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Abstract

On the study of weak solutions of barotropic compressible Navier-Stokes-Poisson equa-
tion to Cauchy problem. We need some prior estimates for barotropic compressible
Navier-Stokes-Poisson equations. We mainly use energy estimation, B. Desjardin’s

estimation method.
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1. T4

ARSI 5T ZE i W] TR 4 Navier-Stokes-Poisson /7 2 FH — S8 55 06 Al oF. 25 4 7] & 46 3 48 ] DA
FH Navier-Stokes-Poisson /7 F& R £ 7~

Owp + div(pu) = 0.
O (pu) + div(pu @ u) + Vp = pAu+ (A + p)Vdivu + pV . (1.1)
AAD = p.

p=ap’(a>0,7>1), (1.2)
R p,u, ® RIARERE, HEEZ, EIHRE, MitE RSy, A B 2R
,u>0,,u—|—g)\20 (1.3)
Xt F-Cauchy [, FATAEAR? FH—ME(p(x, 1), u(z, 1))iHL(1.1)

u(z,t) — 0, p(z,t) = 0,as|z| — oo
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HAtH %At
pli=o = po, uli—o = g,z € R®. (1.4)
T 2
0< L= ().
< po € L7(9) (1.5)
Ug € .[‘.’1((2)3

xf T 45 R HORE VE &R 80T K 4iNavier-Stokes 7 B2 (1 85 5% B S O & B VF 2 e IR AR 3% 4 57
Vaigant [1]45 i R &6 28 $ % 7T 58 7 A2 BRI (8] %5 e Lions [2JUEH] 1 48338 %y > SHI = 4E55 44
][5 4§ Navier-Stokes 77 15 78 V4] 46 3 4% 10 59 il 1) 48 44 47 7E ¥4 H Feireisl-Novotny-Petzeltova [3] K
XA Bly > 2. Jiang-Zhang [4]f138 SCUE B T & Py > 1R, BROUHFR I (E BRI
AR $5f#. Hoff [5] MR SCUER] T £ 4E 1 Fk 4iiNavier-stokes /5 F£ B4R fif. Hoff B UEH — MELF
A A L R A U L 1 SR MR R T R O, WHoff [6]e Huang [7]3&51E J W] I 4
R FRNavier-Stokes 77 #2 55 il (I A7- EME— . Cho-Kim [8]#3 3] 7 % EE v e & E 21 R # &
SRR AFAENE. Huang-Li-Xin [9]E W] 1 = 4E455 05 7] e 4i Navier-Stokes 77 12 B A7 KI5 F1 H 45 1)
2 LRI A R I E . X T AT 4 Navier-Stokes-Poisson /7 #£:  Kobayashi-Suzuki [10]# 5T 7 7] J&
%iNavier-Stokes-Poisson 55 fiff /7 fE 1. % T Navier-Stokes-Poisson 5 4t I 5 {4 28 JLfif, e ) & %F
KN [a) AT 70 #r, 3ATI#E Zhang-Tan [11]H11&3CH £ Cauchy i) @E1E T /)% B2 b8 80 _EA AR )
. Huang-Yan [123C& (R4, FATHIFR SAAAE SRR TR AR S Re BRI 2 10 e T
St A AN E AL

AP E LR AT

EI 1.1 BRiky > 1, AET, € (0,+00)Fe—/N55/%(p, u, D) i#h & Navier-Stokes-PoissonF 42 (1.1),
R OT < Ty o

p € L>®((0,T) x Q)N ([0,T]; L1R)), forallg € [1,0).
pi,o(t)2Va e L2((0,T) x Q)3%3. (1.6)
Vu € L=(0, T; L2(Q))?73.

