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Abstract

In this paper, we mainly study the H' regularity of the solution of 3D incompressible
Navier-Stokes equations. Firstly, the local well-fit lemma for solutions of 3D incom-
pressible Navier-Stokes equations is given and proved in detail. Secondly, by applying
the local well-fit lemma of the solution mentioned above, firstly, the global regularity
of the solution in the case of small initial data can be proved strictly. Second, the H*
regularity of the solution of 3D incompressible Navier-Stokes equations is proved for
all possible U, and all possible F. In this paper, it is emphasized that the solution
is H' regular not only for the maximum possible U, and a fixed F, but also for the

maximum possible U, and the maximum possible F'.
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1. 5|8

Navier-Stokes /7 T & 3 AR 1 70 51 16 S 3L AR BETRL 3% 77 TR 102 B T Rb 25, R,
Fioh Tl 5 T A B A (G BRI . F R, g IR ON-S R AL i T AR 10 7 7 2 )
SR B 5E B TR R B — B AU RIF, 7R B — A4 R AR, [ =
SEN-S 7 FE A 1 15 I o) A A 2y 5 PR B T ) — AN 58 R) . 5 3DANA] s Navier-Stokes 5 F& A
[A], Ladyzhenskaya [1]f1Temam [2] [3] [4]#}453H T 2DAH] s Navier-Stokes J7FEX G Uy FIF, J5 1%
TEtE— 4 R IE AR, % T-3D 7317 JE Navier-Stokes 712, 4914850 Uo B F 9840 /NIE, 77 187716 —
A IEMR, 2 W Temam [4).

it 85 KT B8 U0 (AZ w0l |2 < np 2, ||A2wol|? < ePng ) RIS — [ & Fix — 15 %, 3D if JENavier-
Stokes 77 L 7E A X 38 {0 R B AT IV IE W e, ELAR TR AT T LA 2 % S0k [1). A8 S0 % S0llE K,
[7) B 75 %% [X 48_E % HE3D AR 1] i Navier-Stokes 17 2, FoA117T LA 75 Bl T+ 55 & T 6 MU (A2 vo|[2 <
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PR, HERER

% [AZwoll? < erny )UK TTREIF(|MP.f|12 < 0y |1 — M)Pf|P < e5np?), AAH
TE .

AL T4 HAH SR A Enii, BARN A AT A3k (1] [2] [5] [6]. 28 =715, 45 A2 HR
WEAF AT FNBA AL R B i A28 B ) 1 A GE 0. 25 =71, WEMI3D AH] K Navier-Stokes 77 F2 A 1 )& 55
& T HE, )%'ulh.IEﬁ'gl?ﬂfﬁilqﬂi%#%iﬁﬁﬁﬁf)ﬂ IR, TAVHGAUE B T AL /N6 2L
£ fﬁﬂylﬁﬁﬁéﬁfﬁmﬂ P, B e, 856 91 BL(4.2) 5] BE(4.3), FAS X T & KT f E‘JU@(A?UOHQ <
% | A woll? < erny RBKTTREIF (| MP,fI12, < 0y % ||(I = M)P.f||2% < ein?), BEATH iF
R

2. Fa&FIR

ARAE—NE R X IO C R? L% E3DAR] K Navier-Stokes /7 F&

U, —vAU+(U-V)+VP=F,
(2.1)

V-U=0,
HhQ Z7EXE, B1IQ = Q. = Q2 x (0,¢), Q2 RR¥H—DMEFRXIK, € > 0 Z—NNSHL Frl

1, RBEQ2 = (0,11) x (0,12), Hly, 1o > 0,6 <1y < 13,0 < e < 1, I HIATIBMB I (2.1) FIARD Tt 2
IR R oA

Uy +eys) = Ul(y, ),

i fey, e, 05) JERY BIRHEIECIE, 34b, IR F AU, 52

/de:/ Updy = 0.
Q. Q.

