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Abstract

On the study of weak solutions of barotropic compressible Navier-Stokes-Poisson equa-

tion to Cauchy problem. We need some prior estimates for barotropic compressible

Navier-Stokes-Poisson equations. We mainly use energy estimation, B. Desjardin’s

estimation method.
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1. 0�

�©ïÄ���Ø Navier-Stokes-Poisson�§¥�
k��O"���Ø 6N�±

^Navier-Stokes-Poisson�§5L«
∂tρ+ div(ρu) = 0.

∂t(ρu) + div(ρu⊗ u) +∇p = µ∆u+ (λ+ µ)∇divu+ ρ∇Φ.

λ∆Φ = ρ.

(1.1)

ùp

p = aργ(a > 0, γ > 1), (1.2)

ùpρ, u,Φ ©O�L�Ý§�Ý§­å³U§Ê5Xêµ, λ÷vÔn�¦

µ > 0, µ+
3

2
λ ≥ 0 (1.3)

éuCauchy ¯K§·�Áã3R3 Ïé��)(ρ(x, t), u(x, t))÷v(1.1)

u(x, t)→ 0, ρ(x, t)→ 0, as|x| → ∞
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�Ð©^�

ρ|t=0 = ρ0, u|t=0 = u0, x ∈ R3. (1.4)

÷v {
0 ≤ ρ0 ∈ L∞(Ω).

u0 ∈ H1(Ω)3.
(1.5)

éu��~Ê5Xê�Ø Navier-Stokes�§�êÆnØ®²�Nõk°ó�öïá"

Vaigant [1]�ÑÛÜ²;)�U�)k��mÛ:"Lions [2]y²
ý9�êγ > 5
3
�n���

�Ø Navier-Stokes�§#NÐ©ý��f)��N�35�Feireisl-Novotny-Petzeltova [3] ò

ù�^�í2�γ > 3
2
"Jiang-Zhang [4]�Ø©y²
3^�γ > 1e§¥é¡6Ð�����

�Ûf)"Hoff [5] �Ø©y²
õ��Ø Navier-stokes �§��N)"Hoff Øy¥��éÐ

�A:´¦�OKp�¹
LyÑ,«AÏÛÉ5�)§�Hoff [6]"Huang [7]��y
�Ø 

¥é¡Navier-Stokes�§f)��3��5"Cho-Kim [8]��
�Ý�U�¹ý��ÛÜr²

;)��35"Huang-Li-Xin [9]y²
n����Ø Navier-Stokes �§äk���Úý��

²;)��Û·½5"éu�Ø Navier-Stokes-Poisson�§µKobayashi-Suzuki [10]ïÄ
�Ø

 Navier-Stokes-Poissonf)��35"'uNavier-Stokes-PoissonXÚ��N²;)§AO´é

��m1��©Û§·�3Zhang-Tan [11]�Ø©¥,�éCauchy ¯K3Øå�Ý¼êþkØÓ�

b�"Huang-Yan [12]©Ù�éu§·�ïÄ´Ä�3�Ñt��q�(J"ÏdI��O�ó�

´ïÄü�­��O"

·��Ì�(JXeµ

½n 1.1 b�γ > 1§�3T0 ∈ (0,+∞)Ú��f)(ρ, u,Φ) ÷vNavier-Stokes-Poisson�§(1.1)§

¦�¤k�T < T0¤á"
ρ ∈ L∞((0, T )× Ω) ∩ ([0, T ];Lq(Ω)), forallq ∈ [1,∞).

ρu̇, σ(t)
1
2∇u̇ ∈ L2((0, T )× Ω)3×3.

∇u ∈ L∞(0, T ;L2(Ω))3×3.

