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Abstract

Given a set of jobs which would be processed on a limited number of machines, how to reasona-
bly arrange the processing of jobs on machines to achieve the optimal solution is the scheduling
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problem. The scheduling problem with cyclic time windows on machines is based on the classic
scheduling problem and given the cyclic time windows on machines, the aim is to minimize ma-
kespan for the scheduling problem with cyclic time windows on machines. We analyze the
NP-Hardness and present an approximation algorithm for the problem. We prove that the algo-

rithm has a worst-case approximation ratio > when k> m, and has a trivial optimal solution

when k<m.

Keywords

NP-Hardness, Minimizing Makespan, Approximation Algorithm, Cyclic Time Window, Scheduling
Problem

Copyright © 2021 by author(s) and Hans Publishers Inc.
This work is licensed under the Creative Commons Attribution International License (CC BY 4.0).
http://creativecommons.org/licenses/by/4.0/

1. 518

WL A EPA I 5] B 11 AR HE P 0] L 20 LR e i) R — o (K SR AR, AR 2R S P 1)l
NIEFIREE H AR, 1R B —GuE 2 LS LTI, HLESH TARR RS RG] 281, Her
FEUER) foe /M B K 58 I [R) S LA K AR A B RKHIEE R . Bt HLas & 20E Wi TR B 54897, Al
S, —ERNIBTIET, FlEEAD GG LSS, AR, RA AL
Hepp i BUR AN TS, IR S T S (R G R 2K 2 36 SRR AT A 77 0 o T 2 AW 7 SCik e, 45
EH PR 7 6 T 7 R0 3B 18] R A 200K, — B S sl I T Ak, A0 5 S A — KRBT A . ATt 7T
BT [ B 1R 5 AP e 1) i 11 B OR B R, SRV IR ) X TR R R, ) T B R P R RO S
NG P, WFFEHLES A DRI A R HE R R AR A o B R

W. E. Smith [T AL 1A AL R 58 T (B )| Y wyc, EBEATRITTE, SR AR IRt A7 5
[ 75 IE ) T 44 B0 1 15 B0 e L o 38 93 71 M 0 45 8 e

2B R R R. Conway [2]5 AXT TP || Y.C; 1A/, i SPT y2: U RV A 7 b py Jon T I ] st 184 )
NG AT I T 7 vk B T R s e, 1 B2 2 RN AR . XFT P, || C e 171, R. L. Graham [3]

PEH T LS BIERIHLES — B R AL RIIN TR — ML, %Eé%tljﬁ%ﬁ@%%‘%ﬁmﬁﬁﬁ%% - O. Broun

s N [ATHFSE 7 A5 60 6 VA0SR I B HLHEFE A, 2t T X R 0 O 60 6 10 240580 0 B LHE P A
. Yang S A[S]i 8 T 44T £ AN SR DRI T AT R 00 HE P R, 10 A EL AR S I th T
IR VB . RO S N [B] 6 T 4 5 S & TR IR LT O R, W T 72405k 4
F R T Y TTAREG . R, SUARR LA R RO i BB L LT [8).

SF RN FR RS, 2O T — R Ve U2 sR KA O 0 R L3845 R BRI ) 7 11 £
HEFF IR, S0 T R0 NP TRAERE, 40 0T — R sRAR L3845 B 0 57 1 (6 H P R 0 0B
%Emw7ék>mw,ﬁ&mﬁﬁﬁ%ﬁwwﬁg,%kgmﬁ,ﬁ&ﬁﬁ~¢%ﬁ$m%o

DOI: 10.12677/AAM.2021.102042 368 W FH H s ok


https://doi.org/10.12677/AAM.2021.102042
http://creativecommons.org/licenses/by/4.0/

2. [BIREHE

22 S PR 1R IO T 52 BT A AR ) s /IR B3 R 58 IR 10 H b, 0 AR (3 58 P 7,
T RIRIH ARG, (R BB Z AN GEAEAE R, [H X e e — s RS b R 45 52 TN [R] (KK
Ao TATEREIHE T I A LE R IR (A 6 RSO, 45— R HLEs i TAER A% 1, ELEA T
TR, STHLBSHEAT 2 I R A A4S, X T SRR R R s B — e R 1

BUAESS tHARFRI 8] 67 10 (K52 S WL b MO ERIN () B COHLE% B AE RIS — T 0 AR AN SR AR
1, B TR m e M (i=1,2,--,m), #AXMKTERNEE L [0, 0] » [, 2,]<[0,24], o4 4R
RHAGEHIFUE TR, o (ORHLER S RIRMINT, py <o -