XE
U= +u-Vu,o(t) =min{l,t} (1.7)

2. IR
AR PP 5 e, BEE SO T

F = (Q2u+ Ndivu — p,w =V xu. (2.1)

SIFE 2.1 AA—ANEF I CHAURM T p Fo X 3t FALFTre [2,6] RVAT 45
[FllLe < Cl[VF]|L (22)
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IVl + [|Vwl|zr < Cf|pillz- (2.3)
1F || + |l < Cllpul| @) (| Vul | g2 + [|p||g2) ¢~/ @0 (24)
IVull < CUIF |z + llwllzr + [[pll2r) (2.5)

1Vul|z- < ClIVullE& 7 (| pa |2 + []p]| o) G =0/ (2.6)

3. MNEER AT

AT, AU (p, u, ®)RAWIE HELE0, T) x QEXTF(1.1) — (1.5) R, FANHCILEKIE
2 1 B O T an A5 A TR T

9 1 UERRE B BRATRE fil B R 3 EAR

é,\

U(t) =1+ loC, )|z~ + IpC Ol @) + [V, B)lZ20) +0(t)/ﬂp(-,t)ﬂ(-,t)2dfv

=14 [lp( Oll=(@) + B1) +(2) 3.1)

Hork
B(t) = llpC, O)[72(q) + IVul, )72

+(t) = o(t) / P )il )2 (3.2)

b, BATHREARRERAG T Poisson il

SITE 3.1 AAREHiT: LA PHET0 <t <TARZ.

2 Y )\ t
[+ e Svapy+ [ iVl + ot Wldivder
o 2 y—1 2 0 Jo

|uo|*

apg A 2
< ZIVP 3.3
_/Q(Po 5 +7_1+2\V ol") (3-3)
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UERR 3.1 E#hE HAZM B R AR uF £ (0,t) x QLRSS KAVFE].

t t t
/ /putudzdr+/ /pu-Vu-udxdT—l—/ /VpudxdT
0o Jo 0o Ja 0o Jo
t t t
—/ /,uAu-udxdT—/ /(u—&-A)Vdivu-udxah-—/ /pV@-udzdrzo
0o Ja 0o Ja 0o Ja

stAE—RHATRIE, A AR E:
Jo pusudz = [, P(%)tdx =4 Ja p%dm — Jo pt%dx
A
Jo p(u-V)u-ude = [, p(u- V)%d;ﬁ = [ div(%u)dm - [y div(pu)%dx
JouVpdz = [, aypu - V%dm =4 Jqapp?tde =2 [ a%dm
FoRAR F 5320 AR R
Jo Au-udr = — [, |Vul|*dzx
Jo(p+ M) Vdivu - udz = — [ (1 + N)|divu|*dz
AR 20 5 & 774245 2 -

AZ2E g,

dtQ 2

Jo PV -udx = — [, @ - div(pu) = [, P - pidx = [, PAAD,dx =

P KT Ao i 2]

Jul? ap” A 2 ' 2 |2
(p— + + = |V®|*)dz + (e Vul® + (p + N)|divu|*)dzdr
o 2 y—1 2 0 Jo

up? a
= /(00’0' + — 05 |V<I>0| )dz = Ej
Q 2 -1

%5 BATENZAEDesjardins [13]9%F3(t) Hftitt, I AR,
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SIER 3.2 /it [13]F, KB AL AR IR0 LTSI (2) 1015

+ / / plif? < C +C / o (ol 2=)8(s) (1 + B(s))*ds (3.4)

XHE: IEU(3.2)5%E X

B(t) = llpC, )72y + IVul-, )72

UEER 3.2 A= AR BB A Fu, LA (0,1) x Q LRy, KAFE,

! 1
/ / p|Oyul|*dxds + 3 / (| Vu(t,2)|? + (u + N)|divu(t, 2)|*)dz
0 Ja Q

t t
+ [ [ 9plo)-odeds < C [ [Vuoldat [ [ |ypduulza - (VBu- D)uleso +IVAVBliaiey s
0 Q Q 0 Q

I, AR b A2 13 5]

=@ fﬂp )divudz + /\+2u dt fQ p)dx + ,\+2H fﬂp p)u-VFdx
+ogsz JaP(0)* (09 (p) — p(p))dr — gz Jo (o0’ (p) — p(p)) FPdz
X E

