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Abstract

This paper mainly includes the following two aspects: Firstly, we prove the uniqueness
of weak solution of autonomous Boissonade system. Because the quadratic term of
the autonomous Boissonade system is uv instead of 2, it is different from the general
method when proving the uniqueness of weak solution. Therefore, this paper gives a
specific method to prove the uniqueness of weak solution. Finally, according to the
sufficient and necessary conditions for the existence of uniform attractor, the existence

of uniform attractor in E of non-autonomous Boissonade system is proved.
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1. 5|5

H 20t 2860 A LK, M4 il e 1t Wikt DA S 5 2 M ORI T 55 4E8) 1 RSB HIWE T L4 R
ARG R JT RS b i L T T ARG T 4RSI RGBT, T VR R, AT R ENT T
RG] FIAEEME R, FEGRTTLUSE R (1) M TIERB RS, AW — %5 M
IR S| T AR PR IR

H SeHaraux [2]% 18 T IEHIRZN ) R — S ek RN, JRenth T 5 BB R4 2R 5| 144
AT, e — B 5] F IS B J5, Chepyzhov and Vishik [3[#8H T IEH A3 1 R G — 0K
G FAAENE R — 7k, Hoizo 0 AR R AE SR R I AH 23 18] _E A RUARIR. Ma (4]0 F S v R i 1
st TAE BB T T BN ) R G —BUR G| FAFE R A b E A, BEJS, Zhong [5)F X AN 74 4
BAER T 4E B 52D Navier-Stokes 7 FE7EVHAEE —EHR 5] 1.

S Zhong [5]1E K, A3 FEFHE T FHEH A Boissonade R4t
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ou

E:dlAu—Fu—av+7uv—u3+h1(t,x), (1.1)
% = doAv +u — fv + hy(t,x), (1.2)
u(t,z) =v(t,z) =0, t>7, x€d, (1.3)
u(r,x) = u-(x), v(r,z)=v.(z), =€ (1.4)

=05 FHAFAENE. i (t x) € (1,00) x Q, Q C R*(n < 3)&HA R Lipschitz 6 ig U A 1A
FAIXIE, e R RHMdy, do, o, BERIETHEL. 1211 (u,v) = —utav—yuv+u?, fo(u,v) = —u+Bv,
%BZ@E?%&CZ > 07 kl > 07 t=1--- 747 ,Tﬁ?%

01|U|4 - k‘l S fl(U,U)U S CQ|U|4 + I{IQ, (15)

Cslv]? — ks < folu,v)v < Cylv)? + ky. (1.6)
FEA S, S8 SCRARAS AL
H=1L*Q)x L*Q), E=H}Q)xH}Q), II=H;Q)NH?xH;Q)nH?.
H| - 1F1C, ) MR H 835 L2 (Q)ME S WL, aikp # 2, MAFH| - || KRARLP(Q)HTE
#, Lebesgue M| 8 Euclid 2% 4] [f) ) S JE £ #1c 9| - |, HiPoincaré A5 X FAT R0 T8 A7 £ — A5

Hin > 0, [E45
17 €17 = nll€ll?, V€ € Hy (). (L.7)

FrelEvotaRe T <) s A || v €IRER.

2. Fg&FIR

KW EEN A BRI RGN R

EX 2.1 &Y A—MEKE, XA —ABanachZ 1), o X o H BN KGRI %U,(t,7): E - E
i
U,(t,8)U,(s,7) =U,(t,7), Vt>s>71, T€RT, (2.1)

Uy,(r,7) =15, 7€R". (2.2)
AR AR U1,y R— A F 3L A2

MR EFE—No € B, U, (t, 7)#2— i, BAHU,(t,1),t > 7,7 € RT, 0 € L& Banach®
[ E R iRk, HpSymonrss =S, o SRS,
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EX 2.2 BAEEFP W —ANELB e R THEENT ¢ RY, EPYEEW A REDB, #4845 4T, =
To(B) > 7, 145 %t > T, bF, A
UO’GEUO'(t7T)B C BO-

