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Abstract

For sparse phase retrieval problems, this paper constructed a class of sparse least

absolute deviation optimization model. First, we used the continuous Capped-L1

regularization function to relax the discontinuous sparsity function. By virtue of

directional derivatives and the directional stationary points, we provided the first-

order optimality condition for the relaxed optimization problem. Furthermore, we

derived the lower bound property of the directional stationary points, based on which

we proved the equivalence between the original problem and the relaxed problem in

the sense of global solutions. Finally, we advised using smoothing methods to solve

the relaxed problem. We proposed a class of smooth function to approximate the

objective function, and established the consistency of the solutions of the smoothing

problem and the relaxed problem. Our result provides a theoretical basis for using

smoothing methods to solve sparse phase retrieval problems.
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1. Úó

1.1. DÕ� u¢

� u¢3X-��¬NÆ [1]!>fw�º [2]!û�¤� [3]!U©Æ [4]�+�kX­�A^.

du1Å���ªÇLp, ¦�>fÿþC�Ã{��P¹1Å�� &E, Ï~�U*ÿ�rÝ

&E, �� &EÏ~��
1Å�ý�õê&E�ä¢^d�, ÏdI�|^*ÿ��rÝ&E

é� ?1¡E, ùÒ´� u¢. äN5`, é�½�*ÿêâ{ai, yi}Ni=1, Ïé÷vyi = |〈ai, x〉|2,

i = 1, · · · , N ��þx. duD(��3, Ï~�ÄXe�gÝþ£8�.:

yi = |〈ai, x〉|2 + εi, i = 1, · · · , N, (1)
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Ù¥εi´�ÅØ��, ÷vE(εi) = 0, E(ε2
i ) = σ2. duý¢�&Òx0äkDÕ5£=x0 ��Ü©

©þ�"¤, �âù�k�&E, <�kF"�â*ÿ��¡EÑý¢&Ò.

éuDÕ� u¢¯K, y��©z(X [5] [6] [7] [8] [9]) �õ´Äu���¦�O�{?1¦

), =æ^Xe���¦��¼ê:

1

N

N∑
i=1

((a>i x)2 − yi)2. (2)

,
, ��3É~*ÿ�½D(ª�u­�©Ù�, ���¦�{¬��É~êâ3�O¥��^,

l
�)��� �. Ïd, ���¦�O�­è5�f. ��
ó, ���¦�OØ¬��Ø�,

äk�Ð�­è5Ú|Z6Uå. u´©z [10] [11] [12]�æ^���¦�O�{?n� u¢¯

K, =æ^Xe���¦��¼ê:

1

N

N∑
i=1

|(a>i x)2 − yi|. (3)

�Ä�D(­�©Ù±9ý¢&Ò�DÕ5, g,/´ÏL¦)XeDÕ`z�.5?nDÕ

� u¢¯K:

min
x∈Rn

1

N

N∑
i=1

|(a>i x)2 − yi|+ λ‖x‖0, (4)

Ù¥, ‖x‖0L«�þx�"©þ��ê, λ > 0´�Kzëê. ,
, T¯K���¼êÚ�K¼êþ

´�à!�1w�, �K¼ê$�´�Lipscthiz!ØëY�, ÏdT¯K�¦)´NPJ�.

Äu‖x‖0�tµ�KzEâ, ·���¯K(4)�tµ�.:

min
x∈Rn

1

N

N∑
i=1

|(a>i x)2 − yi|+R(x), (5)

Ù¥, R(x) : Rn → R´‖x‖0�,�tµ¼ê, ~��tµ¼êkL1, SCAD, MCP, Capped-L1

� [13]. tµ¯K´ëY�, ��,´�à�1w�, éÙ¦)E�©(J.

éu/X¯K(5)��à�1w`z¯K, ïÄö�Ï~ÏLClarkeg�©½Âcritical:�xÙ

�`5^�, X©z [14] [15] [16] [17]. |^¼ê�à�L«, Pang�< [15]JÑ
lifted­½:�

Vg, ¿y²
, éu�x):��`5, lifted­½:`ucritical:. Ahn�< [18]ÏL����

�ê½Â
à�`z¯K���­½:, ïá
T¯K��`5^�. éuà�`z¯K, Cui�

< [19]?Ø
Aa­½:�'X, (JL², ÏL���ê½Â���­½:ruÙ§g�©½Â

�­½:, U�Ð/�)��`5. Ïd, �©}Á^���ê5�xtµ¯K(5)���­½:, ï

áÙ���`5^�.

