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Abstract

In this paper, the existence of positive solutions for a class of boundary value problems of nonli-
near fractional functional differential system with time delays is studied. Firstly, the problems
studied in this paper are transformed into integral equations, and the equivalent integral equa-

SCEF| M A ARZNE 2 BBz 0 o) T R LA DR R A ]. B # g, 2021, 10(4): 1039-1052.
DOI: 10.12677/aam.2021.104113


http://www.hanspub.org/journal/aam
https://doi.org/10.12677/aam.2021.104113
https://doi.org/10.12677/aam.2021.104113
http://www.hanspub.org

tion is obtained by transformation. Secondly, a comparison theorem is established and the exis-
tence of positive solutions of boundary value problem is proved by using upper and lower solution
method. Finally, an example is given to illustrate the applicability of the conclusion.
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1. 518

AR, BNy T REAEAL 2 TR . A sl P AR B T2 N, 2 B oy O
HVERIR A 7052 B 22 A = BE EAR[] [2] [3] [4]-

TERFE O TRER AR G 51 2 et an BB SF AR A i 5t 2 7 2606, RA
BPIRZAS A O, AW LA 2 B A 53 75 72 20 8 R RCA AR [5] [6]. SATIAESERR T 2, VR 2 MMk
FURAURIG T A FPRES, BT 20l B RIAR I R RARAS o 5 I R0 R 000 7 R 21 X 2R
MFEVIS IR R, 8z R o 77 BRI AE ) RS2 B0 708 i o9, B TR 2
FRR[7] [8] [9] [10].

SN TR S RIS T 2 N, B E B R TR 1 RG. IHERAR
gt EYIIAE U [11]-[21]. R B o AR ALIA A ) AR LA BRSO BRI R, (B B B
oy 7 PR I FUOE A IR Z

BT R B 1) S bR B A TR, AR SO TE T — ARGt 2 Bz e 1o Dy AR 2EL 0 A i)

DZu(t)+ f(tv(t),v)=0,te[0,1],

DZv(t)+g(tu(t),u)=0te01],

u(t)=¢(t),v(t)=y(t), te[-7,0], (1.1)
Ditu(1) = a.[ol p(s.v(s))ds,

DA (1) = bf;q(s, u(s))ds,

p.q € C([0,1]x[0,+e0),[0,+%)) «
2. MEMIR

B, 4R e US|,
SEN 2.1[4] % h:(0,+0) > R a >0 Riemann-Liouville 43 ¥ 43 € XA

I;h(t)=ﬁﬁ(t—s)“h(s)ds,
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XA TE (0,00) A E Lo
SEN 2.2 [4] ZELEEHh:(0,00) > R i o > 0 Ffi Riemann-Liouville 73§ 3 ¥ue SN
“h(t)= DI h(t) =t (d) )
D h(t)=D"1" h(t)_r(n_a)(dtj L
HRELEX A AE (0,00) A 7E Lo
518 2.1 [4] F¥n NIEEE, n-l<a<n, NI Riemann-Liouville 7+ ¥l #7375 72 D7 h(t) = 0 f¥)il
it

o

h(t)=ct* ™ +c,t*? +--+c t“",

Hrpc eRi=12,n.
513 2.2 [4]
1) #hel(01), p>oc>0

D17h(t)=17"7h(t), D7I°h(t)=h(t).
2) #p>0, A>0
Drt*t = Mt“’*1 :
L(A-p)
51# 2.3 ¥ x,yeC[01], a,a, eR. N
Dy u(t)+x(t)=0,te(0,1),
DZv(t)+y(t)=0,te(0,1),

(2.1)
u(0)=v(0)=0,
Dy u(l)=a, DJ7v(1) =ay,
FAAENE—fi#
u(t) =[G, (t,s)x(s)ds + ?E;) , 2.2)
1 aztﬁ_l
v(t):.[oG2 (t,s)y(s)ds+ r(7) (2.3)
Hrp
1t (t-s)"t 0<s <t <],
Gl(t,s)_r(a){t“1,0st35§1, @4
1t —(t-s)T 0 s<t<], 05
Gz(t,S)_F(ﬂ){tﬂ1,Ost£SS1. @

