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Abstract

This paper mainly includes the following two aspects: Firstly, we prove the uniqueness

of weak solution of autonomous Boissonade system. Because the quadratic term of

the autonomous Boissonade system is uv instead of u2, it is different from the general

method when proving the uniqueness of weak solution. Therefore, this paper gives a

specific method to prove the uniqueness of weak solution. Finally, according to the

sufficient and necessary conditions for the existence of uniform attractor, the existence

of uniform attractor in E of non-autonomous Boissonade system is proved.
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1. Úó

g20­V60c�±5, )��Û·½5!ì?5±9���'�Ã¡�ÄåXÚ�ïÄ®²¤

���5uÐ�§+�¥�­���¡. 3Ã¡�ÄåXÚ�ïÄ¥, éug£XÚ, ·�Ì�ïÄ

�ÛáÚf��35nØ¶Ì�(J�±ëw©z [1]. éu�g£XÚ§·�ïÄ��áÚfÚ

;,áÚf��35nØ.

ÄkHaraux [2]�Ä
�g£ÄåXÚ��
AÏa., ¿�Ñ
�g£XÚ��ÛáÚf�

²1�, �Ò´��áÚf�Vg.��, Chepyzhov and Vishik [3]JÑ
�g£ÄåXÚ���á

Úf�35����{, ÙØ%g�´3ÿÐ���mþ�E�È6. Ma [4]|^�;5ÿÝ�5

��Ñ
�g£Ã¡�ÄåXÚ��áÚf�3�¿©7�^�, ��, Zhong [5]|^ù�¿©7

�^�y²
�g£2D Navier-Stokes �§3V¥�3��áÚf.

ÉZhong [5]�éu, �©Ì��Äe��g£Boissonade XÚ
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∂u

∂t
= d1∆u+ u− αv + γuv − u3 + h1(t, x), (1.1)

∂v

∂t
= d2∆v + u− βv + h1(t, x), (1.2)

u(t, x) = v(t, x) = 0, t > τ, x ∈ ∂Ω, (1.3)

u(τ, x) = uτ (x), v(τ, x) = vτ (x), x ∈ Ω. (1.4)

���áÚf��35. Ù¥(t, x) ∈ (τ,∞)× Ω, Ω ⊂ Rn(n ≤ 3)´äkÛÜLipschitz1w>.�k

.«�§τ ∈ R+,Xêd1, d2, α , β Ñ´�~ê. Pf1(u, v) = −u+αv−γuv+u3, f2(u, v) = −u+βv§

@o�3~êCi > 0, ki > 0, i = 1 · · · , 4, ¦�

C1|u|4 − k1 ≤ f1(u, v)u ≤ C2|u|4 + k2, (1.5)

C3|v|2 − k3 ≤ f2(u, v)v ≤ C4|v|2 + k4. (1.6)

3�©¥, ½Â¦È�mXe:

H = L2(Ω)× L2(Ω), E = H1
0 (Ω)×H1

0 (Ω), Π = H1
0 (Ω) ∩H2 ×H1

0 (Ω) ∩H2.

^‖ · ‖Ú(·, ·)©OL«H ½öL2(Ω)��ê�SÈ, XJp 6= 2, @oÒ^‖ · ‖Lp5L«Lp(Ω)��

ê, Lebesgue ÿÝ½öEuclid�m��þ�êÑP�| · |, dPoincaré Ø�ª·����3��~

êη > 0, ¦�

‖ 5 ξ‖2 ≥ η‖ξ‖2, ∀ξ ∈ H1
0 (Ω). (1.7)

¤±E¥��ξ ��ê‖ξ‖EÒ^‖ 5 ξ‖5L«.

2. ý��£

ù�!Ì�0��g£ÄåXÚ��
Ä�Vg.

½Â 2.1 �Σ ´��ëê8, X´��Banach�m, XJ¹kü�ëê�N�xUσ(t, τ) : E → E

÷v

Uσ(t, s)Uσ(s, τ) = Uσ(t, τ), ∀t ≥ s ≥ τ, τ ∈ R+, (2.1)

Uσ(τ, τ) = Id, τ ∈ R+. (2.2)

@o¡Uσ(t,τ)´���L§.