R, TR

‘ 1
/ / p|Owu|?dzds + 3 / (u|Vu(t,)|* + (u + N)|divu(t, z)|*)dx
0o Jo Q

+Q%ENK?@WWW%W@WM+%1AAMMM

< / plo(t, z))divu(t, z)dz — / plpo)divugda + C

we / 000 = 20 + ()l VF |+ - Dl + |- VO )dads

#| A Gagliardo — Nirenbergy I~% X,

1 3
Fl[7acp) < Cllfl 2@ IV Al 20y
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HMARE] Be > 0OBIFEY DA

Jo p(p(t, ))|divu(t, z)|dx

l\D\»—~

A+p—e) /Q(dz'vu(t, r))3dz + o /Qp(p(t,x))2da:

REp=po, By > 102y -3 > 1, &MNARE) > op(t)* 3 F—&6 > L. —A&fF, KMNT

2

Aigd: BE—Ave CORT)NC>®(0,00) K Fou(t) > crt?cy AEEK, t RBK, A:

/O / (Pl + p(p)* (o0 (p) — plp)))dards + / Vut, 2)Pdz + / olp(t z))dz

<C+C [ [ (0T FI+ 1o/ (0) = o) P2 + [V V)l + V5V deds

< C+C/ |Loo(9 IVou(s, V2@ |VE(s, 2@ + [P/ (p) = p(p) Lo @) [F (s, ) 720

+|v/puls, .)|i4(9)|Vu(s, -)|2L4(Q) + |p(s, -)|L°°(Q)|V‘I)|i2(9))d8

EMNREFEPu, FHER, BIXpEL®(Q)EBRAR, AN LXOREXA(E>0) XEQ =
VA div, P=1—Q.

/ /p|6tu| d:vds+/|Vut:v | da:—l—/\p p(t,x)) dm<C+C/ l9(p(s,.))| L (@)

X|VF(s, )2 + h(p(s, )o@ Vuls, )[12) + [Vpuls, ) Lso) (IVPuls, )i + [RE(s, ) [Lsq)

+HRp(p(s, ) [1a) + 1005, )| (@) [VO[L2(0))ds + [i(p(s, )| (@ ds (3-5)

E: g(s) = p(s)/v/5,h(s) = |sp'(s) — p(s)|A=i(s) = h(s)p(s)?, RiATV20;,. BTk, &MAER
—RNE T AL
pAPu = P(poyu) + P(pu - Vu) — P(pV®)

VF = Q(pdu) + Qpu - V) — Q(pV®)

Ak, &

|VF\2L2(Q) + [APul72q) < Clp(s, )| Lo @) (Iv/pOru(s, ')|2L2(Q) + [v/pu - Vu(s, ~)|2L2(Q)
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+1p(s, -)|Lw(ﬂ)|v¢‘\%2(sz)

#1 B Gagliardo — Nirenbergtd 15 X.:
1112y < CUAZ2 @IV £ 22 ()
EAVT A ok

VPu(s, )7y + [RE (s, )iaq) < C(Vuls, )| 2@ + [p(p(s,)|r2@)?

X (IAPu(s, )wey + [VF(s, )z2(o)
B, &AM4F2:
1905 e~ T (s, Mzac@) + [VBu(s, ) sy (T Puls, )am + [RE(s, ) o)

C
< e(|APu(s, -)\%2(9) + |V F (s, ')|%2(Q)) + ;\\/ﬁu(sa -)|i4(n)

x(|Vu(s, -)|i2(9) + |p(p(s, ~>>|i2(9)) + g\lfﬂp(s, ')lLOO(Q)) (3.6)

IVou(s, Vi@ < Clvpuls, 2@ lvouls, )i

< Clp(s, )| foe oy (L + [Vuls, ez ) (3.7)

e, RAFE:

t
/pmme+/WMWWm+/mem%x
0 Q Q

t
< C+C/ U([p(s, ) zee(@) (1 +[Vuls, ~)|2L2(Q))3(1+|VU(37 -)|%2(Q)+|p(:0(57 ~))|2L2(Q))+’V‘I’|%2(Q))d5
0

L&A L BAd.
B(t) = [Vult, )iz + Ip(p(t, )72

6(s) = 1+ |Vu(s, ')|%2(Q) +[V(s, ‘)|%2(Q))
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t
/ (plOculT2(0y + |V F 120y + [APul?2q))ds + B(t)
0

<CtcC / Wolp(s, )| po ) (s) (1 + B(s))*ds

. _ 3
LB o(lp(s, e (@) = maz{(y = V)lplius lple=, o2 (s, ) 7=}

U REIF ARG B FRE, EALF, CARKC—HOEAT &, AL,

& TTALFSH R A I B B omu B AQ EMRS .

