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Abstract

In this paper, we prove some common coupled fixed point theorems for mappings
satisfying different contractive conditions in the context of complete C*-algebra-valued
metric spaces. Moreover, the paper provides an application to prove the existence and

uniqueness of a solution for Fredholm nonlinear integral equations.
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1. 4R
B R R B R RIS ER G X2 —, FEFERETT R R I 23 7 R AR 23 T R il 1) AR AE
PERIME — P h R ¥R HEW/ER [1-5]). 19874F, X K% MLakshmikantham [6]E X 3| N T #&
ANFNE RS, BEE, VF2 53 TG A FE AN [ B2 & 2 [A) AN [) e 48 B S AN 3 SOBR 8. 20064F,
BhaskarflLakshmikantham [2]5] A8 & 518 P4 57 A 70 AH B S (0RS & A2 e 3, dEmitie 7
JE) BA AL e AR P A R A AEE— 1. 20114, Luong M Thuan [7)8F 7T 1 )7 BE & 2% (i) H RS G A 3l 28
B PR AR AR 7 R AR A AEME— 1. 20124F, JlelifiSamet [3]1118 T 73 F AR &% 43 2l o0 7
IRV, S, W2 EET T2 E LS A S G =S SUEH [1,8-10].

F—J7 i, SEE I LA E 2 L AN B RO & AN B fUE B, B - s (A [11], HE
TS [E) [12], BRI R RS E] [13], G-FER A (A [14], #BanachZ 8] [15], JEA #Banach %3 [8] [16]%%.
20074, BOCHITRIE [12)4) 7 R A A RINES:, 5INHERE &8 25 W) Jf HAF 2 — 5 R 4i s~ i &
FIAZ) RUE B, BEJE, S AT 70 7 HERE &2 18] LA RO RS & A3 mg B [17-19]. 20144F, JFRIR1E
BN 2018 IR0 T C-ARBAE P 573 8] AR DG PE 0T, I HAER 1 b7 6] b e 4 s 5 47 5Kk B Si 1)
B e

5 Abbas [LT|MIFRIRHE [20) TAEHIE A, A SCRAE ] C*-AEUE 23 7] A IR 4 i i) A 36 RS &
B, I HAS B Fredholm AL VAR 73 5 FE A A7 AEE— 1.
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WA E O -ARE A M & e 5 MR [21]. WARHE B ICHAREL HALKIE
W YEM e — a* W2 WAL Ra, b € A, #H = afll(ab)* = b*a*, WFRIZBS AL KX
B, FHIR(A, ) 2R3 W R -AREA A7 AE 58 & W IR AT G E0 2 ||a* || = ||al|, WIFKAKBanach
ACH b, W R ZVEEOE W 2 atall = ||a||?, WARARCAREL. Bta € A, Fast B 1,
Ho(a) C[0,4+00), HFo(a)Emalfii, MHRaEC-AREARIETT, iIE/E04 < a, HH04 2~ ARZEIC.
B MHAL, ABRALIETTAE ARG 2k, 1R B AR AT LU 3 A, BT o < 524 HAY
04 < b—a. NIFERS, HA'RRES{a € A: ab = ba,Vb € A}.

I 1.1, [21] BARK FA2 109 C*-REK.

(1) Fa € Ay Bla|| <3, M1y — aRTiEH.

(2) #%a,be A, Hab = ba, W04 < ab.

(3) #a,be ApBce A, Ma < bTHedica <cb, AFA, =A, NA.
EX 1.2 WXRES. HYSd: X x X — AlL:

(1 Ajd(xay)7x>y€X;
(2) d(z,y) = 044 HAL Yz = y;

)0
) d(
(3) d(z,y) = d(y,z), v,y € X;
) dz,y) 2 d(z,2) +d(2,9), ,y,2z € X;
MR X _FHICARBUBIE &, AR (X, A, d) RO B B %2 ).
EX 1.3, WX, A d)RCAFEEREN, 2 € X, {2} RXPIIF. #d(z,,7) 04 0,4

(n — oo), M {z, Mtk Fa, EAE im 2, = 2. HN TAERE EESp, Hd(znp v.) (L
(n — o0), MF{z, } 2 X+ KICauchy?l.