XJéz��σ ∈ Σ , Uσ(t, τ)Ñ´���L§§@o¡Uσ(t, τ), t ≥ τ, τ ∈ R+, σ ∈ Σ´Banach�

mEþ�L§x. Ù¥Σ�¡�ÎÒ�m, σ �¡�ÎÒ.
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½Â 2.2 �3E¥���8ÜB0,XJéu?¿�τ ∈ R+, E¥?¿�k.8B, Ñ�3T0 =

T0(B) ≥ τ , ¦��t ≥ T0 �, k

∪σ∈ΣUσ(t, τ)B ⊂ B0.

@o·�¡B0´�L§{Uσ(t, τ)}, σ ∈ Σ3E¥���áÂ8.

½Â 2.3 e¼êϕ ∈ L2
Loc(R); H÷v

‖ϕ‖2L2
b

= ‖ϕ‖2L2
b(R;H) = sup

t∈R

∫ t+1

t

‖ϕ‖2Hds ≤ ∞,

K¡ϕ´²£k.�.

½Â 2.4 XJé?¿�τ ∈ R+, E¥�k.8B, ±9?¿�ε > 0, �3t0 = t0(τ,B, ε) ≥ τÚE�

��k��f�mE1, ¦�

(i) P (∪σ∈Σ ∪t≥t0 Uσ(t, τ)B)k.,

(ii) ‖(I − p)(∪σ∈Σ ∪t≥t0 Uσ(t, τ)x)‖ ≤ ε, ∀x ∈ B,

K¡L§xUσ(t, τ), σ ∈ Σ÷v��('uσ ∈ Σ)^�(C).

Ù¥p : E → E1´k.�f.

b� 2.1 �{T (h)|h ≥ 0}´�^3Σþ��fx�÷v

(i) T (h)Σ = Σ, ∀h ∈ R+,

(ii) (²£ØC/)Uσ(t+ h, τ + h) = UT (h)σ(t, τ), ∀σ ∈ Σ, t ≥ τ, τ ∈ R+, h ≥ 0.

½n 2.1 3b�2.1¤á�^�e, Uσ(t, τ),σ ∈ Σ´½Â3Banach�mEþ����L§§XJ§

÷v

(i) k����('uσ ∈ Σ )áÂ8,

(ii) ÷v��('uσ ∈ Σ )^�(C).

@oÒ¡�L§Uσ(t, τ),σ ∈ Σ3E¥�3��;���áÚf.

3. áÂ8��35

�
�B§·�Ï~ru(x, t), v(x, t) �¤u(t), v(t) ½ö���¤u, v.

d)Û�+�)¤½n©z [6], Ð>�¯K(1.1)− (1.4) �±�¤e¡�Ð�¯K
dg

dt
= Ag + f(g) + h(t), t > 0.

g(0) = g0 = (u0, v0) ∈ H.
(3.1)
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Ù¥

g =

(
u

v

)
, A =

(
d1∆ 0

0 d1∆

)
, f(g) =

(
u− αv + γuv − u3

u− βv

)
, h(t) =

(
h1(x, t)

h2(x, t)

)
.

äN[!�±ë�©z [7].

5 3.1 éu¯K(3.1),éu�½�ÎÒh(t),·�ÒPÎÒ�mΣ = H(g),Ù¥H(g)L«g3L2
Loc(R;H)¥

�4�. �õ[!�ë�©z [8].

Ún 3.1 é?¿�τ, T ∈ R, T > τ , XJuτ ∈ H, KÐ�¯K(3.1) �3���ÛÜf))g(t) =

(u(t), v(t)), t ∈ (τ, T ) ÷v

g ∈ C([τ, T ];H) ∩ L2(τ, T ;E)).

y². Ð�¯K(3.1))��35ÏLGalerkin%C��{�±��, äN[!�©z.e¡·�y

²f)���5. �(u1, v1)Ú(u2, v2) Ñ´Ð>�¯K(1.1) − (1.4) ±(uτ , vτ ) �Ð��ü�), d

f)�½Â§·�k

<
∂(u1 − u2)

