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Abstract
Based on Wu-schaback’s Quasi interpolation operator, a new MQ radial quasi interpolation operator
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is proposed. The operator has the advantages of linear polynomial regeneration, shape-preserving
property of order 2 and high convergence rate, and does not need the derivative of the function at
the end point. Through theoretical analysis, it is concluded that the linear polynomial of the oper-
ator has the advantages of reproducibility, second-order shape preservation and higher conver-
gence order. Finally, the approximation ability of the proposed scheme is compared with Wu-scha-
back’s and Feng Li’s quasi interpolation scheme by numerical experiments. The numerical results
confirm the conclusion of the theoretical analysis and the effectiveness of the operator.
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1. 518

WAL R B0 HOE I 1 — RO ST S S v, B PR RN R, ¥ 2 O 9 U 1
B A (L PR AR A, JFES T RS ORI Powell [1]45 MQ 72 o 2 o8 ek A 5 — e 2
BEHORCHR MO TR R LE (x) 8 LE (x) W2 T &M TR M 4. S5, Beatson Al Powell
(2K MQ MR Be R 2 A IR A BOS b M3t TS T Lo f (x), %Pl 24 2 IR
FOTEAME . AT, BERET Lo f(x) 25 f(x) WA M SR, /e Seha e RS 4. B, Wu fo
Schaback [3J¥f L f (x) #47 TiE 4 M0MEe. Haits THUBMSET Lo (x) . ZEFARLRA f(x) fEH A
FOS A, H R 2 DU R . (R, RIIRIIS c=0(h) i, BF Lf(x) Mig% AR
O(N?), ik O(N2[Inh[), et h REARAE A2 i KBRS Leevan A Ling [415 T SCRRISTHEth T —Fi
MQ 15 58§l % 20 S A BT /7 58, JFEM T %07 22 % ¢ = O (h) B, IC8E %55 O (h*°Inh)
i Zhang 1l Wu [SJl3 = % MQ-B REAR RS, Fait T DURMRIRAE NGBS T AT F R i 2
SHRMBBNE, 3 LR f (x) £ A0 SH. Feng A1 Li [6HIE T — MBI T, 250 T
R MQ I B KO B HOSUR (0 % AT AR, R ER) T 0B W K O(h)
Walddron [7]7E m Y4 ik HOBLE (852 TR0BERE b, HIx T FEBL (m o+ ) RS TR DR 57 (r R 51
). (HR, EWRE] f () RN A S E I HLER BOEI R HCRA  r EE . Chen et al.
[8]RH Hermite {8 % Wit i 7 —F0 87 M0 MQ MG EE T, %4 2 M P2 ARG ML . Wang et
al. [ T —FhE AR MQ BUBMSLT, HE— MU R4 7 IRSER . 5 CHR[10]-[15]
e, AT BURILE £ % T MQ BURER AT,

RCHEEATI T B, (53 2 4, RMIAMH T — L B s SRR (R SR R . 5,
A TSI 1 6 12 2 e 5 ST A PR DA (LT Ly £ (x) M3 T — 00 MQ MBS T, 7658 3
Ve, WO TR T W R, WS . 7RS4 Yo, AT Bl S b T
Wu-Schaback 1 Feng-Li 5 2L (B FHUB M GBI AE 11, FEMiL 900150 T 2RI 5 F o
SO, B, 255, RATA T AR R TAE
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2. MQ REEERNWAE
2.1. &R

AT g H— e B E ORI C R 456 .
X 21 [3]45E — AL B a=x, <X <-<x,=b, EHH f(x):C[ab]- R MIEHELT
Lf(X)iE)‘(y‘j:
LF (x)=2 f (x;)a;(x). x<[a,b]

i=0

oo o, (X) oM R R A

%Xzzmﬁ&mﬁﬁﬁpf(»:mﬁm&mLu@%@ﬁu@mﬁm,m%ﬁﬁﬁ
{0 ()}, 10K B SRR AR S, 3 FLLE () 0 Kk WY 5 bt A 1, 824 LI () JUSLAS K B9
FRIGPE. BRI, RO R, — BRI IR R .