/Qampu|2dx = /Q —o"uNVp+p-Vu-o™ -+ (p+ AN)Vdivu - 0™+ 0™ - pV O (3.8)
AR 2R VARG = up +u - Vu

— Joo™uVp = [, o™ divip = [, o™ divugp + o™ div(u - Vu)pdz

= ([, 0™ divu - pdx), — [, mo™ Lo divu - pda — Jo, o™ divu - pydx

+ [ o™ div(u - Vu)pdx

AR F Xp; + div(pu) + (v — 1)pdivu = 0

— Jo o™ divu - pyda = [, o™ divu(div(pu) + (v — 1)pdivu)dx

= Joomou’ - (0;(pu?)) + o™ (v — 1)p(divu)*dx

=— [, 0m0;0;u'pu’ + o™ (y — 1)p(divu)?da

Jo o div(u - Vu)pde = [, 0™0;(u; - Ou? )pda = [, 0™0ju; - diulp + u;0;0;u) Pdx
VAR

— [, o™uVp = ([, 0™ divu - pdz); — [, mo™ o divu - pdz + o™ (7 — 1)p(divu)?dx

+ [y 005, - Bulp
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A B Holder 7~ % X,

— [ 0™ uVp < ([, o™ divu - pda); +mo™ Y |p|| 2 ||Vl |2 + o™ [pl| 2|Vl |2
< (Jq o™ divu - pdx), + C|[Vul[72 + Cllp|?|| =

Hh
Jo o™ Au - udz = [, po™ Au - (up +u - Vu)dx

= [o o™ Au - udz + [ po™ Au - u - Vudz
& [quo™Au - u - Vude = T

2
— fQ ;U‘O-m‘vgult + I

=— Jo(po™ \V;de)t + /5 pmo™ o’ L;‘2da: +1

I = [, po™duu! (u* - Opu’)dx

A ] 53R AR T LAST B

I =-— fQ o™ Oyl OyuF - O’ do — fQ pomOulub - Ol da

M = fQ uom Ok - Oyl d

I=-— fQ o™ Oyl Oyuk - O dx + M + fQ o™ Oyl Opu® - Opul da
I<C-o™[,|Vul*de

Jo po™ A i < — 0™ ([Vul B, + Cmo™ 16 [Vl B + C f, o™ Vuf da
# A Holder 7~ % &,

. 1 . . C
/ o™i - pV@dr < ||pl|7<|lvpillL2|[VO| 2 < el|lVpull7: + ;II,OHLOOIIWIIQLQ
Q
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wEFE:

= Joomplifde + (o™ (5|[Vull. + “32 ||divul |7, — [, divup),

< (C+Cmo™ '0)||Vul|2. + Cmo™ o' Co + C [, [VulPdz + C||p|[3~ + £l || VP22
Jo divup < ||p|[3  + 252 |divul[3,

AL = [o™(5][Vul[f2 + “2 ldivul |3 — [, divup),

L > 734||Vul g2 + “52|divul|2. — 252 ||dival |72 — [p]|7

T [ [Vul?deiX —5

® (2.6)

IVl < ClVul|S ™ C (|| pi | 22 + | |pl]zs) @70/ D),

TS
. JTPTE ST
[IVullzs < [IVullZ.(lpil|Z: + [Ipllfe)
<cellpil|3. + ElIVullf, + el [Vull2: + Clpl|%s

L = om(%HVUHQLQ + ’%’\HdwuH%Q — fQ divup),

L > 734||Vul g2 + “52|divul|2. — 252 ||dival |72 — [1p]|7

B LR, RANFELER:

t
/ (plOvulZ2 0y + VU - Vu(s, )7z + [VF|Z20) + |APul72q))ds + B(t)
0

<c+ic / o (lp(s. )l )8(s) (1 + A(s))*ds
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