∂t
,u1 − u2 > −(d1 5 (u1 − u2),5(u1 − u2))

= (u1 − u2 − αv1 − αv2 + γu1v1 − γu2v2 − u3
1 + u3

2, u1 − u2),

(3.2)

<
∂(v1 − v2)

v1 − v2

,v1 − v2 > −(d2 5 (v1 − v2),5(v1 − v2))

= (u1 − u2 − βv1 + βv2, v1 − v2),

(3.3)

Ù¥< ·, · >L«H1 �H−1�éóÈ. ·�kO�e¡ù�Ø�ª∫
Ω

γ(u1v1 − u2v2)(u1 − u2)dx =

∫
Ω

γ[v1(u1 − u2)2 + u2(v1 − v2)(u1 − u2)]dx

≤ γ
(∫

Ω

v4
1dx

) 1
4
(∫

Ω

(u1 − u2)2dx

) 1
2
(∫

Ω

(u1 − u2)4dx

) 1
4

+ γ

(∫
Ω

u2
2dx

) 1
2
(∫

Ω

(v1 − v2)4dx

) 1
4

(

∫
Ω

(u1 − u2)
4
dx)

1
4

≤ γ‖v1‖L4
‖u1 − u2‖‖u1 − u2‖L4 + γ‖u2‖‖v1 − v2‖L4‖u1 − u2‖L4

≤ C2γ‖v1‖H1
0
‖u1 − u2‖‖u1 − u2‖H1

0
+ C2γ‖u2‖‖v1 − v2‖H1

0
‖u1 − u2‖H1

0

≤ C4γ2

d1

‖v1‖2H1
0
‖u1 − u2‖2 +

d1

4
‖u1 − u2‖2H1

0
+
C4M2γ2

d1

‖v1 − v2‖2H1
0

+
d1

4
‖u1 − u2‖2H1

0

=
C4γ2

d1

‖v1‖2H1
0
‖u1 − u2‖2 +

C4M2γ2

d1

‖v1 − v2‖2H1
0

+
d1

2
‖u1 − u2‖2H1

0
,

(3.4)

DOI: 10.12677/aam.2021.107256 2446 A^êÆ?Ð

https://doi.org/10.12677/aam.2021.107256


w� §
¤²

Ù¥^�
e¡�i\Ø�ª

‖ϕ‖L4 ≤ C‖ϕ‖H1
0
, for ϕ ∈ H1

0 .

(3.2) ª�±�¤

1

2

d

dt
‖u1 − u2‖2 + d1‖u1 − u2‖H1

0

=

∫
Ω

[(u1 − u2)2 − α(v1 − v2)(u1 − u2) + γ(u1v1 − u2v2)(u1 − u2)

− (u3
1 − u3

2)(u1 − u2)]dx

≤
∫

Ω

[(u1 − u2)2 +
α

2
(v1 − v2)2 +

α

2
(u1 − u2)2 + γ(u1v1 − u2v2)(u1 − u2)]dx,

(3.5)

r(3.4) �\(3.5) 2¦±2��

d

dt
‖u1 − u2‖2 + d1‖u1 − u2‖H1

0

≤ 2‖u1 − u2‖2 + α‖u1 − u2‖2 + α‖v1 − v2‖2

+
2C4γ2

d1

‖v1‖2H1
0
‖v1 − v2‖2

+
2C4M2γ2

d1

‖v1 − v2‖2.

(3.6)

(3.3) ª��±�¤

d

dt
‖v1 − v2‖2 + 2d2‖v1 − v2‖2H1

0

=

∫
Ω

[(u1 − u2)(v1 − v2)− β(v1 − v2)(v1 − v2)]dx

≤ ‖u1 − u2‖2 + ‖v1 − v2‖2 + 2β‖v1 − v2‖2.

(3.7)

(3.7) ª¦± 3C4M2γ2

2d1d2
��

3C4M2γ2

2d1d2

d

dt
‖v1 − v2‖2 +

3C4M2γ2

d1

‖v1 − v2‖2H1
0

≤ 3C4M2γ2

2d1d2

‖u1 − u2‖2 +
3C4M2γ2

2d1d2

‖v1 − v2‖2

+
3C4M2γ2β

d1d2

‖v1 − v2‖2.