A 4 BANAR By R E AL {U, (1, 7)), 0 € SA B ) — BRME .,

EX 2.3 Hd%pel? (R); HHZ

t+1
12 = el mm =sup [ llolds <,
teR J¢

R A 2 T A5 B R84

EMX 2.4 e R3EFENT € Ry, B8R FTEDB, UARMEZMe > 0, Aty = to(1,B,e) > 74 EH)
—ANA T ZRE,, 47

(i) P(Upes, Urst, Uy (t, 7)B) B 5,

(i) [I(I = p)(Usex Uizto Us (t, T)2)[| <€, V€ B,

W A3 424U, (t,7),0 € DHA—FK (X To € X)&H(C).
Hbp: E > ERARET.
& 2.1 &{T(h)|h > 0} —AF A A L& H Tk i L
(i) T =%, VheRTF,
(i) (FAEDREL)U(t+ h,7+h) =Urmnyo(t,7), VYoeX, t>7, T€R", h>0.
EIE 2.1 A2 IRZEMT, U,(t,7),0 € S Z XA Banach’® B E L#)—ANFid42, mR e
i
(i) B—A—H((FoeX )JBKE,
(ii) HE—H (K ToeX )FMHC).

AR AKARF LAZU, (L, 7),0 € SEEY HAE—NE G —BR 5] F.

3. ISR FES
TR, BATEEE (2, t), v(x, t) 5Hu(t), v(t) BE B#ES B, v.
FE A AT 2R B0 2B BOE PR OCHR (6], A0 R A (1.1) — (1.4) 7T BAS BT T AR i) e

d
d—i] = Ag+ f(g9) + h(t), t>0.

9(0) = go = (uo,vp) € H.
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Hrf

(fu (diA 0 - u— av + yuv — u? [ ha(z,0)
g_<v>’ A_<O d1A>’ f(g)—( u— fBv >’ h(t)_<h2(x,t)>.

HARG 7] LAZ25 30k (7).
S 3.1 M FRE(3.), W TFLRAHFTAL), BMNHIFFTERAL = H(g), EFH(9) R TgL:, (R, H)¥F
MRS, 5mI T HE LK [8].

5138 3.1 MAEZEWT.T c R,T > 7, W Ru, € H, WAAFA(3.1) HEE— B3RFMEMg(t) =
(u(t),v(t)),t € (1,T) i#H 2
g€ C([r,T]; H) N L*(7,T; E)).

IERR. AR (3. 1) Ak R A AE 1 B I Galerkind®@ 3T f) 7 92 T LAAS 21, BAARLE T WL SCHR. T i A THE
B S5 A O — . B (wy, v1) M1 (ug, v) HRARATLAE A (1.1) — (1.4) PA(ur, v, ) AYERIPIASE, H
SR E L BA

a(ul — U,Q)

< ?ﬂh —ug > —(dy 7 (ug — u2), 7 (u1 — ug)) (3.2)
= (U; — Uy — QU] — AV + YUV, — YUVy — US + U, UL — Ug),
vy —v
< Mﬂh — vy > —(dz 7 (v1 — v2), V(v1 — v2))

U1 — V2 (3.3)

= (u1 — ug — fv1 + Pvg, v1 — v2),
Hih< .- >FRHY 5HHPHRR. AT THE T XA ASENX

/Q’y(ulvl — ugvg)(uy — ug)dzr = /Q’y[vl(ul — )2 + up(vy — v2)(uy — uy)]dx

<y (/Qvfdx>4 </Q(u1 uQ)Qda;)é (/Q(u1 u2)4dx>i
+7 (/Q ugdx> (/Q(ul —1)2)4dx>i (/Q (ug — ug)" dz)i

<Allvilzallur — wallflur — uallze + Ylluallllvr — vallpallur — ug| e

[N

(3.4)

< C*yllor || g llus — wsl[flur — uall gy + CPl|usal[lvr — vall g llus — wall

Cy? d C4M?y? d

< =g ol s = wall? 5 s = wallfy + =5 llon = el + s — wal
0472 C4M2’y2 dl

=4 ||U1||§13 lur — ug|* + & o1 — Uz||irg + EHUl - U2||irga
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HA AR T N HEERAASE R
lellzs < Cliglmy.