IR X ) Cauchy FIHGZSLA, MFR (X, A, d) & 56 & KO- A EUE B F 251

AR, Banach?s [ 52 & B R R 2 A1, HETHT, O ARHOME B2 IO T B s 2 1k 2
I B ). — S LA O AR B B2 1] 90 7T 2 WSk [20).

2. ERLFIL

PAEXFB o H25 H O-AREAE Z B 2 [ A A R 4GB ) A SRS S A B e B, H ks i —
LA E X

EX 2.1, [17) BXRETEAR, (z,9) € X x X.

(1) B F: X x X = XiHEF (2, y) = oM F(y, ) =y, WFR(z, y) 2B FRIEEAS) .

(2) HMPFF: X x X — XHlg: X — X EF(z,y) = gofF(y,x) = gy, W (x,y)2 B
W EMgHIR A EA . W, (g, gy) FONBL PRI g R B A # A 0.

(3) HMUHF: X x X — XHMg: X = XiHEF(z,y) =gr = aMF(y,z) = gy =y, W (x,y)+&
LS F A g ) A SEFE A A AL
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EX 2.2, [17] HFMYF: X x X — XHlg: X — XWi2: Hgr = F(x,y), gy = F(y, )i,
Hg(F(z,y)) = F(gz, gy), MFRBE FAlgfEw-FHZ 1.
EE 2.3, B(X, A DAZENC - REMEZZH. BHF: X x X - XAeg: X — X2

d(F(z,y), F(u,v)) % a*d(gx, gu)a + a*d(gy, gv)a, Vz,y,u,v € X, (2.1)

2

& FAgRw-A0 %89, W FAag e X F H R — 890 AR ST H) 5.

Fvac Abfa| < 5. FF(X x X) C g(X), g(X)EXTRZEH, NFlgHBE LR, i,

MERR: XU sz, o, /7"\9(%) = F(z0,%0), 9(y1) = F(yo, 7o) ﬂ?%ﬂﬁ/l\f?ﬂ{xn}?ﬁﬂ{yn}ﬁﬁ
Eg(xvﬁl) = F(xnayn)$ug(yn+l) = F(ymxn) %Uﬂq(zl)v AIFA

d(gxnaganrl) = d(F($n717yn71)7F(xn7yn))

IA

a*d(gTn—1,9Tn)a + a*d(gyn—1, gyn)a (2.2)

A

a*(d(gzn—1,9%n) + d(gYn—1,9Yn))a.

[F] 2

d(F(yn—hxn—l)v F(ym xn))

a*d(gyn—1,9Yn)a + a*d(gr,_1, gzn)a (2.3)

d(9Yn> GYn+1)

PN

PN

a*(d(gyn—1,9Yn) + d(gTn_1, gzn))a.

s

On = d(g2n, 9Tn11) + d(GYn, GYn+1),

SE4(2.2)H1(2.3), F%0

5n d(gxmgmn-i-l) + d(gymgyn-i-l)

PN

a*(d(gZn-1,9%n) + d(gYn—1, 9Yn))a + a*(d(gyn—1, gyn) + d(gTn-1, 97,))a
(\/ia)*(d(gxn—la gxn) + d(gyn—h gyn))(ﬂa)
(V2a)*6,-1(V2a),

PN

PN

XHNZD, c e A, b < cilHfEtia*ba < a*ca (ERE2.2.5 [21]), #HOWfERn e N, 5

04 = 0n = (V20)"0,1(v20) <+ < [(V2a)]"60(V2a)".

00 = 04, HE X212 HIFMgHMEEA r(20,v0). #04 <6, W TneN, peN, f

d(gxn+p7 ngn) j d(gxn+p7 gxn+p71> + d(gl‘nerfh gxn+p72> + -+ d(gxn+17 gmn)7

A(9Yntp, 9Yn) = d(GYntp» GYntp—1) + AGYntp—15 9Yntp—2) + - + d(GYn+1, 9Yn)-
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PRt
d(g‘r"ﬂm g‘r") + d(gyn+p7 gy’n) j 6n+p71 + 5n+p72 +-- (571
n+p—1
= X [(V2a)Tr(V2a)",
k=n
N
N a5 < St - V20l
Hd(g.T,‘nervgl'n) + d(gyn+p79yn)|| < Z ||\/§CL|| 50 < Z ||\[2a|\ (50 = PRI T 0-
k=n k=n 1- ||\/§CLH
Ll < %5,
Iv2all*"

d Tn4p, 9Tn +d n+ps n §76—>0,
(9 n1p: 97n) + A(gYnip gyn) | T /el

éé:ﬁd(gxnﬂ,, gxn) j d(gxn+pagxn) + d(gyn+pagyn>7 d(gyn+pa gyn) j d(gxn+;mgl'n) +d(gyn+p:gyn>7
AR gn A gyn } #0829 (X) W Canchy 51l Hg(X)HI 58 # PERI, A7 fEe,y € XA lim gz, = ga,
lim gy, = gy. FEMEWF(2,y) = gz, F(y,z) = gy. B