(3.8)
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ò(3.6) �(3.8)üª�\��

d

dt

(
‖u1 − u2‖2 +

3C4M2γ2

2d1d2

‖v1 − v2‖2
)

+ d1‖u1 − u2‖H1
0

+
C4M2γ2

d1

‖v1 − v2‖2H1
0

≤
(

2 + α+
3C4M2γ2

2d1d2

+
2C4γ2

d1

‖v1‖H1
0

)
‖u1 − u2‖2

+

(
α+ 1 +

3C4M2γ2β

d1d2

)
2d1d2

3C4M2γ2

3C4M2γ2

2d1d2

‖v1 − v2‖2

≤
[
2 + α+

3C4M2γ2

2d1d2

+
2C4γ2

d1

‖v1‖H1
0

+

(
α+ 1 +

3C4M2γ2β

d1d2

)
2d1d2

3C4M2γ2

]
(
‖u1 − u2‖2 +

3C4M2γ2

2d1d2

‖v1 − v2‖2
)
.

(3.9)

|^Gronwall.s Ø�ª§·�k

‖u1 − u2‖2 +
3C4M2γ2

2d1d2

‖v1 − v2‖2

≤ e
∫ t
0

[2+α+ 3C4M2γ2

2d1d2
+ 2C4γ2

d1
‖v1(s)‖

H1
0

+(α+1+ 3C4M2γ2β
d1d2

)
2d1d2

3C4M2γ2
]ds

(‖u10 − u20‖2 +
3C4M2γ2

2d1d2

‖v10 − v20‖2)

= 0.

(3.10)

Ïd, ·���u1 = u2, v1 = v2, ùL²Ð�¯K(3.1)�f)´���. l(3.10)¥·���±��

)éÐ��ëY�65.

Ún 3.2 é?¿�τ, T ∈ R, T > τ , XJuτ ∈ E, KÐ�¯K(3.1) �3���r)g(t) =

(u(t), v(t)), t ∈ (τ, T ) ÷v

g ∈ C([τ, T ];E) ∩ L2(τ, T ;D(A)).

½n 3.1 é?¿�τ, T ∈ R, T > τ, ifuτ ∈ E, �g£Boissonade uÐ�§(3.1)�3����Nr

)g(t) = (u(t), v(t)), t ∈ (τ,∞)

d½n3.1 ��g£Boissonade uÐ�§(3.1)��Nr)½Â
Eþ����L§:

{Uσ(t, τ)} : Uσ(t, τ)gτ = g(t) = (u(t), v(t)).
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Ún 3.3 eh(t) ∈ L2
Loc(Rτ ;H) ´²£k.�§K�3~êK1 > 0, ¦�4¥

B1 = g{∈ V : ‖g‖2E ≤ K1}

´�L§{Uσ(t, τ)}, σ ∈ Σ3V¥���('uσ ∈ Σ ) áÂ8, =é?¿�k.8B ⊂ H, �3�

mTB > 0, ¦�é?¿�t ≥ TB, gτ ∈ B, σ ∈ Σ, k

‖Uσ(t, τ)gτ‖2E ≤ K1.

ù�Ún�y²�ë�©z [9]

Ún 3.4 eh(t) ∈ L2
Loc(Rτ ;H) ´²£k.�§K�3~êKp > 0, ¦�é?¿�k.8B ⊂ H,

�3�mtB > 0, é?¿�t ≥ tB, gτ ∈ B, σ ∈ Σ, k

‖Uσ(t, τ)gτ‖2Lp ≤ Kp.

ù�Ún�y²�ë�©z [10]"

4. ��áÚf��35

Ún 4.1 �ϕ ∈ L2
Loc(R;L2(Ω)), XJé?¿�ε ≥ 0, �3~êη > 0, ¦�

sup
t∈R

∫ t+η

t

‖ϕ‖2Eds ≤ ε.

¤á,K¡ϕ ´�5�.

L2
Loc(R;L2(Ω))¥¤k�5¼ê�8ÜP¤L2

n(R;L2(Ω)).

