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Abstract

Let R be a finite ring. Based on the basic facts of algebraic graph theory, this paper

studies the Cayley properties of an important family of graphs, and constructs an
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infinite subfamily of algebraic graphs BΓn(R; f2, ..., fn), in which each graph is Cayley

graph. On this basis, the maximal cycle of this kind of algebraic graph is further

considered.

Keywords
Cayley Graph, Hamiltonian Graph, Generalized Dihedral Group

Copyright c© 2021 by author(s) and Hans Publishers Inc.

This work is licensed under the Creative Commons Attribution International License (CC BY 4.0).

http://creativecommons.org/licenses/by/4.0/

1. Úó
�©¥§¤k�ãÑ´{ü�ÃloopÃ�ã"�§|½Â�ã�@´dLazebnikJÑ��a

ã§�Ð^5)û4�ãØ¥�¯K [1]§LazebnikÚWoldarïá
ùaã��
­��5� [2]§

�)�K5ÚV�K5"2002c§©Ù [3]?Ø
�X��é¡��§|½Â�ã¿�½
§�´

ÄëÏ§ù�X�ãØ´Cayleyã¿�¼êØ�´é¡�"d	§ãBΓn(R; f2, ..., fn)��õ5�

Ú¯K�±3Lazebnik�©Ù [4]¥é�"3A^�¡§UstimenkoÚ¦�Ü�öò�§|½Â�ã

A^u?ènØÚ�èÆ [5]"

CayleyãCay(G,S)´±+G¥���º:§±f8S½Â>��aã§§�Hamiltonã�

2�ïÄ [6]"Lazebnik 3©Ù [2]�5.2!¥�Ñ
ã��
úm¯K§�©Ì�ïÄÙ¥

��­��úm¯K§=�§|½Âã�=
¼ê(½ãBΓn(R; f2, ..., fn)´Cayleyã½ö

´Hamiltonã§ù´��k���k¿Â�¯K§�©�E
�X��§|½Â�Cayleyã§

¿���ãBΓ2(Fq; p1l1)����"

2. ý��£

�Γ´��ã§·�o´^V (Γ)L«º:8§^E(Γ)L«>8§x ∼ yL«º:xÚy��"

½Â 1 [2] �R´k��§¼êfi : R2i−2 → R´?¿�½�¼ê"·�½Â�©ãBΓn =

BΓn(R; f2, ..., fn)"§�ü�Ü8´©O�uRn�PnÚLn§PnÚLn¥���©O¡�:(p) =

(p1, ..., pn)Ú�[l] = [l1, ..., ln]"·�½Âº:(p)Ú[l]����=�e¡n− 1�^�¤áµ

p2 + l2 = f2(p1, l1),

p3 + l3 = f3(p1, l1, p2, l2),

. . . . . .

pn + ln = fn(p1, l1, p2, l2, . . . , pn−1, ln−1).
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w,§XJR��´r§@oãBΓn(R; f2, ..., fn)�º:ê´2rn�´r−�K�§Ï�éu?Û
º:a ∈ V (BΓn)Úx ∈ R§�3���º:b ∈ V (BΓn)§¦�b�a��§¿�b�1���I´x"

½Â 2 [7] �G´+§S´G�f8"k�ãΓ = Cay(G,S)´Cayleyã§XJCay(G,S)�º

:8�G�ü�º:x, y ∈ G��§��=�yx−1 ∈ S"XJS−1 = S§KT��'X´é¡�§

d�CayleyãCay(G,S)�d��Ã�ã"

½Â 3 �Γ´��ã§H´�gÓ�+Aut(Γ)���f+"XJH3V (Γ)´D4��éu?

¿v ∈ V (Γ) Úσ ∈ H§¦�σ(v) = v§@oσ´ð�gÓ�§K¡H 3V (Γ)þ´�K�"

Ún 1 [7] ãΓ´+G�Cayleyã��=�Aut(Γ)�¹�GÓ��f+3V (Γ)þ´�K�"

½Â 4 +G´2Â�¡N+§XJ§k���ê�2���f+AÚ����2���π ∈
G \A§é?¿g ∈ A§¦�πgπ = g−1"3ù«�¹e§·�P�G = 〈π,A〉"

½Â 5 [8] �¹ãΓ�z�º:�´»¡�Γ�Hamilton´»¶aq/§Γ�Hamilton�´�

¹Γ�z�º:��"eãΓ�¹Hamilton�§K¡ãΓ´Hamiltonã½ö´hamiltonian"

Ún 2 [6] �G´k�+§S´G�f8"d	÷v§

(1) S´G�)¤8§

(2) A´G��5p−f+é,
�êp§�

(3) st−1 ∈ Aé¤k�s, t ∈ S§

@oCay(G,S)k��Hamliton�"

3. Ì�(J

e¡�E
�X��§|½Â�ãBΓn(R; f2, ..., fn)Ñ´Cayleyã"

½n 1 e{fi | i = 2, ..., n}÷v±e�¹§KãBΓn(R; f2, ..., fn)´Cayleyã"