PN

d(F(z,Y), 9Tnt1) + d(gTn 1, 9)
d(F($7 y)7 F(.’En, yn)) + d(g$n+17 gx)

a*d(gzy, gr)a + a*d(gyn, gy)a + d(gz,41, 9).

d(F(z,y), gz)

PN

PN

£ L %n — oo, d(F(z,y), gx) = 04, NTTF (2, y) = go. FEF(y,z) = gy. HILFMgAHEEE
&Rz, y).

Be(o,y ) BRFMgREES A, N
d(gz,g2') = d(F(z,y), F(2',y")) = a’d(gz, gz")a + a”d(gy, 9y')a,
gy, gy') = d(F(y,z), F(y',2")) X a”d(gy, gy')a + a”d(gz, g2’)a,
PR, 73
d(gx, g7') + d(gy, 9y') = (V2a)"(d(g, g2") + d(gy, 9y))(V2a),
NID]
ld(gz, gz') + d(gy, 9yl < |[V2al*|d(g, g2") + d(gy, 9y)|-

X |V2al| < 1, #|d(gz, gz')+d(gy, gy')|| = 0. MIifige = g2’, gy = gy'. FFEAiEgz = gy, gy = ga'.
M gEME— I EESHE S(gz, g7). Bv =gz, v =g = F(x,z). HTFMgRw- %1,
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gv = g(gr) = g(F(z,r)) = F(gz,g9x) = F(v,v),

W (gv, gv) R FRlgINE ARG . HEARE LM —E, Al Higy = gz, \fiv = gv = F(v,v).
HF R g A ME— 1 A ERRE A B S (v, v). O
24 X =R, A= My(C), ¥ XMHd: X x X — AN

d(x,m:['x‘y' 0 ]

0 klx — y

HApEAIEFE. (X, A, d)25B&RC-REMEEETR. BHF: X x X — XHlg: X — X755E
XAF(z,y) = 2, g(x) =22, "X € CH|N < %, La = l 3 f)\ ], Ma € AHlal| = |A\|. FTEL
BOUE FY56 A2 I T A L 4 2 A

d(F(ZE,y), F(’LL,’U)) = a*d(ac,u)a + a*d(y,v)a, vxvyvuav € X.

#iL 2.5, H(X, A DRZENC RHMAEEZZTH. FHHF: X x X - XiHL:
d(F(z,y), F(u,v)) = a*d(z,u)a + a*d(y,v)a, Yz,y,u,v € X,

Jvae Ala] < L. MEAR—EMETH A,
R 2.6. (X, A DALEOCREMEEE . BAF: X x X Xng: X —» X

d(F(x,y), F(u,v)) < ad(F(x,y), gx) + bd(F(u,v), gu), Va,y,u,v € X, (2.4)

Hdabe A Blal| + b < 1. FF(X x X) Cg(X), g(X)EX TR &, NFfgh o Eo L. &
W, EFArgRw-4 50, W FAgt)iao T o A E—0.

UERA: BT BE2.3, MiEX T Iz, Ay Wl AR 9T01 = F (0, Yn)s 9Yni1 = F(Yn, T0).
A (2.4)2, T4

(1A - b)d(gxnvgxn+l) j ad(gxnagmn—l)a
(14 = 0)d(gyn, gYn+1) = ad(gYn,gYn-1)-
HTa,be A, Hlla] + || < 1, 14 — bR, (Ly —b)a e A, FHik

d(gxnvg'rn—i-l) j (1/1 - b)ilad(gxnvgxn—l)v

A(GYn> GYn+1) = (La—b)"tad(gyn, gyn—1)-

NI}

A

1(La = )~ alllld(gzn, gan-1)ll;

149y, gyn+)ll - = [1(La = D)~ allld(gyn, gyn—-1) -

||d(gxn7 gl"rﬂrl) ||

A
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[lall

<1
1—|o]