Ún 4.2 XJ��¼êϕ0 ∈ L2
n(R;E), @oé?¿�τ ∈ R, k

lim
γ→∞

sup
t≥τ

∫ t

τ

e−γ(t−s)‖ϕ(s)‖2Eds = 0.

Ún 4.3 eh1(t, x), h2(x, t) ∈ L2
Loc(R;L2(Ω))´�5�, Ké?¿�ε ≥ 0, Ú?¿�k.8B ⊂ H,

(uτ , vτ ) ⊂ B, �3M ≤ 0, t0 ≤ 0, η ≤ 0 ¦�∫ t+η

t

∫
Ω(u≥M)

|u|3|(u−M)+|3dxds ≤ ε, t ≥ t0, σ ∈ Σ, (4.1)

∫ t+η

t

∫
Ω(u≤−M)

|u|3|(u+M)−|3dxds ≤ ε, t ≥ t0, σ ∈ Σ, (4.2)

∫ t+η

t

∫
Ω(v≥M)

|v||(v −M)+|dxds ≤ ε, t ≥ t0, σ ∈ Σ, (4.3)
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∫ t+η

t

∫
Ω(v≤−M)

|v||(v +M)−|dxds ≤ ε, t ≥ t0, σ ∈ Σ, (4.4)

¤á, Ù¥

(u−M)+ =


u−M, u ≥M,

0, u ≤M.

(u+M)− =


u+M, u ≤ −M,

0, u ≥ −M.

(v −M)+ =


v −M, v ≥M,

0, v ≤M.

(v +M)− =


v +M, v ≤ −M,

0, v ≥ −M.

½n 4.1 XJh1(x, t), h2(x, t) ∈ L2
Loc(Rτ ;H)´�5�, f1(u, v) , f2(u, v) ÷v(1.5) Ú(1.6), @o

éAuÐ�¯K(2.1) ��L§Uσ(t, τ) �3����('uσ ∈ Σ ) áÚf.

y². dÚn3.2�§�L§Uσ(t, τ)3V¥k����('uσ ∈ Σ )áÂ8B1.

e¡·�y²��^�(C). Ï�(−∆)−1 ´H¥�ëY;�f,d²;ÌnØ��3S�{λj}∞j=1:

0 < λ1 ≤ λ2 ≤ · · · ≤ λi ≤ · · · , λj →∞, as j →∞, (4.5)

ÚD(−∆) ¥3H¥����x¼ê{ωj}∞j=1, ÷v

−∆ωj = λjωj , ∀j ∈ N.

PV̂m = span{ω1, ω2, · · · , ωm} ⊂ H1
0 (Ω), Pm : V → Vm ´���f, Ù¥Vm = V̂m × V̂m. é?¿g

∈ D(−∆), �¤

g = Pmg + (I − Pm)g = g1 + g2

Ù¥g1 = (u1, v1), g2 = (u2, v2). é?¿�½�h̃1, h̃2 ∈ Σ, ò((1.1), −∆u2) Ú((1.2), −∆v2) �\,

·���

1

2

d

dt
(‖u2‖2H1

0
+ ‖v2‖2H1

0
) + d1‖∆u2‖2 + d2‖∆v2‖2

= (f1(u, v),∆u2)− (h̃1(t),∆u2)

+ (f2(u, v),∆v2)− (h̃2(t),∆v2).

(4.6)

d(1.3) ��

|f1(u, v)| ≤ C1(|u|3 + 1).
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dYoung’s Ø�ª, ·���

|(f1(u, v),∆u2)| ≤ ‖f1(u, v)‖‖∆u2‖

≤ d1

4
‖∆u2‖2 +

1

d1

‖f1(u, v)‖2

≤ d1

4
‖∆u2‖2 +

1

d1

∫
Ω

C2
1 (|u|3 + 1)2dx

≤ d1

4
‖∆u2‖2 +

2C2
1

d1

|Ω|+ 2C2
1

d1

∫
Ω

|u|6dx

≤ d1

4
‖∆u2‖2 +

2C2
1

d1

|Ω|+ 2C2
1

d1

∫
Ω(|u|≥M)

|u|6dx+
2C2

1

d1

∫
Ω(|u|≤M)

|u|6dx

≤ d1

4
‖∆u2‖2 +

2C2
1

d1

|Ω|+ 2C2
1M

6

d1

|Ω|+ 2C2
1

d1

∫
Ω(|u|≥M)

|u|6dx,

(4.7)

±9

|(h̃1(t),−∆u2)| = |
∫

Ω

h̃1(t)(−∆u2)dx|

≤ ‖h̃1(t)‖2‖∆u2‖2

≤ d1

4
‖∆u2‖2 +

1

d1

‖h̃1(t)‖2.