EB B (u,v) = (u(t),v(t)) R )%, B33 2.1 W, f£7Ec,c,.d,,d, e RS
u(t)=—17x(t)+et" ™ +ct™?,

v(t) =17y (t)+dt" ™ +d,t"2.
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HIIA %% u(0)=v(0)=0 "%, ¢, =0, d,=0. Tl
u(t)=-1ox(t)+et ™
v(t)=-12y(t)+dt",

Hi 5| 2.2 Al 15
D2 u(t) =D x(1) + 6Dt = —[ x(s)ds + ¢ T (),
DS v(t)=-DA M y(t)+d, DA = J' y(s)ds+a,I(5),
PRt

D (1) = [ x(s)ds+c,I(

0

D/v(1 y(s)ds+d,I'(B),

HH I 2 nglu 1)=a, Doﬁjlv(l) —a, A7

1
c, = 1H(a)jox(s)ds+ F?ia)
1 1 a,
S (p) Y O gy

u(t)= _L.[;(t—s)“_l x(s)ds+ﬁ(j:x(s)ds+al)

()
_L t a-l _(+ a-1 1o al a-1
_F(a)(jo(t (t-s))x(s)ds + [t x(s)ds)+r(a)t .
' A e
= OGl(t,s)x(s)ds+r(0!)t
AU,
at’™
v(t)=| G, (t,s)y(s)ds+r(ﬁ) :
G (u,v) = (u(t),v(t)) 2 (2.0), BIAILME I R (2.1) (i
=

SIBE 2.4 J{H IR E(L.1)5E M TR TR

u(t)%joGl(t,s)f(s, (s),v, ds+ J't“ s,v(s))ds, te[0,1], 26
¢(t),te[—r,0],

1 b 15,
o(t) [, (t:s)g(s,u(s).u )ds+r(ﬂ)f0t q(s,u(s))ds, te[0,1], e

w(t), te[-7,0],
H G, (t,5), G,(t,5) FFRIAX AT LABR R Un N 5] 2.

DOI: 10.12677/aam.2021.104113 1042 IR Esid


https://doi.org/10.12677/aam.2021.104113

513 251) G(t;s), G,(t,s) =2 [0,1]x[0,1] LMLtk %L
2) MER Mt se(0,1)H

1
OsGl(t,s)sF(a).
3) MEEMtse(01)f
1
0<G,(ts)< :
= ( S)<r(ﬂ)

UERA 1) HREG,, G, RIEXTH, BRHG,, G,E[0,1]x[0,1] ks
2) Ho<t<s<ii, BRHG(1,s)20. HK0<s<t<iif, H

Gl(t,5)=ﬁ[t“—(t—s)ﬂ
1 . SW1
) Hl‘?] }

>0

Rk, XHEREMItse[0,1], #54 G (t,s)=0.
H1(24)Nr A, XEREMtse[0,1], #A

1 .4 1
Gl(t,s)sl_(at Sr(a)
1
, 0< < o
Bk, 056, (1) s
1
FIFEE, SMEEMtse[01], 0<G,(t,5)< .
sitscon. 056,695y
.
4 E={(uv):uveC[-r1]}, EXT@Z&IH(UV)HE = max{tn[w_aﬁ] u(t) . max v(t)|} , £ C[-7,0] k& X3
H x|, = max |x(t)|. W (E[[.)F(C[-7,0].]-],) & Banach =il

2 te[—r,O]

é\

E, = {(r z)eE:(r(t),z(t))=(0.0)te [—r,O]} ,

5 X EOLE@?@%Z"(r,z)"EO = max{tre?% r(t) max z(t)|}= max{pg[gﬁ r(t) max z(t)|} &
P={(uv)eE:u(t)>0v(t)>0te[-7,0]} . B4, E, EH(Ey| |, )& Banach i, P E, M

HE.

SR (U, v ) s (U, V) € By (U V) < (U0, ) M HAL Y (U, —u,,v, -V, ) e P o T (Ey, <) NEFII
Banach 1A £ (uy,V; ) < (Uy,V, ) € By Ho (U, v) # (Uy, vy ) » 388 (U V) < (U, ) s 45 (Up —ug,v, —v; ) € PO s
1A (uy, vy ) << (Uy, V) o

XTERH B (U) By () #h7esE S, Hte[01]l, 4 4(t)=y(t)=0. B, gyeE.