1(La = 0)"all < [[(La = &) Hlllal < Y~ 6] llall =
k=0

A5 g YR gy VEB AL g (X)) ) Cauchy 1. Hg(X) I 5E &M, fFfEx,y € Xfi?%r}ir&gxn = gz,
lim gy, = gy. BN

d(F(z,y),9z) = d(gzni1, F(z,y)) + d(gTni1, 97)
= d(F(xmyn)vF(xay)) +d(g$n+179x)

ad(F(xna yn)v gxn) + bd(F(l‘, y)v ga:) + d(ganrla g.’E)

A

A

ad(gxn+17gxn) + bd(F(.’I}, y),gx) + d(g$n+179x)7
LA
d(F(x,y),gx) 2 (1= b)"'ad(gzni1, g20) + (1 — b) ' d(g2ni1, 92).

MId(F (2, y), gz) = 04, BIF(z,y) = gz. FREATIEF (y, 2) = gy.
B (!, y VR F Mg & A, iH(2.4) 50T &0

d(gz',gz) = d(F(z',y'), F(z,y))

= ad(F(2',y'),gx") + bd(F(z,y),gr) = 0.4,
il

d(gy’,g9y) = d(F(y',2'),F(y,))

= ad(F(y/7 x/)mgyl) + bd(F(y7 -'I:),gy) = 0A7

gz = gz, gy = gy. KU 1Bgz’ = gy, gy = gov. BHILFMgHME—NE LA M (g, gr). 3
1Mk Bl F A g ME— B ARG 5 A8h A O

#ig 2.7, (X, A DARZENC - REMEZZH. BHF: X x X — XAeg: X — X i
d(F(z,y), F(u,v)) 2 ad(F(z,y), 9z) + ad(F (u,v), gu), Vo, y,u,v € X,

Edaec A Alal| <1 FF(X x X)Cg(X), g(X)EXFREZE, NFlghBeEL L.
#ig 2.8, R(X, A D)ALENC-REMBEEZZTH. FRHF: X x X — X#H2:

d(F(z,y), F(u,v)) 2 ad(F(z,y),z) + bd(F(u,v),u), Yz,y,u,v € X,

H¥a,be A, Hla| + o] < 1. WFAE—84BE R 5.

=
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T 2.9, H(X, A dRAZENC-REAAEEZZH. BHF: X x X = XArg: X — XL
d(F(z,y), F(u,v)) 2 ad(F(z,y), gu) + bd(F(u,v), gr), Vz,y,u,v € X, (2.5)

fbabe A, Al + bl < 1. HF(X x X) C g(X), g(X)EX b REEH, M Ffghiss o &
B, EEArgRw- A%, W Ffegtya o E A 2 E—0.
iIEHH: %1&%%@23, *@%XEPE@?ﬁ”{gxn};rn{gyn}ﬁﬁ/%ganrl = F(l"ruyn>7 9Yn+1 = F(%Jn)
H(2.5) 2, AT %0
d(gxnyganrl) = d(F(xnflayn71>aF($n7yn))

a'd(F@jn*lvyn*l)vgxn) + bd(F(:Un,yn),g:En,l)

PN

PN

bd(gn+1, gTn—1)

PN

bd(g‘anrla gxn) + bd(g‘rnv gwnfl)v
Nl
(l.A - b)d(gxnvgxn+1) j bd(gxnvgxnfl)- (26)

1 (2.5) 38 Fet Bk 7T 4

d(F(‘rna yn)v F(xn—la yn—l))

ad(F(‘Tnayn)agl'n—l) + bd(F(xn—la yn—l); gﬂﬁn)

d(gan, gl'n)

PN

PN

ad(9Tn 41, 9Tn—1)

PN

ad(gxn-&-h gxn) + ad(gxnv gxn—l)a

&

(1/1 - a)d(gxn,g:z:n+1) = ad(gxnagxn—l)' (27)

456 (2.6)F1(2.7) "] 40

a+b a+b
(1A-— 5 )cﬂgxn,gmn+ﬂ = Aji—wﬂgxn7gmn71)

m?mbe/uﬂﬂa+Mh;mn+wm<1JﬁuA—J%%’1eA;Jﬁ%éﬁHﬂLumﬂ&n

a+b\ la+b
d(gmnvg'anrl) j <1A - 2 > 2 d(gxnagxnfl)-
St = (La—22) 7 22 W) = | (La— 252) 7 S < 1 LT R E26T i (o, g (X)