(4.8)

d(1.4) ��

|f2(u, v)| ≤ C2(|u|+ 1).

dYoung’s Ø�ª,·���

|f2(u, v),∆v2| = |
∫

Ω

f2(u, v)∆v2dx|

≤ ‖f2(u, v)‖‖∆v2‖

≤ d2

4
‖∆v2‖2 +

1

d2

‖f2(u, v)‖2

≤ d2

4
‖∆v2‖2 +

1

d2

∫
Ω

C2
2 (|v|+ 1)2dx

≤ d2

4
‖∆v2‖2 +

2C2
2

d2

|Ω|+ 2C2
2

d2

∫
Ω

|v|2dx

≤ d2

4
‖∆v2‖2 +

2C2
2

d2

|Ω|+ 2C2
2

d2

∫
Ω(|v|≥M)

|v|2dx+
2C2

2

d2

∫
Ω(|v|≤M)

|v|2dx

≤ d2

4
‖∆v2‖2 +

2C2
2

d2

|Ω|+ 2C2
2M

2

d2

|Ω|+ 2C2
2

d2

∫
Ω(|v|≥M)

|v|2dx,

(4.9)
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±9

|(h̃2(t),−∆v2)| ≤ ‖h̃2(t)‖2‖∆v2‖2

≤ d2

4
‖∆v2‖2 +

1

d2

‖h̃2(t)‖2.
(4.10)

ò(4.7)− (4.10) �\(4.6), ��

d

dt
(‖u2‖2H1

0
+ ‖v2‖2H1

0
) + d1‖∆u2‖2 + d2‖∆v2‖2

≤ 4C2
1

d1

|Ω|+ 4C2
1M

6

d1

|Ω|+ 4C2
2

d2

|Ω|+ 4C2
2M

2

d2

|Ω|

+
4C2

1

d1

∫
Ω(|u|≥M)

|u|6dx+
4C2

2

d2

∫
Ω(|v|≥M)

|v|2dx+
2

d1

‖h̃1(t)‖2 +
2

d2

‖h̃2(t)‖2.

�âpoincaré Ø�ª

‖ϕ‖ ≤ 1√
λm+1

‖Du‖2, ∀ϕ ∈ H1
0 ,

-d = min{d1, d2}, Òk

d

dt
(‖u2‖2H1

0
+ ‖v2‖2H1

0
) + λm+1d(‖u2‖2H1

0
+ ‖v2‖2H1

0
)

≤ 4C2
1

d1

|Ω|+ 4C2
1M

6

d1

|Ω|+ 4C2
2

d2

|Ω|+ 4C2
2M

2

d2

|Ω|

+
4C2

1

d1

∫
Ω(|u|≥M)

|u|6dx+
4C2

2

d2

∫
Ω(|v|≥M)

|v|2dx+
2

d1

‖h̃1(t)‖2 +
2

d2

‖h̃2(t)‖2.

(4.11)

-k > max{TB, tB}, (4.11)ª^Gronwall’s Ø�ª, ��

‖u2‖2H1
0

+ ‖v2‖2H1
0
≤ e−λm+1d(t−k)(‖u2(τ)‖2H1

0
+ ‖v2(τ)‖2H1

0
)