EEM(r.2) ek, &
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B9

Jr(t).tef0],
¢(t),te[—r,0],
z(t), te[0,],
w(t), te[-7,0],
ik, wEmte[01], 0e[-71], A
U=g+6=p(t+0)+r(t+0), v, =y, +z, =y (t+0)+z(t+0).

S E| AR 5 B
513 2.6 (u,v)eE &HFRHQ2.6) QNI HA M (r,2) e E, R A

0 te[ T 0]
r(t){J’:Gl(t’s)f(slz(s),l//s+zs)ds+r(aa)j:ta1p(S,Z(S))dS,t€[O,1],

0 te[ T O]
Z(t){jole (t.s)g(s.r(s). o, +rs)ds+%j:tﬂ1q(s,r(s))ds,te[0,1],

oM. Rtk (u,v) e B 77 IALG. RIS FLIL (r,2) e Ey 32 A 7724l

0 (1) (. 2(t) +2,) =0t (0],
Doﬁz(t)+g(tr()¢t+r) 0,te[0,1],

U

(L afpszs))s

/2(1) bfq (s.r(s))ds,
r t) ()—O,te[ Z',O],

U

frofi
3. BT EM

(2.8)

(2.9)

(2.10)

SES 3.1 B (uv)eE L #(uv)=(u(t),v(t))lRADT&ER, AABAIFR (u,v) R AE (L1

M—AME, #4te[01]H, u(t)=0, v(t)=0, JFK(u,v) HILfE I EQ.1)H—AIER.

BN 32 (uv)eE,, R

Dau(t)+ f(tv(t),p, +v,)<0,te(0,),
DZv(t)+g(tu(t),¢ +u)<0,te(0,1),
Do u(1) 2 aj: p(s.v(s))ds (3.1)
Dg’lv(l)zbj:q(s,u(s))ds
u(t)=0,v(t)=0,te[-7,0]
JUFR (u,v) 212 4H 7] 5 (2.10) 4 _E A o
SEX 33 (X y)eEy, Wk
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x(1)< Ij p(s, (s))ds, (3.2)

D/y(1) <bf a(s,x(s))ds,
=0,te[-7,0],

TR (X, y) R {H ] (2.10) ) il
512 3.1 (B EE) % (u,v) e By U (u(t),

3.3)

W24t e[-r,1) 1, u(t)=0, v(t)=0.
B 4 Dju(t)=-x(t)<0, Div(t)=-y(t)<0, Dlu(l)=a, >0, Drv(l)=a,>0. Hix(t)>0,
y(t)>0, a >0, a, >0 f5# 23, WUEFHM
Dy u(t)+x(t)=0,te(0,1),
DZv(t)+y(t)=0,te(0,1),
u(0)=v(0)=0,

D2u(l)=a, D}2v(1)=a,

0,te [—r,O]

‘= I:Gl(t,S)X(t)dHaitail’t6[0-1]'

I'(a)

O,te[—r,O],

v(t)=1 atht
IOGZ(t,s)y(s)ds+F(ﬂ),te[o,l].
313 25, Hte[-r]m, u(t)=0, v(t)>0.
.
N TIEMIJTE, Segs han ™Rk
(H) fLR0 %, %, €[0,4+00) FULRELY p, p, €C[-7,0], % <x,. p<p,, WIEMte[0], A
Ftx, )< f(t%, ), 9(tx, p)<g(tX%,p,), P(Lx)<pP(tx), a(tx)<a(tx,).

513 3.2 BUI(H) WAL, 2 ME I (L) FELE BAE (up + 6.V, +y ) € P RUR R (X + 6, Yo+, )P, H
(X ¥o) = (UgsVo ) o (U + . Vit ), (X +4,, Y, +w, ) € P
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B9

5,V (s))ds, (3.4)

(
DX, () + f(t, Yy (). + Yo ) =0,t€(0,2),
DLy, (1)+9(t % (1), d +%, ) =0,t(0,1),

DIy (1) = j p(s,Y,(s))ds, (35)
DAy, (1) = bf q(s.%(s))ds,

X (1)=0,y(t)=0,te[-7,0],

T (%o Yo ) = (%0 Y1) =< (U V) = (UgoVo )+ FL(U+ @V +1) s (X + 6, s+ ) 23 AR i UL 1) ) _E A
T