i, B CRIIIRSET Lo f (x) AL T (x) o 956, 3 T40E 15 ot
a=% <% <X, =b, Wu I Schaback [3]HF H i H g, (x)=((x—x,) +et)  Hits T L 51 F
Ly f(x) .

n-2

Lo f(X)=f (%) (X)+ f (%) (X)+ f( ) a; (X)+ F (%) a, (X)+ F (%), (X)

j=2

L]
1, 4(X)-(x=x%)

ay(X)==+

2 2(x4-%)
a(@:%(@—@U)_@uy{x—%)
' 206-%)  2(%-%)
o (x)= $a(¥)=¢;(x) 4;(X)-¢.(%)
S 20n) 2

)
aH(x)_(X —X)-¢ )(X) $1(X)— 8,2 (X)

2(X, =X 2(Xo =%, 2)

_ 1 ¢n—1(x)_(xn _X)
an(x)_§+ 2(X, —%1)

n—

2.2. MQ HEEE FHAE

PER R TR FE OB T Ly f (x) FORERE L, XY Ly f (x) BEAFBOE, FEERR W SR04
PEALA T, MIAEIE LT L F (x) o 0SB i e 3 S MR 5 R B B, PR = S A R
R I FHUE, AR T B0 MQ BRI SET L, f (x) . BT

Lf(x)=Lp f(X)+ f'(%) A (X)+ f'(%,)4,(X) xe[a,b] (3.1)
L f(X)=Lpf(X)+Dy (X)) 4 (X)+D,(x,)4,(x) xe[ab] (3.2)
i)
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70 (X) = 5 (6= %)= 565 (¥)

In(X) =5 (%)= 5(%, =)

Dy (%) = /(%)) = - [-3F (%) +41 ()] - T ()
Dy (%)= £'(x,) =2 F(%.2) =4 (10) [+ ()
3. MQ BliEEH FHIMAXMER

FEHE 3.1 MQ WA T L, £ (x) B Ly F () W52 4 e 2 TR LA
-

L (X)=Lp f(X)+ (%) A (X)+ /(%) 4, (X)
f(xo)[l M} LI )

2" 204 %) 20 %) 206 =%)
n-2 ¢j+1(x)—¢j (x) 9 (X)_¢j-1(x)
+;f(xj){ 2(x,, %) - 2(x; = x;4) J

+funﬂ(%—x—%aw)_%4oo—@48qj

2 ( Xn - Xn—l ) 2 ( Xn—l - Xn—z

44(m{%+ﬁj%§%i§J+p@ﬂx—%—%w)

2
W £ (x)=x, T4

L (0 =Lo T (0+ ()2 () + £'(x,) 2 ()

3Bl 00l A

2(X1_Xo) 2(X2_X1) B 2(X1_X0)

. zxj[m() 4,(x) ¢,-(x>—¢“<x>]

= 20ax) 2(-x0)

+Xn{xnz—(x—cén_l(x)_¢n_1(x>—¢n_2<x>J

3

Xn - Xn—l) 2(Xn—l - Xn—Z)
i x (1 o (X )+x—an
2 2(X = %y)
=X

WTET LT (x), FIE AR,

SEHE 3.2 ﬁu%éﬁz%&ﬁﬁu{f(xj)};qﬂﬁ@éﬂ&%i}\%ﬁm& f(x) (xeClxp,x,]) FFHLAE, LA fE
T L (x) AL, () 2 i e 4
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B L f(x) BB S 40

wx>=(fz’§i;f>lf<x°>—(-£i*3;3>Jfw(%w
)

S a4 (0_A(09-01,(9
2 “X')[ <J+1 x) ) z<x,»—xj-1>]
[qﬁ.; ¢n1() m(x)]
2(x (xm1 - XH)
1 (x )f(;fx) e ) A A
_1n2
T4

MERMI xeR, -1<4,(x)<
Jish, RHRHE T Lf(x), L (x) F—Fr 3Tt

Lt (=5 5217008 041 0) +5 D)L (3) 5 F (0 ) (1 ()

+§Dl(xo)(l—%(x))%Dz(xn><1+¢é<X>>

M T 2 2 AT L %r(poLf()