+

∫ t

k

e−λm+1d(t−s)(
4C2

1

d1

|Ω|+ 4C2
1M

6

d1

|Ω|+ 4C2
2

d2

|Ω|+ 4C2
2M

2

d2

|Ω|)ds

+
4C2

1

d1

∫ t

k

e−λm+1d(t−s)
∫

Ω(|u|≥M)

|u(s)|6dxds+
4C2

2

d2

∫ t

k

e−λm+1d(t−s)
∫

Ω(|v|≥M)

|v(s)|2dxds

+
2

d1

∫ t

k

e−λm+1d(t−s)‖h̃1(s)‖2 +
2

d2

∫ t

k

e−λm+1d(t−s)h̃2(s)‖2ds

≤ ρ2
V e
−λm+1d(t−k) +

1

dλm+1

(
4C2

1

d1

|Ω|+ 4C2
1M

6

d1

|Ω|+ 4C2
2

d2

|Ω|+ 4C2
2M

2

d2

|Ω|
)

+
4C2

1

d1

∫ t

k

e−λm+1d(t−s)
∫

Ω(|u|≥M)

|u(s)|6dxds+
4C2

2

d2

∫ t

k

e−λm+1d(t−s)
∫

Ω(|v|≥M)

|v(s)|2dxds

+
2

d1

∫ t

k

e−λm+1d(t−s)‖h̃1(s)‖2 +
2

d2

∫ t

k

e−λm+1d(t−s)h̃2(s)‖2ds,

(4.12)
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Ù¥TB ´Ún3.3¥�, tB ´Ún3.4¥�.

,��¡§·�k∫
Ω(|u|≥M)

|u|6dx =

∫
Ω(u≥M)

|u|6dx+

∫
Ω(u≤−M)

|u|6dx

=

∫
Ω(u≥M)

|u|3|u|3dx+

∫
Ω(u≤−M)

|u|3|u|3dx

=

∫
Ω(u≥M)

|u|3|u−M +M |3dx+

∫
Ω(u≤−M)

|u|3|u+M −M |3dx

≤ 4[

∫
Ω(u≥M)

|u|3(|(u−M)+|3 + |M |3)dx+

∫
Ω(u≤−M)

|u|3(|(u+M)−|3 + |M |3)dx]

≤ 4[

∫
Ω(u≥M)

|u|3|(u−M)+|3dx+

∫
Ω(u≤−M)

|u|3|(u+M)−|3dx] + 4M3

∫
Ω

(|u| ≥M)|u|3dx

≤ 4[

∫
Ω(u≥M)

|u|3|(u−M)+|3dx+

∫
Ω(u≤−M)

|u|3|(u+M)−|3dx] + 4M2

∫
Ω(|u|≥M)

|u|4dx,

(4.13)

±9 ∫
Ω(|v|≥M)

|v|2dx =

∫
Ω(v≥M)

|v|2dx+

∫
Ω(v≤−M)

|v|2dx

=

∫
Ω(v≥M)

|v||v|dx+

∫
Ω(v≤−M)

|v||v|dx

=

∫
Ω(v≥M)

|v||v −M +M |dx+

∫
Ω(v≤−M)

|v||v +M −M |dx

≤
∫

Ω(v≥M)

(|v||v −M |+ |M |)dx+

∫
Ω(v≤−M)

|v|(|v +M |+ |M |)dx

≤
∫

Ω(v≥M)

|v||(v −M)+|dx+

∫
Ω(v≤−M)

|v||(v +M)−|dx+M

∫
Ω(|v|≥M)

|v|dx

≤
∫

Ω(v≥M)

|v||(v −M)+|dx+

∫
Ω(v≤−M)

|v||(v +M)−|dx+

∫
Ω(|v|≥M)

|v|2dx.

(4.14)

dÚn5.1, ·���é?¿�k.8B̃ ⊂ L2(Ω) , �3M¿0, t0 > 0, η > 0 ¦�∫ t+η

t

∫
Ω(u≥M)

|u|3|(u−M)+|3dxds ≤
d1ε

320C2
1

, t ≥ t0, σ ∈ Σ, uτ ∈ B̃, (4.15)∫ t+η

t

∫
Ω(u≤−M)

|u|3|(u+M)−|3dxds ≤
d1ε

320C2
1

, t ≥ t0, σ ∈ Σ, uτ ∈ B̃, (4.16)∫ t+η

t

∫
Ω(v≥M)

|v||(v −M)+|dxds ≤
d2ε

80C2
2

, t ≥ t0, σ ∈ Σ, uτ ∈ B̃. (4.17)∫ t+η

t

∫
Ω(v≤−M)

|v||(v +M)−|dxds ≤
d2ε

80C2
2

, t ≥ t0, σ ∈ Σ, uτ ∈ B̃. (4.18)
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5¿�∫ t+η

t

e−λm+1d(t−s)
∫

Ω(u≥M)

|u|3|(u−M)+|3dxds

=

(∫ t

t−η
+

∫ t−η

t−2η

+

∫ t−2η

t−3η

+ · · ·
)
e−λm+1d(t−s)