,��I��Ä�¯K´: �¯Ktµ¯K´Ä�d? éuÄu���¦�{��5£8`z

�., [14]éuL0�KJÑ
�qëYà�tµ, ¿©Û
tµ¯K��©�Û)��d5. [20]©
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Û
MCP, SCAD, Capped-L1 �a.�tµ¯K��L0¯K�Û)��d5±9ÛÜ)��¹'

X. éuL0�K��ÛLipschitz ëY`z¯K, [17]ïÄ
Capped-L1�Ktµ¯K��L0¯K�

Û)!�`���d5ÚÛÜ)��¹'X. [21]é|DÕ`z¯KïÄ
|Capped-L1�Ktµ

¯K��©|DÕ`z¯K�Û)!�`���d5ÚÛÜ)��¹'X. éu·�¤�Ä�Äu

���¦����gÝþ£8`z¯K, §�tµ¯K��L0¯K�'X´N��, I�?1�\

�ïÄ.

É [17] [20] [21]�©�éu, �©�ÄXeCapped-L1tµ¯K:

min
x∈Rn

1

N

N∑
i=1

|(a>i x)2 − yi|+ λ
n∑
i=1

min{1, |xi|/v}. (6)

Ù¥φCapL1(t) = min{1, |t|/v}´Capped-L1tµ¼ê, v > 0´�½ëê.

�©Ì�ó�Xe:

(1) �Ñtµ¯K8I¼ê����ê, ÏL���ê½Â
tµ¯K���­½:, �x¯

K(6)����`5^�, ¿�©Û
T­½:�äN/ª. d	, �©Û
��­½:�e.

5�, ïá
¯K(6) �¯K(4)�)��d5nØ.

(2) du¯K(6) ¥��¼ê��K¼êÑ´�1w�, éuXÛO�¯K(6)���­½:, ·�

ïÆæ^1wz�{. Äké¯K���¼ê?11w%C, ��1w�Cq¯K. ÏLnØ

©Û, ·�ïá
1wzCq¯K�¯K(6))���5. ù�¦^1wz�{¦)¯K(6)J

ø
nØ�yÚ�1��.

1.2. ÎÒ�(�

±eÎÒ0B�©. é?¿t ∈ R, |t|L«t�ýé�. éu��8ÜC, |C| L«8Ü¥����
ê. ÎÒ¼êsgn(t)½Â�:

sgn(t) :=



1, t > 0,

0, t = 0,

−1, t < 0.

-x, y ∈ Rn, xT y =
∑n

i=1 xiyi. ‖x‖1L«�þx�1-�ê, ‖x‖L«�þx�2-�ê, |x| = (|x1|, · · · , |xn|)T .

d	, P�þx�| 8�Γ(x) = {i ∈ {1, · · · , n} : xi 6= 0} = Γ1(x) ∪ Γ2(x) Ù¥, Γ1 = {i : |xi| <
v}, Γ2 = {i : |xi| ≥ v}. ½Â�I8I1(x) := {i ∈ {1, · · · , N : (a>i x)2 − yi 6= 0}, I2(x) := {i ∈
{1, · · · , N} : (a>i x)2 − yi = 0}. Ød�	, Ù§ÎÒ¬3©¥äN`².

�©�(�Xe: 1�Ü©, |^���ê½Â
¯K(6)���­½:, �x
¯K����

`5^�. ·��Ñ
��­½:�äNL�±9e.5�. d	, Äuù
nØ, y²
¯K(4)�

¯K(6) )��d5. 1nÜ©, �ï¯K(6)��a1wz¼ê, ïá
1w%C¯K�¯K(6))

���5, �¦^1wz�{¦)¯K(6)Jø
nØ�y. 1oÜ©, {ü�o(.
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2. �`5^�

2.1. �.(6)���­½:

d [13] [19]��, �'uU?�­½:, C-­½:, OK:
ó, ���ê½Â���­½:U

�Ð��x)��`5. �!, ·�½Â¯K�(6)��­½:, ©ÛÙäN/ª±9e.5�, ¿�

ïá¯K(4)�¯K(6)��d5'X. Äk, ·��Ñ���ê�¯K(6)��­½:�Ä�½Â.