(3.2) AT LA A

1d
5@””1 — uo|” 4 dallur — ual| g

for ¢ € Hy.

— /Q[(ul — u2)2 — a(vy — v)(ur — ug) + y(uvy — ugvs)(ug — uz)

(3.5)
— (uf —u3)(uy — ug)ldz
2, @ 2, @ 2
< /[(u1 —ug)® + E(vl —v9) + E(U1 —uz)” + y(urv; — ugva)(ur — ug)]de,
Q
(3.4) £fRN(3.5) FHRLI21GE
gl — uz||* + dif|ur — us|
< 2[lur — ua||* + aflur — s + afvr — va?
2oty 2 (3.6)
a [[01 [ llor — 2]
204M2 2
+ oy — vl
1
(3.3) At mr LS %,
< lor — val® + 2dalfor — vy
dt Ho
= /[(m — ug) (01 — va) — Bvy — v3) (1 — vy)]dz (3.7)
Q
< lur — ua[|? + flor — v2|* + 28]v1 — vaf*.
(3.7) I G155
304M22 d 304 M 22
T@&”vl — o + THW - U2H§{g
3C4M2"}/2 ) 3C4M2’)/2 )
— - 3.8
= T odid Jur — ua || + 24, ds v — g (3.8)
3C4M2725 2
R [[v1 — va]
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H(3.6) 5(3.8) A N 21

d ) 3C4M2’}/2 ) C4M2’72 )
X (|U1 —us||” + Tm””l —val|” | + duflur — uallmy + THUI —vallip

3C4M2’)/2 204,)/2
< (2+a+ 2500+ 2 ol ) s — wal?

SCIMP2EY  2didy  3CMM?

1 _ 2

+<O‘+ T T, >3C4M272 2dig, 1t el

3CIM22 20 3CUMPBY  2dydy
<2 \ 1
—[ Tt 0, d ”“1”H0+<a+ M >3C4M272}

304M2 2
(1 =l 25 o =l

FIFHGronwall” s AR, FRATH

4 2.2
w1 — ual? 3¢ My lv1 — va|?
2d1d>
304242 4.2 4072,2 2d+d
< oo Brat S+ 2 1 ()l gy (a1 20 2kt Ids
3C4M2A2

(|Juro — ugol|* + [[vi0 — vaoll?)

2dyds

=0.

(3.9)

(3.10)

A, FANF Buy = ug, 01 = va, RBIVME R (3.1) S RIE 9. A(3.10)-FRATTIE FT LTS 2]

X AE R SR AR

5138 3.2 HEBWTT € RT > 7, mRu, € E, WL A(3.1) HEE—8 & Mg(t) =

(u(t),v(t)),t € (r,T) #HE
g € C([r,T); E) N L*(1,T; D(A)).

EI 3.1 sEEMT, T € R, T > 7,ifu, € E, 3F A 74 Boissonade K & 77 #2(3.1) 4 "F — b9 # AR 5%
gt

) = (u(t),v(t)),t € (,00)
HEHE3.1 %09k H i Boissonade & J& 7 2 (3.1) Rk s LT E_E—AN 3l f2:

{Us(t,7)} : Us(t,7)g- = g(t) = (u(t), v(t)).
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518 3.3 #h(t) € L2, (R, H) AFAHH R4, WNAELEEHK, >0, £EZH %
By =g{e V:|lgllz < K1}

REFAL{U,(t,7)},0 e SEVEPH—H (% Foe X ) BKE, P& A REB C H, A
B Tg >0, EFEENGt > T, g, €B,o€X, A

|Us(t,7)g: % < K.

