(i=j), L'(E;)=7(E,).

FIrA

L(E;)=[T.E;](i#i). L(E;)=[T.E;]+7(E,)-

W VE, . A= Y aE

i, 7

Lj=12mi<j, FAENTFT Sg T,(C)>T,(C) KA

1<i<j<n
0:T,(C) > Cl 8 L' (A) =6, (A)+7(A)» L'(E;) =04, (E;)+7(E;) - FHL(E,)eCl,. il
W 2.1136,¢ (E;)=0, Bk
Ei,ié‘A,E,YI (A) Ei,i = 5A,Ei1, (Ei,i AEi,i>_ Ei,iAdA,E,YI (Ei,i)_ﬁA,E,vi (Ei,i)AE

EﬁliE“ (L(A)-[T.A))E; =7(A).

ii) # L(A+B)-L(A)-L(B)eCl,, MH@AL(E ;)=[T.E,](i#]) L(E,)=[T.E, ]+7(E,)-
X VAeT, (C),

iau(A)=L( Y ai,jEi,j]— > aL(E,), W

I<i<j<n

= ai,iaA,E,vi (Ei,i ) =0,
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Hfo:T,(C)>Cl,, o(A)= Z a,;7(E;; )+ u(A)= Za.,f( E;)+u(A). FEH 23 FHEY]

1<i<j<n
T(A+F)=7(A) ML, WH o(A+F)=0(A),F=[AB],VABEeT,(C). #
L(A)=TA-AT +o(A),VAeT,(C).
L L(A+B)=L(A)+L(B)I, u(A)=0, o(A)= Za,,r( i) H
T(A+B)-(A+B)T +o(A+B)=L(A+B)=L(A)+L(BJ=TA- AT+w(A)+TB—BT+a)(B),
flo(A+B)=0(A)+o(B),YABET, (C). H5IH 22 #lo(aA)=an(A),VaeC AT, (C), Hit
@:T,(C) > Cl, RLIEWI o
THEFG TR L= AT, (C) L 2-RE Lie 57 L AW 2414
L(A+B)-L(A)-L(B)eCl,, W L ARAEE 2.4 PHIEN.

B 25 T, (C) - {gl Z“J 0 a, azzeC}ijXZE’JJ: FAEEEACHL 1T, (C) o> CI, oektie

a, a,

B . XN EEM A= (
0 a,

jeTZ((C) , & X LT(C)>T,(C) : L(A)=f(A) # a,#a, ;

L(A):(g _312)+f(A)%a11:a220 WL WT,(C) LM 2-F i Lie B, B L R %

L(A+B)-L(A)-L(B)eCl,, L AEAEH 2.4 difE.
%iﬂq‘VAz{aél a“j,B:(b“ b”jeTz(C),

a22 O b22
i) Ma, #a,,b, #b, B, 45(X)=0, VX eT,(C), f:T,(C)—>Cl,JN L&Ay, e
Lie 5F Lyg:T,(C)>T,(C) A Ly (X)=8(X)+f(X), VXeT,(C), HL(A)=f(A)=Lys(A),
L(B)=f(B)=Las(B):

i) % ay, =a,,b, =b,H, é\T:[_Ol gjeTz((C), S(X)=TX-XT, VX eT,(C), f:T,(C)>Cl,
AL ESCRIBE, WFEE Lie $F Ly 1T,(C) > T,(C) AL, (X)=6(X)+f(X), VX eT,(C), H
T e R R O R e RIORWL)

0 o0
1 a,

i) 2a, #a,b, =b, I, 4T=| & 22 3| 5(X)=TX-XT, ¥X eT,(C), f:T,(C)>Cl,
0

1

2
KL s SRS, WAETE Lie 7 Ly 1T, (C) 5T, (C) J Lyg (X)=8(X)+ f(X), VX T,(C),
LR= 1A=L (A) L= ]

H
B) (B) ° 331} i‘@‘E ail_aZZ bllinZ ’ /?\

1 by

T=| 2 PemBul st oxT L L (X)=6(X)+f(X) ,  WXeT,(C) , W
0 3

LW=(g oA=L (8. LB)=1(B)-Lus(®).
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BL L 9T, (C) L 2R Lie 7 i—aﬂmz(é SJB:[S éjeTz(C)HﬂL,