WU A RN 8] 5 R HE AR IR s A n MBI E I = (B0 o} B mADHLES
A M ={m,m,,...m | FTEIELAERNZIRIE, 6HESAGERR T BE 2 MEL, 1F
M AE T AR PR e Pl X FREAMENL ;€ 3 (1=1,2,--,n), #HH — DM RIE LI ] p; , FiA1E
A T RS AEA P ={p,, py e by, b o NEELZ FIRARIEHAR, GAMEWHLIE m G
BLER LR AT AR, ACASTENR N py o S AR py > 222, MBEAR AR
A, BB AMENL o A ST I e BE A KA A /ML o S — AL AT BA O — A
WA EEFRTFE, BT Mg, R MESAMERE, KAGTERS TR E A
T o AT R B AR B A G PRI 18 B 1 A il A B/ P 5 K 6 T T A e R
3. MRAAE

X R RASCIT TN EZE N, ELFEXT T LA A7 A6 20 I 18] 2 A HERS B R ST Sk it
BB SRR AL ST o
31 RBEN

Z =Tmin
a; =0(jj eJ(j =1,2,~~,n))
p;, >0(j;ed(] :1,2,---,n))
X m =1(J;€3(i=12n),m eM(i=12,-,m))
5

4Py =ty o (5 €3(i=22n),m eM (i=12,-,m))

jm

tm <Si,m (I; €3(i=12-,n),m;,m eM(q=r,qr=12--m))

jj,mq

tim <Spm (Judy €I(U=V,UV=12n),m eM(i=12:,m))

JusM;
mjﬁaz—%(heJ(j:LZ~un»
m(ph LY pjn)STmin (@, ~a)
CHER (ST
Xj,m o VEE j; FENLER My _EJNTS
Sjm ¢ VML ) ZERLE my BN TIFAG KR 3]
U, m ¢ ML ) ZERLER My EIN AR RS 3]

DOI: 10.12677/AAM.2021.102042 369 IR Esid


https://doi.org/10.12677/AAM.2021.102042

HREHE 45

Toin = FITA BOFEN N 58 FFT 7 2200 R 3
3.2. BRI R

HUESA G IR (8] T 11 (R 1] A2 22 SR IR R E 25 e WLas R CAR RN TR & 1, A DRt
ATOEER, H A1 i) /M oK 56 TN TE] BT F R R 3 R BERUENL A B R 2 00 AR, 2 IR (R /b,
SRR TR A (B R R AN R IRIGARI A o BRAVE VA [ — B (AN RELE R (3 & 6 LA EALES BN, [Al— & HEsAs
REEIS LA AP A LAY, BRI AT SE 47 F) 2 HEVE VAR LA b Ll JA T8 Sk i 5

B, MR BT, FACE S VLS IR [ & 03Oy — MM SRR 4677, R
5 G ML R B AR BIITAE B N BRI TR R & o 0 TRk BRAE b T i TR gE AT AN b s HE
Fr, KRR B T, X TR AR LS.

B, WSS A RIS B B R i) 8 BT AR A AR R R LA Bl T, TS
TENLRIAFES, RIRIER A Dariedin T, BEReCRIENLES AN, XREARE/E ML AE R — i ) H
E—GHLEE T BRI G HLES G IE A 1) & 1 HE T [l A /M B K 5 T 8] B FH 7 R 3000 =2
Sy BCHIER B A A G
3.3. Bikigit

H11

BN n MENHISES I ={j, i, 0y ) m DILEHIES M ={m,m,,---.m |, FEEHLEHI R &
oy, a,] -

W SRR TS T A I R T o

Begin

stepl: 4% BV IR I B[] 3 gk AR PP o ARV IEAT HE P, ARG T ATSCE 18 22 I 0 s in T
MK~ -

step2: AERARN AL G, R EIFIRCES, KL EHARELRESICM “good”
£E . AMEMLERCE P W .

step3: AR —ANER/AMRICH “good” EGRITEE, HA KA ARBCE T —ME, WEHET—4
PRV, BNXANEGANHE. RESH LR, LB I7%%E “bad” %45

(@WE - MHIESHN “bad” G, & “bad” AL HA LR RTREMF j, » WHE
PR j; TRNZAEE A

(b) 75 “bad” FEE AL, WE—DHN “bad” HEHEMFL |, -

stepd: WIEREA “good” FALFTIFHCRZ, BLE —MFH “good” HETKEAFN j;, . Kt “good”
EMEAILN{G,G,,-,G}, “bad” EMEAILN{B,B,, - B_}. LR
D={D,,D,,-,D,} ={G,,G,,~,G,,B,,B,,--, B, } «

step5: #k>mo.