½Â 2.1 �f : Rn → R 3:x ∈ Rn ?ÛÜLipschitzëY�����. K¼êf3:x?÷�

�w ∈ Rn ����ê½Â�

f ′(x;w) := lim
τ↓0

f(x+ τw)− f(x)

τ
.

½Â 2.2 ¡x̂ ∈ Rn´�.(6)���­½:, e

F ′(x̂;x− x̂) + Φ′(x̂;x− x̂) ≥ 0, ∀x ∈ Rn.

Peng�< [13]y²
��­½:äkXeÛÜ�`5�.

½n 2.1 [13] -¼êf : Rn → R3:x̂ ∈ Rn?´ÛÜLipschitzëY������, kXeü^5

�¤á:

(i)ex̂´¼êf�ÛÜ���, @ox̂´¼êf���­½:;

(ii)x̂´î�ÛÜ���¿÷v��O�5^�, =�3x̂�+�WÚδ > 0, ¦�

f(x) ≥ f(x̂) + δ ‖ x− x̂ ‖,∀x ∈ W, (7)

��=�x̂÷v

f ′(x̂;x− x̂) > 0,∀x ∈ Rn \ {x̂}. (8)

e¡, ·�ïÄ¯K(6)���­½:�äNL�.

½n 2.2 ex̂ ∈ Rn´�.(6)���­½:, K

2

N

{∑
i∈I1

sgn((a>i x̂)2 − yi) · a>i x̂a>i (x− x̂) +
∑
i∈I2

|a>i x̂a>i (x− x̂)|
}

+
n∑
i=1

φ′(x̂i;xi − x̂i) ≥ 0,
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Ù¥I1, I2½Â�§1.2, �

φ′(x̂i;xi − x̂i) =



λ|xi|
v

x̂i = 0,

sgn(x̂i)λ(xi−x̂i)
v

|x̂i| ∈ (0, v),

max{0, sgn(x̂i)λ(xi−x̂i)
v

} |x̂i| = v,

0 otherwise.

(9)

y². d���ê�½Â, ¼êΦ3:x̂?����ê�

Φ′(x̂;x− x̂) =
n∑
i=1

φ′(x̂i;xi − x̂i), (10)

Ù¥φ′(x̂i;xi − x̂i)½ÂX(9)¤«. �'�e, ��¼êF3:x̂ ?����ê�O���E,. 8

ÜI1, I2�½Â�ÎÒ`². d���ê�½Â,

F ′(x̂;x− x̂) =
1

N
· lim
t↓0

∑N
i=1{|(a>i (x̂+ t(x− x̂)))2 − yi| − |(a>i x̂)2 − yi|}

t

=
1

N
· lim
t↓0

∑N
i=1{|(a>i x̂)2 + t2(a>i (x− x̂))2 + 2ta>i x̂a

>
i (x− x̂)− yi| − |(a>i x̂)2 − yi|}

t

�i ∈ I1�, (a>i x̂)2 6= yi,

f ′i(x̂;x− x̂) = lim
t↓0

sgn((a>i x̂)2 − yi) · {t2(a>i (x− x̂))2 + 2ta>i x̂a
>
i (x− x̂)}

t

= 2sgn((a>i x̂)2 − yi) · a>i x̂a>i (x− x̂). (11)

�i ∈ I2�, (a>i x̂)2 = yi, u´

f ′i(x̂;x− x̂) = lim
t↓0

|t2(a>i (x− x̂))2 + 2ta>i x̂a
>
i (x− x̂)|

t

= 2|a>i x̂a>i (x− x̂)|. (12)

u´, d(11)(12)��, ��¼êF 3:x̂?����ê

F ′(x̂;x− x̂) =
2

N

{∑
i∈I1

sgn((a>i x̂)2 − yi) · a>i x̂a>i (x− x̂) +
∑
i∈I2

|a>i x̂a>i (x− x̂)|
}
. (13)