. F(X)<0, LE'(X)<0. FEREN,
%f_ﬂiss E[f D) —'(%,) ¢

(x)]20. WU%Eﬁ%gM)%Pﬁ:M%%;%

[D, (x (&W()ko U5 T L, £ (x) 7 Hs —BMRTE.
ﬁ% uﬂ)m_wﬁﬁ
LT ()= 1§¢”( (F0)= £/ (%, 0)) =5 (7)1 () /()64 ()
1n1

1

:_ZW( )(X; =) f"(x)—g f'(x0)¢(;’(x)+% £(%,)én (%)
J:ain

2

()= >0

[c2+(x—xj )2}

N | w

PRI, 24 () dr ()= (%) 8" (x
FLf(x) BE M%Wﬁ
BT L, () (0B S5
1 n-1

L1 (0=52e500( (%)~ £(x,4))~ 20, (%) (X)+ D, (%, ¢ ()

1n1

=—Z¢()( )fWU—%UTXJ%U)+VUJ#UD

()qlm % £(x)>0, Lf'(x)>05 f(x)<0; LF'(x)<0

)]0, FATATUUEE L7 (x)20. HJ5F, RATEW T E A
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C2

B0=—— 20 124, (02h (<t
[cz+(x—xj)2}2

L, 4R [ D, (x,)41(X) =Dy (%)4"(x) |20, WA L"(x)20 . AIGUERMIEHEE T LT (x) B4
BRI, EEELEEH
Bas BATREMS T L, (x) st RSl B o, BeAIeh w4~ B2 5| 2
513 3.1 [3]41R f(x)eC?[ab], MHHMEH T Ly (x) FEh—> 01, WL REM
|f L], <Kh*+K,ch+Kyc?Inh (3.3)

KH, K, K, fI K, NIEHE, 5hflciX,
LR :
PR ST Lo £ (x) 7T BAFE B e A

2L, f (x):r§¢j (t)(xj+1—xj_1)A2(x] 20X xm)f + o+ o+ (X=%) (X, = X) A" (%0, %) f
j=1
TE—BRI I 2200 AV R A? (B GL R, LE R f IR 43 Br AR MR B ) 22 A
2(Lp f(x)-Lf (x))= Z(gﬁj )= [x=x, |)(xj+1—xj_1)A2(xJ X X)) T (3.4)
j=1

AT LAAS 2% b ) 5

P x| <h BLESURIGH04, KPS MR

)
%r
nu
d\
ﬂﬁ

1
(02+y2)5—|y|£c, c>0,y>0

1 2

ct+y?)? |y|< , ¢>0,y>0
2|y|

NITEEE

n-1 2

p()<c Y (KX)o IR s _80h+c(f e |dt+O( )J

j:l,‘x—xj‘sh ]l‘x xj‘>h |X X

KA1
¢(x)<8ch+0(c’Inh)+0(c*h)

R4 (3.4) R LF (1) O(hz) WS, 2h >0, claTEN, Bl FHMARo(x). T |y<y°,
yo >0/, BAHH

(Ley)-12Y- ¥
2 4

<
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REF o(x U\&|x x|>cyolﬁ<’3"£ E=)
ol ¢c 1
( ) Eé( TR )[|X—xj|_2|x_xj|3}
1 4 1

C
x—tf2eyp~t |X —t| dt— (1+ O(h))?.[\xft\zcyo’l |X _t|3 dt

|_\

=(1+0(h))c*|
BRH C|Inc| fE R e ¥ Wfce>cy >0, KA o(x)KHiL T 5t

ZJ.:((CS +(x—t)2)E —|x—t|Jdt >0

ILETA SRR BT Ly f (x) WAL iR A

|f - Lo f|, <Kh*+K,ch+K,c?Inh (3.5)
5|8 3.2 JET Largange $AELMIJEEE, 45 L A—Fr S 800 = AR E B B E My A R =
, 1 h?
f'(%) =on —3f (%) +4f(x)-f (xz)]+?f(3)(§o) (3.6)
’ h2
f(xn)=2h f (X)) 4f(xnfl)+3f(xn)]+?f(3)(§n) (3.7)

i
5 (x)€C™H ab]. X X% Mab] EHIAL L (x) N f(x) B Mt £ n S E £ 5
Wﬁu)ma SEERRE T L, (X) BB SEOE £ (x) MR S5, B