L(A+B)-L(A)-L(B)=| |

L(A+B)-L(A)-L(B)eCl,.
T L ARAHRL(A)=TA-AT + f(A). # L(A)=TA-AT+f(A),TeT,(C),f:T,(C)>Cl,.

a0 (bt
lﬁA—[O bj,T—[O tzzj’ )\U

{5 26 I Dl Loy S

Haxb B, H L MEXEL(A)=f(A), #(b-a)t,+c(ty-t,)=0, HMa=1b=2,c=17%
t, +t; -1, =0, E&aZZ,bzl,Czl?'\:af—tﬂ-i-tu—tzz:0, ﬁﬁ[’j‘tizzo’tn:tzz

Ma=bi, B L 5L L(A)= [g _OCJ F(A), %Al L(A)= [g C(‘ﬂo )j+f(A), B

ty—ty=—1, FE. HLARAEKXL(A)=TA-AT +f(A).

SEEL2610) £ A=M, (C)OM, (C)®--®M, (C), Z(A)ANAMHHL, 1=1 & &--&l K
AWHEALT, Lid>A R 2-m# Lie 7, WHEETed LB 14> 2(A) £ 4
L(A)=[T,A]+7(A),VAe A, Hr(A+F)=7(A),F=[AB],VABeA.

i) #A4=T,(C)®T, (C)®---@T, (C), Z(A)NAKITL, I =1, & &---&I, A AMELIT,
L:Ad > AN 2-R/H Lie 3 TFHMVABeA, L(A+B)-L(A)-L(B)eZ(A), MAFET .4 Kuht
r:A—> Z(A) B L(A)=[T,Al+7(A),VAe 4, Hhr(A+F)=1(A),F =[AB],VABe.4. Fjlih
M L(A+B)=L(A)+L(B)H, 7 tEmt,

WS A ER®, 4R =000l ©®0®---®0, B ' =1-R.

X VABe A, I Lie F¥L,_, 5

AR, BR
L(AR")= Lo on (AR"). L(BR)= Ly on (BR)

0=L

[0 1]+f(A+B)—f(A)—f(B)e<CI2, L i 2

i, [APi BP ]

[LAH‘ o (ARZ)BR |+ RS L, (BR)].

L(AR), ] [AR:,L(BR,)]

Blo=L(AR")BR ~BR.L(AR")+AR'L(BR)-L(BR )AR", MiZ[FzELLR %
RL(AR")BR =BRL(AR" )R, IMILFLE f, (AR )< CR, 13
L(AR')R = f (AR"). 4)
A% 2- /B Lie S THE X, W VAe 4 FIAR, , E1ET e A4 ML g 4 — 2 (A) 17
L(A)=[T,A]+g(A), L(AR)=[T,AR]J+g(AR),
Xt VAe 4 FIARS, fFTES e A MMM h: A4 > Z(A) i3
L(A)=[S.A]+h(A). L(AR")=[S,AR"]+h(AR"),
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WI[T, A+ g(A)=[S,Al+h(A) . &Y ([TR AR+ g(A)R)= (ISP, AR ]+h(A)R,). ik

k=1 k=

[TP, P, AR, ] = i(h( A)-g(A)R . T (h(A)-g(A))P, CR,. 13|52 W45

[iN

M=

=
1]

TlPk—SPk,APk]_O, lg( A)RP =h(A)R, [T-S,A]=0, g(A)=h(A). ik
L(A)=[T.A]+g(A)
=[T,AR]+g(AR)+[T, AR ]+ g(AR")
=[T.AR]+g(AR)+[S.AR' |+h(AR)+g (AR )-h(ARS)’
=L(AR)+L(AR)+g(AR")-h(AR")
I H s ORI (4) 13
|_(A)Pk:L(AF>k)F>k+|_(AF>;)Pk+(g(AF>ki)—h(APki))Pk