(1.6)

ùp�

u̇ = ut + u · ∇u, σ(t) = min{1, t} (1.7)

2. ý��£

k�Ê5ÏþF�^Ýω§�½Â�Xeµ

F = (2µ+ λ)divu− p, ω = ∇× u. (2.1)

Ún 2.1 �3���~êC�=�6uµ Úλ éu?Ûr∈[2,6]÷v±e(J"

||F ||L6 ≤ C||∇F ||L2 (2.2)
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||∇F ||Lr + ||∇ω||Lr ≤ C||ρu̇||Lr (2.3)

||F ||Lr + ||ω||Lr ≤ C||ρu̇||(3r−6)/(2r)
L2 (||∇u||L2 + ||p||L2)(6−r)/(2r) (2.4)

||∇u||Lr ≤ C(||F ||Lr + ||ω||Lr + ||p||Lr) (2.5)

||∇u||Lr ≤ C||∇u||(6−r)/(2r)L2 (||ρu̇||L2 + ||p||L6)(3r−6)/(2r) (2.6)

3. ü�­��k��O

3�!¥§·�b�(ρ, u,Φ)´Ð©¯K3[0, T ]× Ωþ'u(1.1)− (1.5)�)§·�^C�L�

�ëY~ê���6uÐ©�Ú�mT"

�
y²½n1.1·�ò{�£ãÙÌ��{"

-

Ψ(t) = 1 + ||ρ(·, t)||L∞(Ω) + ||p(·, t)||2L2(Ω) + ||∇u(·, t)||2L2(Ω) + σ(t)

∫
Ω

ρ(·, t)u̇(·, t)2dx

= 1 + ||ρ(·, t)||L∞(Ω) + β(t) + γ(t) (3.1)

Ù¥�

β(t) = ||p(·, t)||2L2(Ω) + ||∇u(·, t)||2L2(Ω)

γ(t) = σ(t)

∫
Ω

ρ(·, t)u̇(·, t)2dx (3.2)

1�Ú§·�kÄ�Uþ�O�Poisson�

Ún 3.1 Ä�Uþ�OµÙ¥é?Û0 ≤ t ≤ T¤á.

∫
Ω

(ρ
|u|2

2
+

aργ

γ − 1
+
λ

2
|∇Φ|2) +

∫ t

0

∫
Ω

(µ|∇u|2 + (µ+ λ)|divu|2)dxdτ

≤
∫

Ω

(ρ0
|u0|2

2
+

aργ0
γ − 1

+
λ

2
|∇Φ0|2) (3.3)
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y² 3.1 3Äþ�§üà¦±u�¼êu�3(0, t)× ΩþÈ©,·���.∫ t