N T LA R, G ARIR AR B e, AT DICRE DX AR T R ] E 1 i) AU A D X ek 8] 5 Ty
FEARACRA AL HLK, 58 O R T A A3 8], K 2040 i 0 Rl R s % RE - P 2 ) B R R e i R

{ U(y + liei7t) = U(yat)v 1= 17 27

u +vAwu+ B.(u,u) = P.f. (2.2)
XAy BAR A AT AZZE S0 [5)
3. BHFHMEESFN
HE, B

A2 vol[> < 572, MPf|% < g,
{ ; IMPfIE. <, 5.1)

1 r o _
| A2 wol* < e, (I = M)PfII% < €5y
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Hx, TR LN (HL)

(1) —1<p<0, —-2<r<0,

(2) Be— 0N, ein ' =0, i=1,2
(3) Me— 0N, esn =0, i=34
(4) XHF0o<e<1, erQ(e) —HAM.

o
Q) = [~ 57 Pn *))

HM0 < e <18, n;(e) A FHRWRE = 1,2,3,4.

B A IE N H (a,b)
(5) [Ea >0, BAHe =0T, K, H

627’)726(”774 — 0,
(3.2)

n =0,

=

772 Y max(4n;? + Kngt 4+ k2% 1),

AXTFO0 <e<1, ede?om” SATIM, (% %k Mk, 725 (4.2) 4 5 X)
(6) [EED >0, WA TAEZEMN0 < A <1, fifEey = es(b,\) >0, fH3

7]2_261’"54 < )\(47}1_2 + k:fng_‘l), 0<e<ey.

(7) e — 0, EFTn  (Ing 2t +1) =&HFH.

R
Mlull? < ||AZu|?,  we D(A?), (3.3)
lwl? < C2(|ARw?,  we V), Mw=0, (3.4)

HhCs R fcbe.

4. FEERNEIERR

S13E 4.1 (REISEEREMN) &uo € D(AZ) fof € L0, T; H), I A BE—AT,,0 < T, < oo, 1
13(2.3) £(0,T,) L& E—AFE—u, #2uc C([0,T.), VL) N L*0,T,; V2) Fou, € L2(0,T,; H.).

€

Jo BN > 1 H B[ Abuo|2 + ||PfI2 < NR2, A} 2 5 ETN, 143 AZu(t)||? < NR2,0 < TN <T..
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HERR.  (2.2) X5 A WfERH, R EZA T [5) 1 Young A58 2 n] DA 2]

1d 1
gallz‘lmll2 + vl|Acul|* < [(Pof, Acu)| + [(Be(u, u), Acu)|
< [|Pf I Acul| + Cs(Q)||AZ ul|? || Acul |2
v 9 1 27 4 16,V 9
< EllAull? + ZIIPAI + g CallAZull® + 2| Acul,
k<)
d L2 2 _ 2 27 44k 6
= 62 € Sf € () a2 62 . .
SlAZull + vl Al < 2P Sl + 5 CllARul (4.1)
MOFLER 7, 15
1 1 2 27 toy
lA2 P < AFwlP + ZIP Al + 55CE [ llAFulds. (42)

PR R R TE A GronwallLN S [7], 18
3 2 12, 2 hor 3 2, 2 -3
1A¢u(@)[]” < ([[A2uol” + ~lIPflloct)1 =2 | o3 CsllASu@)II" + |1 Peflloods] 2.
0
®AT%
toov 1 2
Tm—mm&é&ﬂ‘?/mﬁﬁMM®W+JRﬂ&®<%a
0

A )
1AZu(I < [[AZuol[* + || Peflloot:

B AZuo| > + | Pf|% < NR2, BAETY >0, fHif8

1 2 ’
|A2uol[* + =||PfI 2T < NRg,
14

wJE, B
TN = min{T" ,T***},

PREVEAET N, {15

|[AZu(®)|]* < NR§, [0,T"].

EIE 4.1 (DHAEEN )
BAEE—AAREBO C RP L# BTk FAE

U +vAU + B(U,U) = PF, (4.3)
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£ P ATLAQ) BIERRE TN ERBHET, (4.3) # % Direchletil F 5, LF RRHL, 4o
R(4.17) 09 RIR T, AR A(A1T)H —/A 2 By E N,
IERR. (43)RH5AUTEANR, M EEAG T 5] H Young A5 ) AAS 3

1d 1
§&HA2UH2L2(Q) + V||AU| |72 () < |(PF, AU)| + |(B(U,U), AU)|

IN

IPF[20[[AU][ 2 () + 08(Q)||A§U||E2(Q 1AU1IZ2 (@)

IN

v 1
ZHAUH%Q(Q) + ;HPFHL?(Q) + C4|\A UHL2 @ T = ||AU||L2(Q

(1 1 1 (1 1
&HAzUH%P(Q) + )\1V\|A2U|’2L2(Q) < EHAZUH%Q(Q) + V||AU|’2L2(Q)