T~ (x)= Zl(”( X)f(x)k=12:-n (38)
HiRE N
) ) dk .I:(n+1) 5 X
1001200 - 2 a0 @9
%X:Xj, kzllﬁ-’ ﬁ
£ )= L (x) = 2h(x,) (%) (3.10)

i=0
HIRZER
f(n+1) n
(i)t 0) =i 1T (%) @11

i=0,i%]

—HER(3A0) AT £(x, ) 10 n+ L SRR A 08 s A 5.
BT, S OISk =1) = AU (A0 B A KBBR8 0,0, % KT L8
A, T 2 O 2R

X) = (x=%)(x=%) )+ (X=%)(x=x,) + (x=%)(x=%) X
=) (Xo_xi)(xo_xz)f( ) (Xi_xo)(xi_xz)f()(l) (Xz_xo)(xz_xl)f( 2
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H(3.11) 5

(x )= 2X; =% — X,
f( J) (% =% ) (% =X,

¥ =X +h X, =X +2h, &
, 1
f (xo):E =3 (%) +4f (%) ]+—f<3) (&)

F(u)=r f<x0>+f(x2>J—%f“>(r:1>

[f —4f x1)+3f(x2)}+h—2f(3)(§2)
MRYE R =X, RIS = -ty s B Sl o A 3B LR ZE A T
h e
[3f )+4f(x)- f(xz)]+3f (&)

PUJ:;f( )41 (1) +31 ()] + 2 19(5,)

EH 34 M feClab], BUBMEST L,f(x) Wizt

[t —Lf (%), <(Ky+K,)h? +Kych+K,c?Inh (3.12)
XHE, K, K,, KFK, NIEFH, Hhfilckx.
HEHH: 2L (x)=Lof(x)+Wpf(x), #& f(x)2—MESLEKEL, WA
[f=LFO] =] F ()= (Lo f(x)+Wo f ()|, <[ ()-Lof (], +[F()-Wo f ()], (313)
WRIESIHE 3.1, A5 2
|f-Lsf|, <Kh?+Kych+K,c?Inh
HRYEFIE 3.2, W
I Vot ()], < h 0
BJE, mmﬂﬂ31ﬁﬂﬁ32&ME%TMﬁﬁﬁ¥Lf()%Eﬁ%ﬁﬁ
[t -Lf (%), < J)h?+Keh+Ke? Inh ¥ 3.1 mifllddEE T L f (x) M st T LA, 2

c=0(h?) i, ww_Lf Y =0(n°) . BE, BUREET LT (x) HCSHES TR SHL C Hfid .

4. B{ESLIE

AT, L (x)=x* BFHEIT R, $c=0.0L h=01 X% f(x) SOUBET T L f(x) M4
BB, WE 1 PR, BAE, REAFEMABRS S, WEAEEN T LT(X) 5 LT(x) [B1&

L f(x) [CIRIEIERCR. 48N 1-3 P, WJa, fEdc4h, ®fildic=h®,
h=0.1,0.2,0.01,0.001,0.0001, WEH T L, f (x) ki h FALE,
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Figure 1. When ¢=0.01, h=0.1, the comparison result of the quasi-interpolation opera-
tor L,f(x) and the original function f(x)

Bl 1 %Hc-001, h=01Ff, BUBEET L1 (x) SREM 1 (x) OLELER

Table 1. When h=0.1, c take different values, the quasi-interpolation operator L,f(x), L,f(x) and L f(x) the error

comparison results

F 1 ZHh=01, cEMTARMER, BHREETFLf(X), L,f(x)RLf(x)WRELEKER

c 0.01
[t ()= (4 2.90x10°
JLf(x)-f (). 2.01x10°
It ()= (). 2.15%10°

0.02

6.40x10°

2.20x10°

2.98x10°

0.05

2.02x10°

3.40x10°

5.43x107°

0.1

5.36x10°

7.40%x10°

1.71x10%

0.2

1.44x10™

2.32x10°

9.87x10°

Table 2. When h=0.01, c take different values, the quasi-interpolation operator L,f(x), L,f(x) and L f(x) the er-