∫
Ω(u≥M)

|u|3|(u−M)+|3dxds

≤
∫ t

t−η

∫
Ω(u≥M)

|u|3|(u−M)+|3dxds+ e−λm+1dη

∫ t−η

t−2η

∫
Ω(u≥M)

|u|3|(u−M)+|3dxds

+ e−2λm+1dη

∫ t−2η

t−3η

∫
Ω(u≥M)

|u|3|(u−M)+|3dxds+ · · ·

≤ 1

1− e−dλm+1η

d1ε

320C2
1

, for k > t0.

(4.19)

Ó�§·�k∫ t+η

t

e−λm+1d(t−s)
∫

Ω(u≤−M)

|u|3|(u−M)+|3dxds ≤
1

1− e−dλm+1η

d1ε

320C2
1

, for k > t0, (4.20)

∫ t+η

t

e−λm+1d(t−s)
∫

Ω(v≥M)

|v||(v +M)−|dxds ≤
1

1− e−dλm+1η

d2ε

80C2
2

, for k > t0, (4.21)

∫ t+η

t

e−λm+1d(t−s)
∫

Ω(v≤−M)

|v||(v −M)+|dxds ≤
1

1− e−dλm+1η

d2ε

80C2
2

, for k > t0. (4.22)

d(4.5), ·��±�m+ 1 v
�, ¦�

16C2
1

d1

∫ t

k

e−λm+1d(t− s)
∫

Ω(u≥M)

|u|3|(u−M)+|3dxds ≤
ε

10
, (4.23)

16C2
1

d1

∫ t

k

e−λm+1d(t− s)
∫

Ω(u≤−M)

|u|3|(u+M)−|3dxds ≤
ε

10
, (4.24)

4C2
2

d2

∫ t

k

e−λm+1d(t− s)
∫

Ω(v≥M)

|v||(v −M)+|dxds ≤
ε

10
, (4.25)

4C2
2

d2

∫ t

k

e−λm+1d(t− s)
∫

Ω(v≤−M)

|v||(v +M)−|dxds ≤
ε

10
, (4.26)

4C2
1

d1

∫ t

k

e−λm+1d(t− s)
∫

Ω(|u|≥M)

4M2|u(s)|4|dxds ≤ ε

10
, (4.27)

4C2
2

d2

∫ t

k

e−λm+1d(t− s)
∫

Ω(|v|≥M)

|v(s)|2|dxds ≤ ε

10
, (4.28)

1

dλm+1

(
4C2

1

d1

|Ω|+ 4C2
1M

6

d1

|Ω|+ 4C2
2

d2

|Ω|+ 4C2
2M

2

d2

|Ω|
)
≤ ε

10
. (4.29)
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-t1 = 1
dλm+1

ln 6ρ2V
ε

+ k, K�t ≥ t1 �k

ρ2
V e
−λm+1(t−k) ≤ ε

10
. (4.30)

dÚn(4.1), é?¿�ε > 0,�±�m+ 1 v
�¦�∫ t

k

e−dλm+1(t−s)
(
h̃1(s)‖2 + h̃2(s)‖2

)
ds ≤ ε

10( 2
d1

+ 2
d2

)
, ∀σ ∈ Σ. (4.31)

ò(4.13)− (4.31) �\(4.12),��

‖g2(t)‖2V = ‖u2‖2H1
0

+ ‖v2‖2H1
0
≤ ε, t ≥ t1, σ ∈ Σ, gτ ∈ B.

ùL²Uσ(t, τ), σ ∈ Σ3V¥÷v��('uσ ∈ Σ) ^�(C). d½n(2.1) ��(Ø¤á.
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