(1) fi =
i−1∑
s=1

as(ps + ls)
bs + c§Ù¥as, c ∈ R´~ê�bs´�ê¶

(2) n = 2�f2 = cp1l1é~êc ∈ R§Ù¥R´����2−1 ∈ R¶

(3) fn =
n−1∑
s=1

bs(psls) +
n−1∑
s=1

cs(ps + ls)
ds +

n−1∑
s=1

es(psls)
mp + cÚfi =

i−1∑
s=1

ai,s(ps + ls)
bi,s + di

éi = 2, · · · , n − 1§Ù¥R´A�p�2−1 ∈ R����§mp´Ûê§ai,s, bs, cs, es, c, di ∈ R§

bi,s, ds´�ê¶

(4) fm = pm−1lm−1§fi = p1 + l1é2 ≤ i < mÚfi = pm−1 + lm−1ém < i ≤ n§Ù¥R´��

��2−1 ∈ R"

y²µéu1 ≤ k < i ≤ nÚx ∈ R§·��e¡N�φ, σi,x : Rn → Rn§

φ : (p1, ..., pn) 7→ [p1, ..., pn], [ l1, ..., ln ] 7→ (l1, ..., ln).

σk,x : (p) 7→ (p1, ..., pk + x, pk+1 + bk+1,k, ..., pi + bi,k, ..., pn + bn,k)

[ l ] 7→ [ l1, ..., lk − x, lk+1 + yk+1,k, ..., li + yi,k, ..., ln + yn,k ].
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éu(1)§½Âbi,k = 0§yi,k = 0"

éu(2)§-b2,1 = c(−p1x− 1
2
x2)§y2,1 = c(l1x− 1

2
x2)"

éu(3)§�bi,k = yi,k = 0 éuk < i < n§�

bn,k =
n−1∑
s=1

bs(−psx−
1

2
x2) +

n−1∑
s=1

es(−(psx)mp − 1

2
x2mp),

yn,k =
n−1∑
s=1

bs(lsx−
1

2
x2) +

n−1∑
s=1

es((lsx)mp − 1

2
x2mp).

éu(4)§-bi,k = −p1x− 1
2
x2, yi,k = l1x− 1

2
x2é1 ≤ k < m < i ≤ n§bi,k = yi,k = 0éuÙ¦

�¹"éu?¿�x, y ∈ R·�ØJ�yN�φ, σi,x´ãBΓn�gÓ��e¡��5¤áµ

σk,xσj,y = σj,yσk,x, φσk,xφ = σk,−x = σ−1k,x.

�A = 〈σk,x | k = 1, ..., n; x ∈ R〉ÚG = 〈φ,A〉"ØJ�yA´����+"

d	§|φ| = 2§é1 ≤ k ≤ n§8Ü{σk,x | x ∈ R}kr���"duσk,xσk,y = σk,x+y§K�

�+Akrn�gÓ�§ÏdG = 〈φ,A〉 ≤ Aut(BΓn)´2Â�¡N+�k2rn���"·��±�

yG3V (BΓn)þ´�K�"dÚn1§��BΓn ´2Â�¡N+þ�Cayleyã"

y3�©�ÄãBΓ2(Fq; p1l1)ÚãBΓ2(Fq; p1+l1)����§©Ù [3]¥�½n%¹BΓ2(Fq; p1l1)´

ëÏ�§e¡íØ��BΓ2(Fq; p1l1)k��Hamilton�"

íØ 1 �Fq´��k��§Ù¥q = pk�p´Û�ê§KãBΓ2(Fq; p1l1)´Hamiltonã§

ãBΓ2(Fq; p1 + l1)k���Ý�2q��"

y²µd½n1��ãBΓ2(Fq; p1l1)ÚBΓ2(Fq; p1 + l1)´2Â�¡N+þ�CayleyãCay(G,S)"

éuãBΓ2(Fq; p1l1)§ÄkãBΓ2(Fq; p1l1)´ëÏ�§dÚn1¥Ïé)¤8〈S〉§��φσ
2, x

2

2
σ1,x ∈

〈S〉du(0) ∼ [x, 0]é?¿x ∈ Fq"-x = 0§u´φ ∈ 〈S〉§σ2,x2 , σ2,−x2 ∈ 〈S〉§·�kσ
2,− x2

2
∈ 〈S〉

Úσ1,x ∈ 〈S〉§x2 + y2 = zk)(x, y)é?¿�z ∈ Fq§u´σ2,z ∈ 〈S〉§��ãBΓ(Fq; p1l1)ëÏ"�

±�yCay(G,S)÷vÚn2�^�§u´ãBΓ2(Fq; p1l1)k��Hamliton�"éuãBΓ2(Fq; p1 +

l1)Ó�Cay(G′, S′)§du(0) ∼ [x, x]§Ùë�8S′)¤�8Ü〈S′〉�〈φσ1,xσ2,x〉§d½n1¥���

5��〈φσ1,xσ2,x〉=〈φ, σ1,xσ2,x〉��´2q§�ãBΓ2(Fq; p1 + l1)k���Ý�2q��"
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