[f)Cauchy%l]. [FE{gy, } tH2g(X) I Cauchy¥l. Hg(X)HI5E&M, AT EfiEr,y € X, ﬁ%afnllngo I
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gz, im_ gy, = gy. FEF(2,y) = gz, F(y, ) = gy. T

d(F(z,y),9z) = d(gzni1, F(z,y)) + d(gzni1, g7)
d(F(xnvyn)vF(xay)) + d(ganrlvgx)

ad(F(xna yn)?.gx) + bd(F(‘Tv y)?.gxn) + d(ganrla gl’)

Al

IA

ad(gni1, 97) + bd(F (2, y), gzn) + d(gTn41, 92),
N(]
[d(F (2, y), go)|| < llalll|d(gzn+1, g2) || + [OI[[|d(F (2, ), gzn) || + [|d(g2n+1, g2) ||
FH Y0 H5OMI B2 B R 2R 1, RN
[d(F (z,y), gz)l| < [|bl|[d(F(z,y), gz)|.-

FHH|b|| < 1T d(F (z,y), gz)| = 0. BIHF(z,y) = gz. FBEF(y,z) = gy. NI (z, y)&FFgrHh
GEA S, BT E 2. 6L, A5 FRgH ARG AD) SR ME— 1. O

#iL 2.10. (X, A DR TENC-REALEZ TN, BRIEF: X x X - XL
d(F(z,y), F(u,v)) X ad(F(2,y), gu) + ad(F(u,v), gr), Yr,y,u,v € X,

Adaec A Alal| <3 FF(X xX)Cg(X), g(X)EXFREZE, NFlghBeEL L.

HiL 2.11. (X, A DRZENC-REAEEZTH. ZHBRFF: X x X - XHL:
d(F(x,y), F(u,v)) 2 ad(F(z,y),u) + bd(F(u,v),z), Vo,y,u,v € X,

Hda,be A Hla| +|b]] < 1. WFAHE—693BE T 5.

{5 P R 2 1 A 4 530 B A R R0 RS A 5 0 KO P, TR %
BT VFH ¥ M0CTE, ATB ISR [2,0,15]. FIHRA K% B Fredholm k4 M B4 J7 R AR I 77 15 1

— P L
W EfLebesgue Al M 4E Hm(E) < co, X = L=(E)FRalISEE FAYEA 7k B 4k, %
JERA TR
ot) = [ (Kilt) + Ka(t,)) (75 0(5)) + gls,2(5)))ds + h(o), t € E. (2.8)
E

TR 2.12. HHHK,, K,, fagith 2

(i) Ki: ExX E —[0,+00), Ko: EX E — (—00,0], f,g: ExR — RATME, h € L°(E);
(i) Ak e (0,3), 3%t E, v,y e R, &
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0< f(t,z) — f(ty) < k(z —y),

—k(z —y) <g(t,z) —g(t,y) <0;

(ii3) fEEfE(Kl(t’ s) — Ky(t,s))ds < 1.

W FR5 T7 A2 (2.8) 4 L™ (E) ¥ # "R —fi#.
JERR: W B(L?(E))s&Hilbert? [0 L*(E) FA R&MEE 2. XX MR SR X x X —
B(L*(E))AN
d(f,9) = Mjs—g),
HrA My FoRL(E) LIAIRE T B4R, (X, B(LA(E)), d) 2 5 & MO AR B B &2 H].
MiEEz,ye X, te B, EXXMHF: X x X - XK

Fa)(t) = [ K2(t,9) (£0.2(9) + 0(s,0(6) ) s+ Kt 5) (£ (s.0(5)) + g (5) ) s + ().

)
d(F(xay)rF(Uﬂv)) = M\F(w7y)—F(u,v)|~

Xt

(F(.y) = F(u,0)(0)

= [ Jp Ka(t.) (F(s.2(5) + gl () )ds + [ Ka(t, ) (£(5.9() + g(s. 2(5)) ) ds
—fEKlts)(( u(s)) + g(s.0(s)) ) ds — [ Kalt,5) (1 (5, 0()) + g(su(s)) ) ds

= | fp Kalt,) (£(s,2(5)) = fls,u(9) + g(5,5(5)) = g(5,0(5)) ) dsf
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