IN

2 27 1
Z|IPFllzea) + 5 5 Call AU

SR2 = [|ASU | 2aiqy + IPF| ey BUEN > max(l, 1), % E@EN > 1, HA |20 +
|PF|[22 .y < NR2, FIffiLammal(4.1), fE4ETYN {145

AU (1) 22y < NRZ, 0<t<TV. (4.4)
AYHRB[0, T°°) /& 845 (4.4) AUBAL K S RIS ] X ], R IR BB IRATHE [0, T>°) k4T

d 1 1 2 27 1
aHA2UH%2(Q) + /\1VHA2U||2L2(Q) < ;HPF”%?(Q) + ﬁ0§||A2U||%2(Q)a

T (4.3) e EdE 7E 70/, B TAT EAE

2 s M
9,8 Cs N o < ==,

153 4 \
1 v
7||A2U||%2(Q)+ —|AZU| o) < ||PF||L2(Q (4.5)
N Gronwall A~ 25 1, 15

Alut

t
1 2
14U ey < 5 (A3 Ual b + | ZIPFIlEsds)
4 1 4.6
< max(L, 35145 Uolaco) + IPFIIEa(o) (+0)
< NRZ,

e, B RAEZERUE A T ey = o0.
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Hoe, TESE FEE: T = T < 00, B, [0,7%°) = [0, Tiax) » AT ax < 00, FTEA

lim [|ARU(1)| 3y = oo

t—Tmax

BIMEUM = NRZ B}, 36 > 0,Vt € (0, Thax); RETax — 0 < t < Tiax, LA

|A2U @) > NRE,

E]Hto € ( max 6; Tmax) == (TOO - 57 TOO); 'fi'/f%‘

142U (1)][72) > NRE,

X 5[0, T°) e LT JE.
ﬁ?ﬁ, BEE B T < Tha < 00, EB?HA%U“)”%%QV TE]0, Towe) |- TH3ESE,
)72 BAE[0, T>) LELIEH

|A2U(0)|[72) < NRG, [0.7).

HTIARU )25 T HELE, HTLL

|A2U(D)[F2) < NRG,  [0,7].

M(4.6) Hi
|A2U ()32 < NRZ, [0,7]. (4.7)

XF(4.7) A HIET &S, 15

|A2U(t)|[72(0) < NRG, € (T™,T™+9).
X 5[0, T°) K E LT E.
L5 LR, Tax = 00, TEYE.

S 4.2 WAAMHIA(31) R, IR AA Lk Ry e >0, HTO0 <e< e, #ET =Ti(e) >0, %
HFu(t) € D(A?), 0<t<T) HA&z

1 _ _
[AZ0(T)|)? < dny 2 + King?,
(4.8)
1 r o _
|[A2w(Th)|)* < k3etsn,?
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IERR.  E X

Ry =72+ e ng? +m5t 42057 + 265, %,

3PS

1AZuol|* + [|PefI[5 = [[A¢vol|* + [[A2wol|* + [[(M + I — M) P[5,

< ||A2vol[* + || A2 wol[* + 2| M Pf12, +2[I(1 — M)Pf|I5

<%+ ey 4 2057 4 265,
<A enyt +2m57 + 265 4yt
- R%,

HEHUN = max{4, %DQ} +1>1, MfLemmad.1, f£7ETN > 0, {5

[A2u(t)|? < NR2, [0,TV). (4.9)
18[0, T°°) oAt (4.23) BOLIIHKI A XA, WERT> < oo, M4
|AZu(t)||? = NR2. (4.10)
Fe Tk, 8t BREIZE0, T°°) LT IS
ESp
(I — M)B(v,v) = Be(v,v) — MB.(v,v) = Be(v,v) — Be(v,v) =0,
AR T w5 BTN
i—‘t” tvAw= (I~ M)P.f — (I — M)(B.(w,v) + B.(v,w) + B.(w,w)). (4.11)
(4.11) X5 AWEN, 17
ldw,, 1 9
§gllA3W|l +vl|Aw|]F < (I - M)P.f, Aw)|
+ [ (be(w, v, Acw))|
+ [(be (v, w, Acw))|
+ [(be(w, w, Acw))],
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FIH Young A% A5

1dw

S llAk? + vllAwlP < (T = M)P.f, Aw)| +|(belw, v, Acw))|

+1(0c(v, w; Acw)) [ + | (be (w, w, Acw))]

AN

SIS VoY NI

< 2wl + o

2

+ Cae || AZw|[ 35| A2 o]||| AZw]||#
1 1 1 1 3
+ Cuet||AZv||||AZw| |2 || Aw||?