0

∫
Ω

ρutudxdτ +

∫ t

0

∫
Ω

ρu · ∇u · udxdτ +

∫ t

0

∫
Ω

∇pudxdτ

−
∫ t

0

∫
Ω

µ∆u · udxdτ −
∫ t

0

∫
Ω

(µ+ λ)∇divu · udxdτ −
∫ t

0

∫
Ω

ρ∇Φ · udxdτ = 0

éz��?1?n§|^©ÜÈ©{µ

∫
Ω
ρutudx =

∫
Ω
ρ( |u|

2

2
)tdx = d

dt

∫
Ω
ρ |u|

2

2
dx−

∫
Ω
ρt
|u|2

2
dx

�Xµ

∫
Ω
ρ(u · ∇)u · udx =

∫
Ω
ρ(u · ∇) |u|

2

2
dx =

∫
Ω
div( |u|

2

2
u)dx−

∫
Ω
div(ρu) |u|

2

2
dx

∫
Ω
u∇pdx =

∫
Ω
aγρu · ∇ργ−1

γ−1
dx = γ

γ−1

∫
Ω
aρtρ

γ−1dx = d
dt

∫
Ω
a ργ

γ−1
dx

2g¦^©ÜÈ©{Kµ

∫
Ω

∆u · udx = −
∫

Ω
|∇u|2dx

∫
Ω

(µ+ λ)∇divu · udx = −
∫

Ω
(µ+ λ)|divu|2dx

|^©ÜÈ©��þ�§��µ

∫
Ω
ρ∇Φ · udx = −

∫
Ω

Φ · div(ρu) =
∫

Ω
Φ · ρtdx =

∫
Ω

Φλ∆Φtdx = − d
dt

∫
Ω
λ |∇Φ|2

2
dx

¤kªf�\��µ∫
Ω

(ρ
|u|2

2
+

aργ

γ − 1
+
λ

2
|∇Φ|2)dx+

∫ t

0

∫
Ω

(µ|∇u|2 + (µ+ λ)|divu|2)dxdτ

≤
∫

Ω

(ρ0
|u0|2

2
+

aργ0
γ − 1

+
λ

2
|∇Φ0|2)dx = E0

1�Úµ·�£Á3Desjardins [13]¥éβ(t) ��O§|^Ù�{"

DOI: 10.12677/aam.2021.101003 28 A^êÆ?Ð

https://doi.org/10.12677/aam.2021.101003


±#

Ún 3.2 3Ø© [13]¥§ùp�3��üN4O�1w¼êΨ0(x)¦�µ

β(t) +

∫ t

0

∫
Ω

ρ|u̇|2 ≤ C + C

∫ t

0

Ψ0(||ρ||L∞)δ(s)(1 + β(s))3ds (3.4)

ùpµ�X(3.2)½Â

β(t) = ||p(·, t)||2L2(Ω) + ||∇u(·, t)||2L2(Ω)

y² 3.2 3Äþ�§üà¦±u�¼êut�3(0, t)× ΩþÈ©§·���"∫ t

0

∫
Ω

ρ|∂tu|2dxds+
1

2

∫
Ω

(µ|∇u(t, x)|2 + (µ+ λ)|divu(t, x)|2)dx

+

∫ t

0

∫
Ω

∇p(ρ)·∂tudxds ≤ C
∫

Ω

|∇u0|2dx+

∫ t

0

∫
Ω

|√ρ∂tu|L2(Ω) ·(|
√
ρ(u·∇)u|L2(Ω) +|√ρ∇Φ|L2(Ω))ds

y3§|^ëY5�§��∫
Ω
∂tu · ∇p(ρ)dx = − d

dt

∫
Ω
p(ρ)divudx+

∫
Ω
∂tp(ρ)divudx,

= − d
dt

∫
Ω
p(ρ)divudx+ 1

λ+2µ
d
dt

∫
Ω
κ(ρ)dx+ 1

λ+2µ

∫
Ω
p(ρ)u · ∇Fdx

+ 1
(λ+2µ)2

∫
Ω
p(ρ)2(ρp′(ρ)− p(ρ))dx− 1

(λ+2µ)2

∫
Ω

(ρp′(ρ)− p(ρ))F 2dx

ùp

κ(s) = p(s)2 − s

2

∫ s

0

p(z)

z2
dz

(J§�±��µ

∫ t

0

∫
Ω

ρ|∂tu|2dxds+
1

2

∫
Ω

(µ|∇u(t, x)|2 + (µ+ λ)|divu(t, x)|2)dx

+
1

(λ+ 2µ)2

∫
Ω

p(ρ)2(ρp′(ρ)− p(ρ))dx+
1

2µ+ λ

∫
Ω

κ(ρ)dx

≤
∫

Ω

p(ρ(t, x))divu(t, x)dx−
∫

Ω

p(ρ0)divu0dx+ C

+C

∫ t

0

∫
Ω

(|ρp′(ρ)− p(ρ)|F 2 + |p(ρ)u||∇F |+ |√ρu · ∇u|2 + |√ρ · ∇Φ|2)dxds

|^Gagliardo−Nirenberg�Ø�ªµ

||f ||2L4(f) ≤ C||f ||
1
2

L2(Ω)||∇f ||
3
2

L2(Ω).
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·�*	��ε > 0��v
�kµ

∫
Ω
p(ρ(t, x))|divu(t, x)|dx

≤ 1

2
(λ+ µ− ε)

∫
Ω

(divu(t, x))2dx+
1

2

1

(λ+ µ− ε)