XA G B AIE TS S % 30K (9]

5132 3.4 &h(t) € L2, (R, H) ZA-FHH R, WHEAFHKK, >0, ANEENAREB C H,
Bty >0, SEFEWt > tg, g, € B,oEY, A

1Us(t,7)g: |70 < K-
5o/ BI T OE A 7 2% SR [10],
4. —HNSIFRIFEN

SIEE 4.1 &y e L3 (R; L*(Q)), W R3FEZMe > 0, AEF Ry > 0, £47

t+n
sup / lolds < e.
teR J¢

AR, W R R EHLE.
L2 ,.(R; L2(Q)) BT IEMU R B A8 L2 (R; L2 ().
SIFE 4.2 W F— /N hdp, € L2(R; E), AR LML ST R, A

t
lim sup/ e 19| p(s)||%ds = 0.

T2 t>r Jr

5138 4.3 #h(t,x), ho(x,t) € L3, (R; L2(Q)) R EHEGY, MEEMRe >0, EEGAREB C H,
(ur,v,) C B, HEM <0,to <0,n <0 #4F

t+n
/ / lul*|(u — M), |Pdeds < e, t>t,, o€, (4.1)
t Q(u>M)
t+n
/ / [ul®|(u + M)_Pdeds <e, t>t,, o€, (4.2)
t Q(u<—M)
t+n
/ / ol|(v — M)ildeds <e, t>ty, o€X, (4.3)
t Q(v>M)
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t+n
/ / Wl|(w+ M)_|deds <&, t>ty, o€, (4.4)
t Q(v<—-M)
o, F
u— M, u > M, u—+ M, u< —M,
(u— M)y = (u+ M) =
0, u < M. 0, u > —M.
v— M, v>M, v+ M, v< —M,
(v— M), = (v+ M)_ =
0, v< M. 0, v > —M.

I 4.1 40 Rh(,1), holz,t) € L2, (R H)REE, f(u,0) , folu,v) #2(L5) F2(1.6), I 4

st F AR AE(2.1) 8 F AU, (t, 1) AE—A—HK(EFoeX ) R3F.

MERR.  51EE3.2%0, FAREU, (t, EVHE —AN—8 (K To € X )WIED,.
T RATEH—BEKAT(C). BA(—A) ! RH T IES R AT, B ISR AR T HI{; 152,
O< A <A< < A<, Aj =00, as j— oo, (4.5)
FID(—A) HIEHH IERZ I —IREH w; 152, W2
—Aw; = \jw;, Vj€EN.
10V, = span{wr,wa, - swm} C HYQ), Py : V — V,, RIEXET, HthV,, =V, x V,,. S{EEg

€ D(-A), 5i%
g=Png+{I—-Pn)g=0g1+ g2

/ﬁ\:qjgl = (u1,v1), g2 = (ug,v2). XHLEZ%?%EI‘JH,E €, ’I%((l'l)a —AUQ) *D((1-2>7 —sz) *Hﬁﬂ,

FA1153)
1 d 2 2 2 2
5 37 1zl + loall3) + dill Aual” + dal| Avs |
— (f1(u,0), Aug) — (ha(t), Aus) (4.6)
+ (falu,v), Avs) — (ha(t), Avy).
H(1.3) Al A0

[f1(u,v)] < Ci(fuf’ +1).
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HYoung’s A&, A 1452
|(f1(u,v),Au2)| < Hfl(u7v)||HAu2”

d 1
< fIIAWH2 + dflllfl(u,v)Il2

d 1
< D au? 4+ L / C3(juf® +1)%de
4 dy

< %A ||2+2CQ|Q|+QC2/ jul°de o
< %) au ||2+202|Q|+2(/:2/ jul°da + 52/ jufdz
Q(|u|>M) 1 JQ(Ju|<M)
< Dl + Ejoy + 20y 4 2 [ s
DL
(1), =) = | [ (0~
< IEr 2] Aus (4.8)
< SHldwl? + @)
HH(1.4) A0

[f2(u, v)] < Co(ful +1).

