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Abstract

In this paper, an effective finite element method is proposed to solve the elliptic equation in spheri-
cal domain. Firstly, a series of one-dimensional problems equivalent to the original problem are
derived by introducing spherical coordinate transformation and using spherical harmonic func-
tions expansion. Secondly, we introduce a weighted Sobolev space and establish the weak form
and the corresponding discrete scheme. In addition, by using the approximation properties of piece-
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wise linear interpolation polynomials, the error estimates of approximation solutions are proved.
Finally, the concrete process of implementing the algorithm is given, and the effectiveness of the
algorithm is verified by numerical experiments.
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Table 1. The error e(u (%5 ,2)u(x, y,z)) between numerical solution and exact solution

= 1. BERSHEHBBIIRE e(u,, (x.0.2).u(x,p.2))

N M=2 M=4 M =6 M =8

10 1.0289¢—04 1.0289¢—04 1.0278e—04 1.0019¢—04

15 2.3553e—05 2.3553e—05 2.3553e—05 2.3553e—05

20 8.0489¢—06 8.0489¢—-06 8.0489¢-06 8.0489¢-06

25 3.4570e—06 3.4570e—06 3.4570e—06 3.4570e—06
1 1

Figure 1. When N =20,m =12, the figures of the exact solution (left) and the numerical solution (right) are shown below
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Figure 2. The error figures between exact solution and numerical solution with N =10,m=6 (left)and N =25,m =10
(right), respectively

B2 HN=10,m=6(E)FAN =25m=10(H)It, EHREMBEBNIZEE

7. B

o ICN=H

ARSCHR T — P R A R TTIE SR AR ERI ) B R, SR A T I 51N ERARFR AR AL ATER 1 PR AL
JETT, g ALy — AR BV SE IR — R IRl AL, ANTT 5 AR AT PR TR BRI 30 20 AR R A, A7 i i B A 2%
GifiE ko[RS, JEXFX— R H Y R AT TN R ZE . A, FRATHE AR AT R A B BRI
SR 2R 1A L

DOI: 10.12677/aam.2021.101008 72 IR Esid


https://doi.org/10.12677/aam.2021.101008

B2

&E 3k

(1]

(2]

(3]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

Arnold, D.N. and Brezzi, F. (1991) Mixed and Nonconforming Finite Element Methods: Implementation, Post-Proces-
sing and Error Estimates. Esaim Mathematical Modelling & Numerical Analysis, 19, 7-32.
https://doi.org/10.1051/m2an/1985190100071

Arnold, D.N., Brezzi, F., Cockburn, B. and Marini, L.D. (2002) Unified Analysis of Discontinuous Galerkin Methods
for Elliptic Problems. SIAM Journal on Numerical Analysis, 39, 1749-1779.
https://doi.org/10.1137/S0036142901384162

Arnold, D.N. and Wintber, A.R. (2002) Mixed Finite Elements for Elasticity. Numerische Mathematik, 92, 401-419.
https://doi.org/10.1007/s002110100348

Brezxi, F.F. and Fortin, M. (1991) Mixed and Hybrid Finite Elements. Springer, New York, 177-199.
https://doi.org/10.1007/978-1-4612-3172-1_5

Chou, S.I. and Wang, C.C. (1979) Error Estimates of Finite Element Approximations for Problems in Linear Elasticity
Part 1. Problems in Elastostatics. Archive for Rational Mechanics & Analysis, 72, 41-60.
https://doi.org/10.1007/BF00250736

Dziuk, G. and Eliott, C.M. (2007) Surface Finite Elements for Parabolic Equations. Journal of Computational Mathe-
matics, 25, 385-407.
Eriksson, K. and Johnson, C. (1993) Adaptive Streamline Diffusion Finite Element Methods for Stationary Convec-

tion-Diffusion Problems. Mathematics of Computation, 60, 167-188.
https://doi.org/10.1090/S0025-5718-1993-1149289-9

MacDonald, G., Mackenzie, J.A., Nolan, M. and Insall, R.H. (2016) A Computational Method for the Coupled Solu-
tion of Reaction Diffusion Equations on Evolving Domains and Manifolds: Application to a Model of Cell Migration
and Chemotaxis. Journal of Computational Physics, 309, 207-226. https://doi.org/10.1016/j.jcp.2015.12.038
Lacitignola, D., Bozini, B., Frtellii, M. and Sgura, 1. (2017) Turing Pattern Formation on the Sphere for a Morpho-
chemical Reaction-Diffusion Model for Electrodeposition. Communications in Nonlinear Science & Numerical Simu-
lation, 48, 484-508. https://doi.org/10.1016/j.cnsns.2017.01.008

Cockbur, B., Gopalakrishnan, J. and Lazarov, R. (2009) Unified Hybridization of Discontinuous Galerkin, Mixed, and
Continuous Galerkin Methods for Second Order Elliptic Problems. Siam Journal on Numerical Analysis, 47, 1319-1365.
https://doi.org/10.1137/070706616

Wang, J. and Ye, X. (2013) A Weak Galerkin Finite Element Method for Second-Order Elliptic Problems. Journal of
Computational & Applied Mathematics, 241, 103-115. https://doi.org/10.1016/j.cam.2012.10.003

Wang, J. and Ye, X. (2014) A Weak Galerkin Mixed Finite Element Method for Second-Order Elliptic Problems. Ma-
thematics of Computation, 83, 2101-2126. https://doi.org/10.1090/S0025-5718-2014-02852-4

Zhang, H.Q., Xu, Y.X., Xu, Y., et al. (2016) Weak Galerkin Finite Element Method for Second Order Parabolic Equa-
tions. International Journal of Numerical Analysis & Modeling, 13, 525-544.

Li, R. and Zhu, P. (1982) Generalized Difference Methods for Second Order Elliptic Partial Differential Equations (I)
Triangle Grids. Numerical Mathematics: A Journal of Chinese Universities, 2, 140-152.

BUARES, ZEoetk, ZIEm D TRERI) XZEMEO——=MMIERD]. SR EE ), 1982, 12(4): 360-
375.

R R T IEBUEMEIM]. 5 2 M. dbat S5 A R, 2010: 90-92.

DOI: 10.12677/aam.2021.101008 73 IR Esid


https://doi.org/10.12677/aam.2021.101008
https://doi.org/10.1051/m2an/1985190100071
https://doi.org/10.1137/S0036142901384162
https://doi.org/10.1007/s002110100348
https://doi.org/10.1007/978-1-4612-3172-1_5
https://doi.org/10.1007/BF00250736
https://doi.org/10.1090/S0025-5718-1993-1149289-9
https://doi.org/10.1016/j.jcp.2015.12.038
https://doi.org/10.1016/j.cnsns.2017.01.008
https://doi.org/10.1137/070706616
https://doi.org/10.1016/j.cam.2012.10.003
https://doi.org/10.1090/S0025-5718-2014-02852-4

	球域上椭圆方程有效的有限元方法和误差分析
	摘  要
	关键词
	An Effective Finite Element Method and Error Analysis for the Elliptic Equation in Spherical Domain
	Abstract
	Keywords
	1. 引言
	2. 降维格式
	3. 弱形式和离散格式
	4. 误差估计
	5. 算法的有效实施
	6. 数值案例
	7. 总结
	参考文献