∫
Ω

p(ρ(t, x))2dx

ùpp = pα,γ¿�γ > 1,k2γ − 3
2
> 1

2
§·�kκ(t) ≥ δp(t)2éu�
δ > 1

2
"���§·��

±íÑµ�3��υ ∈ C0(R+) ∩ C∞(0,∞)Ù¥υ(t) ≥ c1t
2γc1 ��ê§t v
�§kµ

∫ t

0

∫
Ω

(ρ|∂tu|2 + p(ρ)2(ρp′(ρ)− p(ρ)))dxds+

∫
Ω

|∇u(t, x)|2dx+

∫
Ω

υ(ρ(t, x))dx

≤ C + C

∫ t

0

∫
Ω

(|p(ρ)u∇F |+ |ρp′(ρ)− p(ρ)|F 2 + |√ρ(u · ∇)u|2 + |√ρ∇Φ|2)dxds

≤ C + C

∫ t

0

(|p(ρ(s, .))√
ρ(s, .)

|L∞(Ω)|
√
ρu(s, .)|L2(Ω)|∇F (s, .)|L2(Ω) + |p′(ρ)− p(ρ)|L∞(Ω)|F (s, .)|2L2(Ω)

+|√ρu(s, .)|2L4(Ω)|∇u(s, .)|2L4(Ω) + |ρ(s, .)|L∞(Ω)|∇Φ|2L2(Ω))ds

·�����Pu§Fk.§b�ρ3L∞(Ω)k�k.§|^þª�Ø�ªk(t > 0)"ùpQ =

∇4−1div§P = I −Q"∫ t

0

∫
Ω

ρ|∂tu|2dxds+

∫
Ω

|∇u(t, x)|2dx+

∫
Ω

|p(ρ(t, x))|2dx ≤ C + C

∫ t

0

|g(ρ(s, .))|L∞(Ω)

×|∇F (s, .)|L2(Ω) + |h(ρ(s, .))|L∞(Ω)|∇u(s, .)|2L2(Ω) + |√ρu(s, .)|2L4(Ω)(|∇Pu(s, .)|2L4(Ω) + |RF (s, .)|2L4(Ω)

+|Rp(ρ(s, .))|2L4(Ω)) + |ρ(s, .)|L∞(Ω)|∇Φ|2L2(Ω))ds+ |i(ρ(s, .))|L∞(Ω)ds (3.5)

5µg(s) = p(s)/
√
s, h(s) = |sp′(s)− p(s)|Úi(s) = h(s)p(s)2, Ri∆

−1/2∂i. �e5§·�2¦^

�gÄþ�§

µ∆Pu = P (ρ∂tu) + P (ρu · ∇u)− P (ρ∇Φ)

∇F = Q(ρ∂tu) +Q(ρu · ∇u)−Q(ρ∇Φ)

Ïd§k

|∇F |2L2(Ω) + |∆Pu|2L2(Ω) ≤ C|ρ(s, .)|L∞(Ω)(|
√
ρ∂tu(s, .)|2L2(Ω) + |√ρu · ∇u(s, .)|2L2(Ω)
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+|ρ(s, .)|L∞(Ω)|∇Φ|2L2(Ω)

|^Gagliardo−Nirenberg�Ø�ªµ

||f ||2L4(f) ≤ C||f ||
1
2

L2(Ω)||∇f ||
3
2

L2(Ω).

·��±íüÑ5µ

|∇Pu(s, .)|2L4(Ω) + |RF (s, .)|2L4(Ω) ≤ C(|∇u(s, .)|L2(Ω) + |p(ρ(s, .))|L2(Ω))
1
2

×(|∆Pu(s, .)|L2(Ω) + |∇F (s, .)|L2(Ω))
3
2

Ïd§·���µ

|g(ρ(s, .))|L∞(Ω)|∇F (s, .)|L2(Ω) + |√ρu(s, .)|2L4(Ω)(|∇Pu(s, .)|2L4(Ω) + |RF (s, .)|2L4(Ω))