= L(AR)R. + f, (AR")+(g(AR")-h(AR"))R, ©

) HA=M, (C)oM, (C)®---&M, (C)iFf, &4 =00--®M_  (C)®---®0, HT LN 2-fH
Lie 57, M L(AR)P, 1 A4 — A MR 2-{¥ Lie 7, tc# 2.3 [, /A1ET, € A KWL, : 4 — CP ff
(&3

L(AR)P, =[T,, AR ]+, (AR), (6)
%7 (A)R A > CR AT (AR = T, (AR')+(9(AR")=h(AR )R I (AR). MIE(5)F(6)f
L(A)R =T, AR ]+ 7 (A)R - ™
brid s Z(A) (A=Y (AR T =T, , M),
L( ):kiL( A)P, ki([T AR ]+7, (A)R)=[T,Al+7(A),VAe A . ®)
X‘TVA,BEA’ é\F:[AyB]’ mUﬁETA+F'Ae“4 &éﬂz‘rily%ﬁﬁwAJrF,A:A_)Z(A)’ wA+F,A(F):O’
115
r(A+F)=L(A+F)~[T,A+F]
=[Tar s A+F |+ @ o (A+F)=[T,A+F]
=[Taen—T. A+F [+ 0,0 o (A+F)
F—J71,
7(A)=L(A)-[T,A]
:[TA+F,A’A:|+wA+F,A(A)_[T’A]
:[TA+F,A_T'A]+mA+F,A(A)
At

r(A+ F)—r(A)z[TMF'A—T,FJ+a)A+F'A(A+ F)—%FYA(A):[TMA—T, F]+wA+F'A(F):[TA+FVA—T,F] ,
(c(A+F)=7(A))P =[Tpra-T.F|R . HI5IHE 21 M z(A+F)P =z(A)R . 7(A+F)=7(A). Kk
L(A)=TA-AT +7(A), H7(A+F)=7(A),F=[AB],VABe.A.
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i) 4A4=T, (C)®T,(C)®---®T, (C)H, HXfVABeA, L(A+B)-L(A)-L(B)eZ(A4). NI
L(A+B)R -L(A)R -L(B)P, €CR., L((A+B)R)-L(AR)-L(BR)eCP,. 9)
AYide g(A)=L(A)-L(AR)-L(AR")e £ (A4), MHE)H
L(A)P, =L(AR)PR +L(AR )P +g(A)R =L(AR)PR + f, (AR )+g(A)R,

% A4 =00--0T, (C)®---®0, KA LN 2-FH Lie 37, bl L(AR )R, .4 — 4t 2-fi Lie
ST, HOMER 24 K, fFIET, e A4 MBS, 4 — CR AL 6) L. FG)KIIEM KB, 4

7 (A)R = f (AR )+ g(A)P +1 (AR) » JI(7)HIL é\r(A)zifk(A)Pk, T:Zm:Tk, N L(A) BATE
k=1 k=1

A(@), Hr(A+F)=r(A),F=[AB],VABeA.
4 L(A+B)=L(A)+L(B)f, L(A)=L(AR +AR")=L(AR)+L(AR"),

L(A)R, =L(AR)PR +L(AR" )P, =L(AR )P, + f, (AR" ) =[T,, AR ]+ (AR )+ f, (AR'),

27 (AR = fk(APkL)-FIk(APk)yDl[J L(A)R =[T, AR J+7, (A)R . 2z (A) =D 7, (AR, T=DT,
k=1

k=1
WxtvAe 4, L(A) AEA@®), HBT L(A+B)=L(A)+L(B), ik
T(A+B)—(A+B)T+7(A+B)=TA-AT +7(A)+TB-BT +7(B), r(A+B)=7(A)+7(B), HH 5l 2.2,
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