ERH HIEE 23 A (U + 4.V +w) s (X +d, Y+, ) BE L.
HI BRI E LR (B.4) T4, *fERte[0,1],

D3 (Uo (1) =y (£)) = Dff g (£) = Dy (£) < = (6.5 (1), +¥ou ) + £ (8% (8).yr +¥o,) = O,
Dyt (Vo (1)=¥: (1)) = DY (1) = Dyv, (1) < =9 (1. (1) + Ut ) + 9 (1o (1), 41 + U ) = 0,
D3 (U (1) (1)) = Dy (1) D3 u, (1) 2 &, (% () ds - a, (s, (5))ds =0,
DL (Vo (1)~ (1) = DL (1)~ D (1) >b (5., (5))ds ~b o (5.0 (5)) ds = 0.
MER It e[-,0],
Up (t)—u (1) =0, vy(t)-v(t)=0.
H5IE 31 W1, Hte[-r 1] i
U (t)—u (1)20, v, (t)-v,(t)=0.
FirEA
(U V1) < (U ¥o)

KA, B HUEM (%, ¥o) < (X, Y1) -
H1(3.4), (B5)K(H)FH, *{E&te[0,1],
Dg* (ul(t)_xl(t)): D[?Ul(t)‘ Dgixi(t)ﬁ—f (t*Vo (t)"//t +V0t)+ f (thO (t)"/’t + ym)SO

D£ (V1(t)_y1(t)): D(ﬁvl(t)_D(ﬁyi(t)S_g(tvuo (t).4 +u0t)+g<tlxo(t)'¢t +XOI)SO'
D (uy (1) =% (1)) = D&y, (1) - Dex (1) = aj: p(s.vo(s))ds— aj: p(s.¥o(s))ds =0,
D/ (v (1) v, (1)) = D27, (1) - DAy, (1) 2 bf:q (s.Ug(s))ds —bJEq(s, %, (s))ds >0.

HFAER R t e [-7,0] 0,
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b ()% (1)=0, w(t)-y(t)=0
H5IE 3115, Hte[-r1] i,
u (t)=x(t)=0, v (t)-y(t)=0
JIT LA
(% 9) 2 (W)

é’%J:F'ﬁji(xo’yO) (% Y1) = (ug, V1) (Uo, Vo)
MMEREte[0,1], HI(3.4)F(H)T4#7

Dy (1) + F(6v (1), 4V ) == F (Vg ()1 + Vi )+ F (6 (1), 07+, ) <O,
Dy vy (1) + 9 (6. ()44 +y ) == (g (1), +Ug )+ (L0 (1) 4 +uy ) <O,
D%y, (1) =af p(s.v (s))ds = af p(s.v,(s))ds,
DAy, (1) = b.f:q(s,u0 (s))ds > bj:q(s,ul(s))ds ,
Jit A
t+f(tvl(t +v,,)<0,te(0,1),
(1) +g(t u (t) ¢1+un)<0 te(0,1),
(s

Dofil 1) f q(s,u, (s
w@)—Qw()—Qte[rﬁ]

HI A2 SCTA (Uy + ¢, vy + v, ) AR TR (L. 1) BB
Kot ZEIUEM (X +4,, Y, +w, ) RLE (L)) T
LR
o XA
Dz[(XOvyo)'(uo'Vo)]={(U’V)€ E :(XO'yO)j(u’v)_j(UO’VO)}'

EH 3.1 R (H) &AL, %ﬁﬁ(xmyo)ﬁ(uo'vo)ep’ E(Uo‘*‘%’vo+‘/’1)$D(Xo+¢uyo+‘//l) >l
B ) (1.2 B AR R T A U0 £ 0D R (L 0) A7 AE AN IE AR (U° + 4,V + ) (x*+¢t,y*+¢//t)eY, H
(u*+¢5t v*+z//t) (x*+¢t y*+y/t)ﬁ‘%ﬂ%iﬂﬁI‘Iﬂ%ﬂ(l.l)ﬁiilzI‘H?LE@B%?(EE”*H%/J\EE%G

WEHT 73 RA (Ug, Vo) » (%00 Yo ) NAIARTT, il IEARA

O,te[—T,O],
Un(t)= 1 a 1, (3.6)

[[Gi(ts)f (s,v(nfl) (S)oWs + V(s )ds + () [t 1p(s,v(nfl) (s))ds, te[0,1],

O,tE[—T,O],
Vn(t)= 1 b 1, (3.7

.[oGz (tls)g(s’u(n—l)(s)’¢ Un-1)s )ds+ /g).[otﬁ lq(s’u(n—l)(s))ds’tE[O’l]!