1 1 3 3
+ Coe||A2w]|2||Aw]|2,

BT Mo = 0, 15 (3.4)13
DAkl + vl AwlP < LI = M)Pfloc?
dg' e € v €
+ 205 Cyet[| A2 ][] A2
+ 202 Cyed || A2 v]||| Acw|[?
+ 202 Che||AZw|||| Aw] 2,
=2
|A2w|| < ||AZull, ||AZo|| < ||AZu]),

P AEA A5 2] . '
aW¥wW+«vaw%m&mm&st;ﬂufﬂnaﬂ&, (4.12)

HHID, = 2080y + +202Cy + 202 Cs.

X0 < t < T, MR &ZMEHL 15

D1€8HA U||<D1€8N2Ro DyesNz (it +eingt +n32 V20t +V2esn ) =0, e — 0.
Kk, Jeo > 0, 115

Dle%N%Rogg, 0<e<e. (4.13)
44 (4.12) F(4.13)15
d 1 v 1
—||A2w||? + =||Awl|]? < =||(I — M)P.f||? 4.14
dt|| wl| +2H wl| < - ll( VP (4.14)
MAHAERX(3.4)15
d 1 vC2e™
&IlAé’wll2 5 ||A2 I” < *II(IfM)PefHZo, (4.15)
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F Gronwall N2, 153

, ( vegte? ; ‘1
ladl < e 0 | ladealP + [ 2110 - MR
0

(4.16)
VC’Q -2 Lo 2056
<e t]] A woll* + (I = M)P.fI[%,
N T AETS
chz -2 202 2
€ H]AZwoll? = (I = M)Pf]I%,
Bl
ch2 -2 2.2
e tePny ? = C €3ny?, (4.17)
AR BT, > 0, 32 (4.17), BGERT, = Ty (e) > 0,
T E 20207 Qe),
/\q:‘
Q(e) = |In(2C3v 2 5 Py ). (4.18)
N T RAE (4, 18) AL, N4 2 N i 25K
20265 Ppin % < 1, (4.19)
B, REFERn, = — Ine, BPATH B R,
LH:7 363 > O, Xﬂﬁ:O < € S €3, ﬁETl = Tl(E) > O ﬁﬁ/@(lllg)
TR, WET <T> XTI <t<T> H
1 vCg2e—2 1 20?2
|A2w|? < e = | A2wol|* + 56 (I = M)PflI5
4C52% ,
= e
_ e
Hk? =4C5%072.
Ko BIflitt, JATBRSE 7E[0, Th] L
? +vAwv=MP.f — MB.(v,v) — MB.(w,v) — B(v,w) — Be(w,w), (4.20)
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(4.20) K5 A0 1ER, 153

1d

§a||f4e%v||2 + V|| Aw|* < [(MP.f, Acw)| + (M Bc(v,v), Aw)| + |(MBe(w,w), Aw)

S |(MP€f7 Aﬁv)| + |b6('U7”U7 Aev)l + |6(w7w7"46v)|7

H T be (v, w, Aw) = be(w, v, Acv) = 0 BARZE BT [1]
Xt b FH Young 465, 793

Ld

1 1 1 3
53 420l + VIl Awl® < [IMP SIS |[Acoll + Calfvl|2 || A2 vl[[| Acvl|2

1 E
+ Ched [|AZw||? || Aw||? || Acv)|

1 1 1 3
< Sl[A|* + = [MPFISI17 + Cillol| =[] A2 v]l]| Acv]]2
2v

v
2
1 et || AZw] || Al |F || Acol .