≤ ε(|∆Pu(s, .)|2L2(Ω) + |∇F (s, .)|2L2(Ω)) +
C

ε
|√ρu(s, .)|4L4(Ω)

×(|∇u(s, .)|2L2(Ω) + |p(ρ(s, .))|2L2(Ω)) +
C

ε
Ψ(|ρ(s, .)|L∞(Ω)) (3.6)

*	µ

|√ρu(s, .)|4L4(Ω) ≤ C|
√
ρu(s, .)|L2(Ω)|

√
ρu(s, .)|3L6(Ω)

≤ C|ρ(s, .)|
3
2

L∞(Ω)(1 + |∇u(s, .)|L2(Ω))
3 (3.7)

��§·���µ

∫ t

0

ρ|∂tu|2dxds+

∫
Ω

|∇u(t, x)|2dx+

∫
Ω

|p(ρ(t, x))|2dx

≤ C+C

∫ t

0

Ψ(|ρ(s, .)|L∞(Ω))((1 + |∇u(s, .)|2L2(Ω))
3(1+|∇u(s, .)|2L2(Ω)+|p(ρ(s, .))|2L2(Ω))+|∇Φ|2L2(Ω))ds

4·�½ÂµβÚδ"

β(t) = |∇u(t, .)|2L2(Ω) + |p(ρ(t, .))|2L2(Ω)

δ(s) = 1 + |∇u(s, .)|2L2(Ω) + |∇Φ(s, .)|2L2(Ω))

��µ
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∫ t

0

(ρ|∂tu|2L2(Ω) + |∇F |2L2(Ω) + |∆Pu|2L2(Ω))ds+ β(t)

≤ C + C

∫ t

0

Ψ0|ρ(s, .)|L∞(Ω))δ(s)(1 + β(s))3ds

ùpµΨ0(|ρ(s, .)|L∞(Ω)) = max{(γ − 1)|ρ|γL∞ , |ρ|L∞ , |ρ|
2γ−1
L∞ , |ρ(s, .)|

3
2

L∞}

Ψ �L�K4O�¼ê.¯¢þ§3�©¥§§Ú~êC���¦^�{§±{zVg"

3Äþ�§üà¦±u�¼êσmu̇�3ΩþÈ©�"∫
Ω

σmρ|u̇|2dx =

∫
Ω

−σmu̇∇p+ µ · ∇u · σm · u̇+ (µ+ λ)∇divu · σmu̇+ σmu̇ · ρ∇Φdx (3.8)

|^©ÜÈ©±9u̇ = ut + u · ∇u

−
∫

Ω
σmu̇∇p =

∫
Ω
σmdivu̇p =

∫
Ω
σmdivutp+ σmdiv(u · ∇u)pdx

= (
∫

Ω
σmdivu · pdx)t −

∫
Ω
mσm−1σ

′
divu · pdx−

∫
Ω
σmdivu · ptdx

+
∫

Ω
σmdiv(u · ∇u)pdx

|^�ªpt + div(pu) + (γ − 1)pdivu = 0

−
∫

Ω
σmdivu · ptdx =

∫
Ω
σmdivu(div(pu) + (γ − 1)pdivu)dx

=
∫

Ω
σm∂iu

i · (∂j(puj)) + σm(γ − 1)p(divu)2dx

= −
∫

Ω
σm∂j∂iu

ipuj + σm(γ − 1)p(divu)2dx

∫
Ω
σmdiv(u · ∇u)pdx =

∫
Ω
σm∂j(ui · ∂iuj)pdx =

∫
Ω
σm∂jui · ∂iujp+ ui∂i∂ju

jPdx

±9

−
∫

Ω
σmu̇∇p = (

∫
Ω
σmdivu · pdx)t −

∫
Ω
mσm−1σ

′
divu · pdx+ σm(γ − 1)p(divu)2dx

+
∫

Ω
σm∂jui · ∂iujp
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|^HolderØ�ª