Pl
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0, te [—T,O],
X, (t) =<1 a . (3.8)

Jo@u (69 F (5.0 () + Yo J 95+ s 0[5y () e o.1],

0,te [—z’,O],
A (t) =<0 b ., (3.9

-[o G, (t,s)g (S' X(nfl) (S)l¢5 + X(n—l)s)ds+ F(ﬁ) .[otﬁ 1q(s X (n-1) (s))dS te [0 1]'

PRI { (U V)] o (%00 Yo )} o EHSIEE 23 1(U,,V, ) s (X0 Y, ) 20 B 9IAAE )
Dyiu, (1) + f (t,vn_l(t),t//t A/ ):O,te(o,l),
Dﬂv(0+gOLIO)Q+uml) 0,te(0,1),
Ds:lu )-al ps v, (9)es, 310
DA, bj q(s.uy(s))ds,
u, ¢ > v,(t)=0,te[2,0],
D x, (t)+ f (t, Yors (£): W + Y0 g ) = 0,1 (02),
D ¥ (1) +9(t% (1), + X, ) = 0.t (0,1),
D3, (1)=af, p(s,¥,.4(s))ds, G110
DL Y, (1) =bfja(s.x,..(s))ds,
X, (t)=0,y,(t)=0,te[-7,0],

R PHE— fifk o

Hi 5|3 3.2 W44

(%0 ¥0) = (% Y1) < (%0 ¥z ) =0 2 (X Yo ) =0 = (U Vi ) = 2 (U V) < (U ¥y ) X (U Vo ) -
GREA{(Uy V) s {(%0 Y, )} BB—BCE FE, BIFEERHM, > 0 AREREI =012, , #H
(up,vy) e, <Mo, (X Yo ) e, <M,
5}
lualle, < Mo, [alle, < Mo, [xifle, <Mo. [[yalle, < Mo
K5

=u(t+0), v, =v(t+6).

FrUL AL € te[0,1], EREIOe[-7,0], H f,g,p,q FELERE, FEFHEM, >0, M,>0,
M;>0, M,>0fEREEMN=12,., #H

o082 ot 04 )

[Pt (D)< M, [a(tu (¢ >>|

SHEREMItse[01], BTG (t,s), G,(t,s)7E[0,1]x[0,1] F%EL:, # G, (t,s). G,(t,s)E[0,1]x[0,1]
b—suEs. WMERM >0, S >0, A -t|<sk, A

<M,, <M,,
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61(65) G (ts) < gy 102(005) =G ()] <

R, CHE[01] BiEs:, Frbtet, HE[01] -BukEsk. T bike>0, f£7ES, >0, X
t—t,| <50, f

2M,

&< .

<M |t1ﬂ1 tﬂ1|< (:3)
2M, 2M,

tia—l _téz—l

B0 <3, <min{s,,8,}, N

|un (tl)_un (tz )|
= j:(Gl (t,8)-G,(t,,5)) f (s,er(s),l//s +v(n1)S)ds+a°pT(tf“1 ~t5)
<MH (t.,5)-G, (t, s))|ds+

FA, FTLMEUMER Mt s e[0,1] B, XHMERMM >0, FES>0, Kt -t,|<sH, F
|vn (t,)-v, (t2)|<g.

t1a -1 t;—l

W)

FT LB 91 { (u, v, )} S FE%ESE, 1 Ascoli-Arzela 5 BT FIEGHI {(u,, v, )} AR FISE. M, 255
iEEE{(xn,yn)}?l‘EXj“ﬁlJ‘,%o S { (U Vo )b o (o0 Yo )} A EETRIES, ﬁﬁu\ﬁﬁ?(x*,y*), (urv) 12
fim (%, ¥, )= (X", y" ), lim (u,,v,) = (u"v").
KR (X, y" ) RS E 10— AT, (0 V) RI2EM 10/ L#, H

(x*,y*)j(u*,v*)eY o
H1(3.6), (3.7)%% Lebegsgue #= iU e, A
0,te [—1,0],

wakzﬁqﬂs)WaW@XWNNQ“+Féﬁﬁ”lﬂ&w@»“iewﬂ’

O,te[—r,O],

j:GZ (t,s)g(S,u* (s). ¢ +u;‘)ds+ F(bﬂ

)J;t'”‘lq(s,w (s))ds, te[0,1].