B
DAkl + Al < 2jarpg)?
dt € € = € o)
oY) AwlP + 2L ot lPl AR ol + Ll Al + L C2el| Abwl Pl Aw]))
4 43 71 ‘ 4 v 2 ‘
1 2 v 2 27 4 211 A% 14
< LIMPAIR + Sl Al + o Cilol Pl
v 2 1
+ JlAwl? + 2C3elAbulfl| Al
P75
d 1 1 27 1 2 1
SJ1abolP < LIMPAR + e Gl ALl + 23l abul Pl Al
27 4 211 A% 12 2 1 2 2 I 3
= (or CHRIPIA P AL + T MPAIE, + 203l abul Pl A,
X b N H Gronwall N5 2 15

t 27

1 t
1 4 20142012 1 1 2 1
|AZ0|[* < elo s AlIITIAS IS )] AZ 42 +/ ~|[MP.fI[% + = C3el| A wl]|*|| Acw]|ds]
0oV v (4.21)
< O (||AZw|* + H (1)),

Hr

"1 2 1
1) = [ JIMPAIE + ZChell bl Fl| A ds

too7 1
G(t) = / C1|[o]P|| Ak ] 2ds.

3
0 2v
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DUE, fHiFH((t), 0<t<Ty. %(4.14) K915
v [* t 1
2 [ AwiPds < 2 = MR + 1] ATwol
0

A4
/||Aew|| ds < (T = M)A + 2| AL wol

(4.16) L =T7, AR N

1 70—2 —2 20262
JAZw]]® < (e t||A2w0||2 “—|(I = M)P.fl|%)?
(4.22)
—3vC5 22 1 8C6¢
<Ale™Ft||AZwo | + 5 II(I M)P.f]|5,),
xf (4.22) XA 13
b K *3'/0_2 -2 6 806 9
/IIAEwII ds§4/(e tHAzon (I = M)P.f|[2,)°d
0 0
2022 116 4 8Ce 6
< 4( IIA wol|” + —¢—t|(I = M)P.fll),
1 FHH?der A5 R 15
t 1 t . t 1 .
/0 42wl ¥ Aol ds < ( / [ A.wllds)*( / 14dw]ds)?
2t 2 1 1
2(;H(I—M)Pef|\§o+;||A3wo||2)2
2022 8066 N
( HA2 wol|® + (I — M)P.f]|3,)?
4C’6 13
< ;’ ( 1||(I M)P.f|% +||A2wo||)
1 1 2022
—||AZwpl[? 5 tz||(I — M)P.f||>
(\/gll ol |7 + 7 |( )P fI1%)s
b1 978
20%¢ [T 1 4 8C2C5 , 13 ) 1
A w|]*[|Aew||ds < —==€*(—[|(I — M)P.fI|5, + [| A& wol|)
14 0 14 V2
1, 1 2022
|AZwo||? + 5 g3 ||(T — M)P.f| 3
(\/gll ol |” + I 1[( VP %)
< Dy(t2||(I — M)P.f||% + [|AZwol])
(IIAQWOII3+6t2||(I M)P.f2,),
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MR, EPRER
Heir Dy 8€§ max(%, icgg)max(l,ui%).
SR K
1 3 5 2 3 3 2453
H(t) < VT1772 + Dyé? (TP esny +52773 )(52773 +T7Pe35n, )
20?2 _ _ 2D,C? 3Dy _
< =2EQ” + Doyt + =2 Q! + =g
DyC, 5 20(e)2n + \szCS ! 3
_l’_ 2
(0t + Qo
[N
< Ey(e) + 1D2773
/\l:':‘
Ei(e) = Ds(2Qny* + Q0 + Q2 e2ng 'y + Qi ),
H
202 2D,C? V2 D205 D,C?
-D3 = ma‘X( 2 ) ) 2 )7
v~ 14 1/2 1%
FHR 2T H 1, AHERALE e — 0
E1(€> — 0,
(A L,
1 7
[AZv@)]* < e“O 0% + Ea(e) + 7 Dang), 0 <t <Th.
R RAEG®), HWAG() 7737D.
(2.2) X5 ufEWN, FIFHb. (v, u, u) = 0,F13CHk [8]15 2]
Sl 4 ul] Adul? < (P, w)
< |(AZPP.f, Afu)|
< [JA¢ul[||Ae * Pef|loo
< Yjabulp+ )12
=9 € 9, € € 009
HIES)
d 1 1, _1
alluﬂ2 + V|| AZuo|[* < ~llAe *P.fl1%, (4.23)
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Ra1g
LI to_1
][> = [|uoll? +V/ |[AZuo|[*ds < ;||Ae *P.fII%
0

2t _1 _1
< — (|4 MPfI2, +[|Ac 2 (I = M)P.f][2,)
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