−
∫

Ω
σmu̇∇p ≤ (

∫
Ω
σmdivu · pdx)t +mσm−1||p||L2 ||∇u||L2 + σm||p||L2 ||∇u||L2

≤ (
∫

Ω
σmdivu · pdx)t + C||∇u||2L2 + C||p|2||L∞

�Xµ∫
Ω
µσm∆u · u̇dx =

∫
Ω
µσm∆u · (ut + u · ∇u)dx

=
∫

Ω
µσm∆u · utdx+

∫
Ω
µσm∆u · u · ∇udx

-
∫

Ω
µσm∆u · u · ∇udx = I

= −
∫

Ω
µσm |∇u|

2
t

2
+ I

= −
∫

Ω
(µσm |∇u|

2

2
dx)t +

∫
Ω
µmσm−1σ

′ |∇u|2
2
dx+ I

I =
∫

Ω
µσm∂iiu

j(uk · ∂kuj)dx

|^©ÜÈ©�±��

I = −
∫

Ω
µσm∂iu

j∂iu
k · ∂kujdx−

∫
Ω
µσm∂iu

juk · ∂ikujdx

-M =
∫

Ω
µσm∂iu

juk · ∂ikujdx

I = −
∫

Ω
µσm∂iu

j∂iu
k · ∂kujdx+M +

∫
Ω
µσm∂iu

j∂ku
k · ∂iujdx

I ≤ C · σm
∫

Ω
|∇u|3dx

∫
Ω
µσm∆u · u̇dx ≤ −µ

2
σm(||∇u||2L2)t + Cmσm−1σ

′ ||∇u||2L2 + C
∫

Ω
σm|∇u|3dx

|^HolderØ�ª∫
Ω

σmu̇ · ρ∇Φdx ≤ ||ρ||
1
2

L∞ ||
√
ρu̇||L2 ||∇Φ||L2 ≤ ε||√ρu̇||2L2 +

C

ε
||ρ||L∞ ||∇Φ||2L2
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����µ

⇒
∫

Ω
σmρ|u̇|2dx+ [σm(µ

2
||∇u||2L2 + µ+λ

2
||divu||2L2 −

∫
Ω
divup]t

≤ (C + Cmσm−1σ
′
)||∇u||2L2 + Cmσm−1σ

′
C0 + C

∫
Ω
|∇u|3dx+ C||p||2L∞ + C

ε
||ρ||L∞ ||∇Φ||2L2

∫
Ω
divup ≤ ||p||2L∞ + λ+µ

4
||divu||2L2

-L = [σm(µ
2
||∇u||2L2 + µ+λ

2
||divu||2L2 −

∫
Ω
divup]t

L ≥ σmµ
2
||∇u||2L2 + µ+λ

2
||divu||2L2 − λ+µ

4
||divu||2L2 − ||p||2L∞

éu
∫

Ω
|∇u|3dxù��

d(2.6)

||∇u||Lr ≤ C||∇u||(6−r)/(2r)L2 (||ρu̇||L2 + ||p||L6)(3r−6)/(2r).

�±í�µ

||∇u||3L3 ≤ ||∇u||
3
2

L2(||ρu̇||
3
2

L2 + ||p||
3
2

L6)

≤ ε||ρu̇||2L2 + C
ε
||∇u||6L2 + ε||∇u||2L2 + C||p||6L6

-µ

L = σm(µ
2
||∇u||2L2 + µ+λ

2
||divu||2L2 −

∫
Ω
divup)t

L ≥ σmµ
2
||∇u||2L2 + µ+λ

2
||divu||2L2 − λ+µ

4
||divu||2L2 − ||p||2L∞

o(±þíØ§·���(Jµ∫ t

0

(ρ|∂tu|2L2(Ω) + |√ρu · Ou(s, .)|2L2(Ω) + |∇F |2L2(Ω) + |∆Pu|2L2(Ω))ds+ β(t)

≤ C + C

∫ t

0

Ψ0(||ρ(s, .)||L∞)δ(s)(1 + β(s))3ds
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