XFi=1%m,

MENLES m, 3% D, D,,,,--+,D,,D;, Dy, -+, D,y BIBFAR KON TAE & ENL, AT, =Ko

#Hk<mo,

Mg ma% D1, Dy, Dy » MIFENLES My B2 D, D,,,,---, Dy, D, D, -+, Dy IR I T4 &
R, AT, =m.

End

DOI: 10.12677/AAM.2021.102042 370 IR Esid


https://doi.org/10.12677/AAM.2021.102042

3.4. BFEao4

REEE 1.1s WLARAS A OB ERI A BT 114 FE o R — A NP Al

R : A5 A A0 S 46 TS B A4 L 2 R 6 7 1 Fy 50

SR — AR RS2 |, BARTR: s n AT K AN C RS T n M
(88,018, ) o SRIEHE 0 AR A BBV ToF, LR K AN TRESS R A FOM s 2

SRV 548 1R S0 4 TS B M2 AR D6 TS 1, kA R 485 n MR
e —EHLaE, KGN LR B 1A [y, 0], BT S B — R TAERC =ty —at ©
A (R B TS {5y, 5,0, o SRJE n AN AN BIFEIX o HLES FATINT, (3P 1N T
S AR MUK 5 T 9 R H0H K

BTk, BANEWN TR S IASel] | B 27 24 FLACA ML 884 A A ERR 1] 5 1
HERP W RIS 1 B K 18 B .

B R 9] | 255 R IR ATRA MBS | 45— AR X = (X, Xy, X, ) o A
THLE A IR I 1 ROHE R, A0 B 05T X, R AR P LN R e &b, PR
VT A 30— I T PR TS X = (X, X,y X b o R ZEHL 2R L 40 300 Tt T4 o
Pk, REAME L T4 TT RS 52— R FOI ISR AL EE, 7 LG P F 05 MR K5 I ) 9 4 Ko [ 2
SIS 1 A PR R RO Ko BB TS P IRATT — A AR, ELILIAR EBRER A 9 k.

St T WL AR BRI )6 1P U SE) 1°, SRAEE— A ERRER AL K B Oeme, 2R
AL FAERIHE A X = Xy, Xy X Lo BEARTREET X, oh R A BRI W O BN FLRE RO 2
b, BRHETRAT A T DA B — AN B 4 A M0 O TR 4 X = X Xy, X, ) o ELICBT A PR O T
HOR K, BELICTRATT AT D45 08 0 R S0 | RV <R

ELE 4 SR — A NP e R[0T, 5 4 WL 445 BRI 60 6 1 F 41 0 R R H 8 T NP e

%EL&k>mﬁ,ﬁ&11%%%%%ﬁM%%%,%kSmﬁ,ﬁ&Eﬁ—¢%ﬁ¥ﬂ%o

UERH: XFFHLESA A IEPAR TR & O AgHET @, A RoREE LIS RN R, H OPT Rxikil
. hEE 11 AR TEENMFA R RBES (GG, .G} M (BB, B} HEH,
(G,,G,, G} REE A “good” %, (BB, B | IREHH AN “bad” . ATHE M
“good” M EILHN ¢, UBE— “good” FEKMNS, BEMEAR —MEMWEBEE— “bad” £ R,
M —AMENBRGHE— S “bad” SR, —A> “good” XM . Kt “bad” £ FTEE KA TELE H
7 co HA “bad” LR PIENIA/ANMENL, BTUABR T &5 —4 “bad” AT R E—AN/MEN, Hi

mm"%§¢@a%¢¢¢w,am,%%ﬁﬁk4sB]:ywmw,ﬁE%ﬁ%m,

1B 1 Ye<l-1/f
BAVRE D153

A=k=|+k—|§|+[£}§l+w;l—‘sgl
2 2 |72

T RIRA T8 OPT B4 R
Me=1-1K, OPT > 2P _ Ly P + Lies P
o, =0y - -
BRI, A LW .
3

B e < | 11, &ﬁﬁﬂu%ﬁﬂagfsgc

>c=1-1. Hc<I-2H, &4 “good” HH#}

DOI: 10.12677/AAM.2021.102042 371 IR Esid


https://doi.org/10.12677/AAM.2021.102042

HREHE 45

‘%%Z: %CZ'EFJ’
Ack=tik—t<i+| S et |34t
2 215272

OPT >c =1

A 3.
<> T,
opT <3 ke

T k<m BtEHL, BOSFTA R E DG~ KRR, BreLRIEL e S L8 B CH7HEE X,
Prbhk <m i, MUK S8 T PTG ZRRECOY m, e — P LR,

XTI L1 E B E R, AR AR k > m i, 5% 11 E@B’?i%'f%%i’ﬂ%lﬁﬂg ,Mk<m
I, SOERA AT .