FSIE 2.3 AT (U” + g,V +y ) RILME MR (L) FOR . SSAHE, 2 SR (X + 4,y +y ) R I
(L)

fRe 8t (u,v) BRI AR A0)FE Y AR W (%, o) < (UV) < (g Vo) - BEBEXSAERKIEBERL n,
(X0, o) = (uv) < (u,,v, ) #BERSL . 5518 3.2 FAUATHE

(n+1 yn+1) (u V) (un+1’vn+1)'

HACE RS, AHEREIIN =012, (X, Y,) < (UV) < (Uy,V, ) «

HAEAFAIITSE FT 3 (X y") < (UV) < (V7)o BEBL(UT+ 4V 4y ), (X +4 Y +un) B3R
B RU(L)FE Y L R IE MR AN R /N IEAE o
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B9

4. BlF
N T UMIER RGP, 3RATTE R R AR 73 H iz e Bk 2> Ty RE AL AR 1)

3
: 1

DZu(t)+arctan (Viv(1))+001)v], =0,te[01],
5

1
DAv(t) +%arctan [t“u (t)j +0.01]Ju,|. =0,t<[0,1],

u(t):tz,v(t):t“,te[—%,o] (4.1)

: 12 1i

D2u(1) -3 010(40+sv(s))ds,

1
D(J{v(l) = %f;s—lo(m +su(s))ds,

1 12

3 5 1
< = = = y A=—, b:—y t :tz’ t :t4’
Hrhg , B=g T 13 > o(t) v (t)

2
f(tv(t),v)= %arctan («ﬁv(t))+0.01||vt I.» a(tu(t),u)= %arctan (t‘l‘u (t)}+0.01||ut I »
p(t.v(t))= %(40+tv(t)) »q(tu(t))= 5—10(40+tu (1))

SHER e[—%,l} LW

. %(S—Zt)\ﬁ,te[o,l], . r(ol'zs)(30—12t)t‘1‘,te[O,l],
tz,te[—%,o}, t“,te{—%,o},

0,te[0,1], 0,te[0,1],

%(t)= tz,te[—%,o] % (t)= t“,te{—%,o}

HF

3
DZuy (t) = =3+ f (t,v; (1), v, +y,) <0t e[0,1],
5

= 15
D(;ﬁvl(t):—I+g(t,ul(t),u1t +¢,)<0,te[0,1],

0, (t)=0,v, (1) =0,t e[—%,O},

3 121
Diu(1)=5=13 OE(40+sv1(s))o|s ~3.93777,

1

< 121
D(;LV1 (1) ~1.26746 > EL%MO +su, (s))ds ~ 0.42966,
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D2x (t)+f(t,y,(t),y, +w)20,te[0,1],
DAy, (1) +9(tx (1), %, +4) 2 0,te[0,1],
xl(t):tz,yl(t):t“,te{—%,O},

D%xl(l) —0< jli(40+syl(s))ds =0,

12 (
13 °10

yl (1)=0 40+5x,(s))ds =0,

W (uy, vy ) s (X Yy ) 23 032 i T R (4. 1) e A AT R A, ELIA 2 (X, ) < (Ug vy ) o

5, MHEENt[04], 96[_%,0}, () () e[ () ()]s 20 (6) <uy (1),

(1)<, (1)

0= 1 (13, (0) 5 )= 1 (0.0 +4) = 24001, v,
0= 900, (1), 1) -9 (14 ()0 +04) 2 2001, -u .
0< p(tv, (1))~ p(tv, (t))s%(vz (t)-w (1)),
0=q(t.u; (1)~ (., (1) = 5 (0 (1) -1, (1),

WRAMEH). HER 31 W, BEMBATE Y RHERAN (U 4.V ). (XY ). B
(U gV 4y ) s (X gy ) SRR 0 (4. 1) R BRI LN IE A
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