H Young’s AN55 2, 34175 2
| fo(u,v), Avg| = |/Qf2(u,v)Avgdx|
< [ f2(w, v)[[[[Ave |
< ZlawlP + sl o)
< Qlaualf+ 7 [ Ciul+17da

d 202 202
< a0 2||2+ﬂ|+/| Pdz

202
/ oPde+ 22 [ e
da Jogv>m) 2 Ja(ui<mn

d 202 202M2 2072
< 2 A + 7\Q| + Q] + =2 / [v|*da,
4 da Jo(v|>m)

(4.9)

d
< Bjawip+ 220+ 22
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PLRZ
|(ha(t), —=Avg)| < [[ha(t)[|?[| Avel|®
d . ) (4.10)
< ZHAU ol *||h2( )l
2
H(4.7) — (4.10) N (4.6), 135
d
a(”uz\@p + [[oall7) + di[|Aus|? + da | Ave |
4C’2 4C? M6 402 C2M2
\Q| Cll Q] + —2 |Q| + €]
1
4C C’ 2~ 2~
+ = |ulda + —2 / |U|2d$+*|\h1(t)\|2+ [[ha ().
di Jo(u/>mn da  Jo(u|>m) dy dy
R poincaré A& .
el < |Dull?, Ve € H,
\V )\m+1
/ﬁ'\d = min{dl, dQ}, Ejtﬁ
d
dt(HUQHHl + [[val70) + Amrd([luzllz + v2llZ)
402 402M6 402 402 M?
< 7IQI + Q] + =29 + —— 9| (4.11)
dq dy
402 02 2~ 2~
+—== |ul®dx + —= / 2 da + —[ha (B)[|* + < [[ha ()|
di Q(|u|>M) dy Q([v|>M) dy dy

Lk > max{Tp,tp}, (4.11) K HGronwall’s A4, 133

luzllZgy + llvzllzy < e P (lua(r) 7y + lva(7)l1zy)

Q] + 7!QI +

! 4C37 402M6 AC3 4C2M2
+ [[emmat-o Sl + 20)ds

4C3

402
+ =L )"”“d(ts)/ |u(s)|°dzds + 2/ )"”“d(ts)/ |v(s)|*dxds
di Ji Q(jul>M) dy Ji (jv]>M)

t

— 9 [t —
+ = [ e (s)]2 4 = / e ety (s) | *ds
d; da Jy
1 402 AC2 MO 4C2 AC2 M2
< ppe tmrrdlt=h) IQI Q[ + 2IQI 1|
d)\m+1 dl
402 [ , 402 1 ,
+1/ e_’\m“d(t_é)/ |u(s)|6dxds+2/ 6_’\7”“‘1“_5)/ |v(s)|*dxds
di Jy Qjul>M) dy Jy Q(jv]>M)
2 t

T

— 9 [t —
A )2 - [ et ) s,
2 Jk

(4.12)
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HTy 25| #3391, tp &5 #3491
AT, BATE

/ |u|®dx :/ |u|6d:13+/ lu|®dx
Q(jul>M) Qu>M) Qu<—M)

:/ u|3|u|3d33+/ |u|?|u|dx
Q(u>M) Q(u—-M)

—/ u|3|u—M—|—M|3dx+/ uPlu+ M — Mz

Q(u>M) Q(us-M)

<4 / ¥ ((u— M), [* + [MP)de + / (| (u + M)_[* + | MP)da]
Q(u>M) Q(u<—M)

<A Pl M)Pdo [ Pl M)-Pda] + 408 [ (ul 2 M) fufde
Q(u>M) Q(u—M) Q

<ol guPla-dngPdet [ e a0 Pdd v [ s,
Q(u>M) Qus-M)

Q(lu|=M)

PLA
/ "U‘de:/ |’U|2d$+/ |'U‘2dm
QJv|=M) Q(v>M) Qv<—M)