REHE 1.3: 5% L1 AR 48 O0(nlogn) -

IEWT: SEH 1 stepl RERLAE O(nlogn) i (] V FEl A SE A, stepb AUTHEELE N O(m) ,  HAt 5 TR (1 i 1)
SFERNO(n), FTUASIE 1.1 [ A & 444 O(nlogn)
4. LERIE

ARSI T A PR ) ) — S HEFr R, 25 LS L ROPEFRIN () & 1, 5 SR R
)RR LR R, BT A SRE, IR W VAR IR () A B o 3 — S0 T &5 76 e ST A7 1
Yy, PLEsE, —SRRIIBITRT, 1R EAED QLS LA P O HE T W LR A 2
JSEFIANE,  RE 0 SE A MR o B R AR 2R A

Hit4c =11,

B
A A AR L AL R R T
S5 3wk

[1] Smith, W. (1956) Various Optimizers for Single-Stage Production. Naval Research Logistics Quarterly, 3, 59-66.
https://doi.org/10.1002/nav.3800030106

[2] Conway, R., Maxwell, W. and Miller, L. (1967) Theory of Scheduling. Addison-Wesley, Hoboken.

[3] Graham, R. (1966) Bounds for Certain Multiprocessor Anomalies. Bell System Technical Journal, 45, 1563-1581.
https://doi.org/10.1002/j.1538-7305.1966.tb01709.x

[4] Braun, O., Chung, F. and Graham, R. (2013) Single-Processor Scheduling with Time Restrictions. Journal of Schedul-
ing, 17, 399-403. https://doi.org/10.1007/s10951-013-0342-0

[5] Yang, D.L., Lai, C.J. and Yang, S.J. (2014) Scheduling Problems with Multiple due Windows Assignment and Con-
trollable Processing Times on a Single Machine. International Journal of Production Economics, 150, 96-103.
https://doi.org/10.1016/j.ijpe.2013.12.021

[6] Zhao, C.L. and Tang, H.Y. (2012) A Note to Due-Window Assignment and Single Machine Scheduling with Deteri-
orating Jobs and a Rate-Modifying Activity. Computers & Operations Research, 39, 1300-1303.
https://doi.org/10.1016/j.cor.2010.04.006

[7]1 Zhang, Y., Dan, Y.R., Dan, B., et al. (2019) The Order Scheduling Problem of Product-Service System with Time
Windows. Computer and Industrial Engineering, 133, 253-266. https://doi.org/10.1016/j.cie.2019.04.055

[8] Mosheiov, G., Sarig, A., Strusevich, V.A., et al. (2018) Two-Machine Flow Shop and Open Shop Scheduling Problems
with a Single Maintenance Window. European Journal of Operational Research, 271, 388-400.
https://doi.org/10.1016/j.ejor.2018.04.019

[9] Zhang, G.C., Cai, X.Q. and Wong, C.K. (2000) Linear Time-Approximation Algorithms for Bin Packing. Operation
Research Letters, 26, 217-222. https://doi.org/10.1016/S0167-6377(99)00077-2

DOI: 10.12677/AAM.2021.102042 372 IR Esid


https://doi.org/10.12677/AAM.2021.102042
https://doi.org/10.1002/nav.3800030106
https://doi.org/10.1002/j.1538-7305.1966.tb01709.x
https://doi.org/10.1007/s10951-013-0342-0
https://doi.org/10.1016/j.ijpe.2013.12.021
https://doi.org/10.1016/j.cor.2010.04.006
https://doi.org/10.1016/j.cie.2019.04.055
https://doi.org/10.1016/j.ejor.2018.04.019
https://doi.org/10.1016/S0167-6377(99)00077-2

	机器带有循环时间窗口的排序问题
	摘  要
	关键词
	The Scheduling Problem with Cyclic Time Windows on Machines
	Abstract
	Keywords
	1. 引言
	2. 问题描述
	3. 研究内容
	3.1. 模型建立
	3.2. 算法设计思路
	3.3. 算法设计
	3.4. 算法分析
	4. 结束语

	致  谢
	参考文献