ror comparison results

F2 Hh=001, c MATAREN, MHEEET Lf(X), L f(x) &L f(x)WRELKRER

c 0.001 0.002 0.005 0.01 0.02
Lo f ()= £ (%) 8.74x10° 1.43x10° 417x10" 1.20x10° 3.80x10°
Lf(x)-f(x) 4.97x10° 5.19x10° 6.74x10°° 1.22x10* 3.14x10*
Lt ()= (%), 2.67x10° 9.05x10° 5.77x10° 1.43x10°* 9.87x10*
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Table 3. When h=0.001, c take different values, the quasi-interpolation operator L,f(x), L,f(x) and L f(x) the
error comparison results

F#3 Hh=0001 c EANTAEMER, BUEEET L(X), Lf(x)RLf(x)MRELRLER

c 0.0001 0.0002 0.0005 0.001 0.002
Lo £ (x)— £ (x)]. 5.15x107 7.75x107 4.86x10° 1.75x10° 6.23x10°
Lt ()= fF(x)]. 5.07x107 5.29x107 6.87x107 1.25%10° 3.49x10°
JLf(x)-f(x)|, 2.67x10" 9.05x10°® 5.46x10" 1.43x10° 9.87x10°

Table 4. When ¢ = h?, the error comparison result of the quasi-interpolation operator L,f (x) and the original function f ( x)

T4 Heo=nH, BIEEET LI (x) SREH  (x) WIRELLRER

(c.h) (10%,10™) (10*,10%) (10°,10°) (10°,10%)

Lt (0)—f (%) 2.15x10° 2.26x10° 2.26x10° 2.23x10°"

B, AV T EREL () SRS T LT (x) MER. BE LRGSR T LT (x) ks
JE B ) B M R0 ARG BIHOMAR AL L, f (x) VR ST AR R A — B IUE L, F (X) SARHTRR IR
Z LRSS R 1 R
FEFBI R, FRAIAH TG L, f (x) £ h=0.1, ¢=0.01,0.02,0.05,0.1,0.2 B ¥ iR 22 Kb Ji L. H ik
1A LMRA I, BB RS ¢ B/, S L, f (x) a@i%mmd\ M 1-3 E’Jiﬁzfﬁ;ﬁm
i&hﬁ\%w\jo.lomoom, ¢=0.1h,0.2h,0.5h,h, 2h if, 33T Lo £ (x)— f (x)] # (%), #
Lt (x)= £ (x)|, - 27w, BAMBRBEREE S (X}, I Hil. ﬁﬂ: %ﬁﬂ%l 3435@%& ?ﬂaﬂ]ﬂ;z
fﬁ‘mﬁﬁﬁ%ﬂﬁL RETHUR T IR S B c AT h, HIRATEEAR S e A0 h (MERS . RATAT LIS E 47 A8
PR W% 4, B c=h? h=0.1,0.20.01,0.0010.0001, MM T L,f(x) MUCSCEE . R E, Y
=O(h?) i, SEE ST L, f (x) MU T AR O(h°) o BEAh, FAITHT LAFRITE ¢ A h AR IR 4% 1
T, BUEEE T L, f(X) MUSme A FIHA MR, B2, IXEEHUE S50 T LA U L, f (x) 22—
PEREDE R IR E S T

5. &g

il Wu-Schaback LB ARMEGE, ik T — MUEEHT L (x), ZHTRHE f (x)
TEB AU I S8, B RSN . ASCREAINE ] T 3T L f (x) B RAFIRTR . 2 5T
PPN RLAF RIS . (BT AN TZE RO SIAI R BT, 7Ekok, BT — MR %, e
DL T RS SR M A MR 55— T, TR 1A KR M VLR B % T2 o, e —
BT AR S T«

EEWH
TLVEA B T RFEEH AW I H (GJJ200757),  ARAEEE TR 220 A A= G138 34 4 (DHY C-202028) »
SE ik
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