:/ |v||v|d:E—|—/ |v||v|dx
Qv M) Qu<—M)

—/ |v||v—M+M|d:c—|—/ lv|lv+ M — M|dx

Qv>M) Qv<—M)

S/ (|U|U—M|+|M|)d$+/ v|(jo + M|+ |M|)dz
Q(v>M) Qv<—M)

</ |v||(vM)+|dac+/ [o||(v+ M)_|de + M |v|dx
Q(v>M) Q(v<—M) Q(|v|>M)
§/ |v||(v—M)+|dx+/ |v||(v+M)|dx+/ lv|2dz.
Q0> M) Qo< M) (Jo]>M)
HIBIB5.1, FAVABEREZHH FEB C L2(Q) , FF1EM0, to > 0, n > 0§13
- 3dads < t>t Y, w, €B
/ /Q(M)uuu M).fdeds < s 2t 0€S, u e B
/ / [ul*|(u + M)_|Pdzds < dre t>ty, o€, u,€B
— = o020 = L0y ) T )
t Q(u<—M) 320C%

dse ~
vl|[(v — drds < , t>ty, oc€X, u€B.
/ /Sl(v>M) 1w = M) 80C3 0

/ / [v||(v+ M)_|dzds < 5, t>ty, o€, u, € B.
Qv<—M) C

(4.13)

(4.14)

(4.15)
(4.16)
(4.17)

(4.18)
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EEE

t+n
/ e—,\m+1d(t—s)/ lu|®|(u — M) |*dxds
¢ Q(u>M)

(/ / / ) et / U>M)|U\3|(U—M)+|3dxds

<[l a4 e wm/"u/ uP|(u — M), Pduds (4.19)
t—n J Q(u>M) t Q(u>M)

t—2n
+62’\m+1d’7/ / lul®|(uw — M), |Pdxds + - -
t—3n JQu>M)
1

dlE
S 1= e B 32002

FIFE, BATH

for k> t.

oy d(t—s) 3 3 1 die
e ml |u?|(w — M)y |dxds < Y 7
t Q(u<—M) 1 — e~ %Am+1n 32001

/t+7] - +1d(t—s)/ | ||( + M) |d ds < 1 dae
e m VIV _|laxas
¢ Qv>M) — 1 — e 118007’

t+n 1 d
/ e*)\m+1d(t*5) / |v||(1} — M)+|dl’d$ < — 252 3
t Q(US?M) 1 —e m+17 8002

H1(4.5), TMTAT DA + 1 205k, {7

for k>t (4.20)

for k>ty,  (4.21)

for k>ty. (4.22)

16C? [*
i / e At — s) / P |(u — M), [Pdads < =, (4.23)
diJi Q(u>M) 10
16C? [*
e / e N d(t — s) / (Pl + M)_[Pdeds < <, (4.24)
di Ji Q(u<— M) 10
4C2 [*
4G / e~ d(t — ) o||(v — M), |deds < — (4.25)
dy Jy Q(v>M) 10
4c2 (!
4% / e AmHd(t — s) [v||(v+ M)_|dxds < i, (4.26)
da Ji Qv<—M) 10
402 [
400 [ gt — s) AN u(s) | |dwds < =, (4.27)
di Jy (Jul>M) 10
4C2 (!
4% [" e rege — ) / l0(s)[2|dzds < i, (4.28)
d> Ji (Jo|=M) 10
1 [4C? AC2 M 402 402 M? e
QO QO Q Q)< 4.29
e L R L R ) ) (1.20)
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2
é\tl = dAjH»l lnﬁpTv +k7 I)_]\]J%t 2 tl H?J‘ﬁ

3

pRedme(t=h) < e (4.30)
5B (4.1), XHMEE e > 0,77 LUUm + 1 28 KAH15
t — —~ €
/k o= (t=3) (h1(5)||2 n h2(5)||2) ds < BZ T} Vo €. (4.31)
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