(Ü(10)�(13), T(Ø¤á. �

DOI: 10.12677/aam.2021.1011409 3855 A^êÆ?Ð

https://doi.org/10.12677/aam.2021.1011409


4¡Z§$½7

2.2. ��­½:�e.5��)��d5

e¡©Û�.(6)��­½:�e.5�. -L : Rn → R½Â�

L(x) :=

∥∥∥∥∥
N∑
i=1

|a>i xai|

∥∥∥∥∥
1

.

5¿�, �v → 0�, φ′−(v) := limt↑v φ
′(t) > 0 → ∞. u´�3x∗ ±9¿©��v¦�F (x∗) > Υ >

c, φ′−(v) > (2/N)L(x∗)¤á, Ù¥c > 0´,�~ê. À�ëêΥ, v, λ±9x∗÷v:

F (x∗) > Υ, φ′−(v) >
2

N
L(x∗).

½n 2.3 �x̂ ∈ Rn´�.(6)���­½:, �

F (x̂) ≤ Υ, φ′−(v) >
2

N
L(x∗),

Ké?¿i = 1, · · · , n,
|x̂i| ≥ v½ |x̂i| = 0.

y². �I�y²8ÜΓ1 = ∅. b�Γ1 6= ∅. Ï�x̂ ∈ Rn´�.(6)���­½:,

F ′(x̂;x− x̂) + Φ′(x̂;x− x̂) ≥ 0, ∀x ∈ Rn.

dx�?¿5, �éx?1D�, -xj = x̂j , j ∈ Γ2, �xj 6= x̂j , j ∈ Γ1. u´,

F ′(x̂;x− x̂) +
∑
j∈Γ1

φ′(x̂j ;xj − x̂j) ≥ 0. (14)

,	, éu¤½Â�x, d(13)��,

F ′(x̂;x− x̂) =
2

N

{∑
j∈Γ1

[∑
i∈I1

sgn((a>i x̂)2 − yi) · a>i x̂ai
]
j

(xj − x̂j) +
∑
j∈Γ1

[∑
i∈I2

|a>i x̂ai|
]
j

|xj − x̂j |
}
.

5¿�,

∑
j∈Γ1

[∑
i∈I1

sgn((a>i x̂)2 − yi) · a>i x̂ai
]
j

(xj − x̂j) ≤
∑
j∈Γ1

[∑
i∈I1

|a>i x̂ai|
]
j

|xj − x̂j |.

u´,

F ′(x̂;x− x̂) ≤ 2

N

{∑
j∈Γ1

[∑
i∈I1

|a>i x̂ai|
]
j

|xj − x̂j |+
∑
j∈Γ1

[∑
i∈I2

|a>i x̂ai|
]
j

|xj − x̂j |
}

=
2

N

{∑
j∈Γ1

[ N∑
i=1

|a>i x̂ai|
]
j

|xj − x̂j |
}
. (15)
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-xj = x̂j − εx̂j , ε > 0, j ∈ Γ1. (Ü(14) �(15), �

∑
j∈Γ1

φ′(x̂j)|x̂j | ≤
2

N

{∑
j∈Γ1

[ N∑
i=1

|a>i x̂ai|
]
j

|x̂j |
}

≤ 2

N
L(x∗)

∑
j∈Γ1

|x̂j |.

dué?¿j ∈ Γ1, φ′(x̂j) = λ/v. u´, λ/v ≤ (2/N)L(x∗), �®�^�λ/v > (2/N)L(x∗) gñ. T

(Ø¤á. �

e¡, ·�?Ø¯K(4)�¯K(6))�'X.

½n 2.4 �λ/v ≥ (2/N)L(x∗),

(i) ex̂ ∈ Rn ´¯K(6)��Û�`), �÷vF (x̂) ≤ Υ, Kx̂´¯K(4) ��Û�`).

(ii) ex̂ ∈ Rn ´¯K(4)��Û�`), �¯K(6)��Û)x′�3¿÷vF (x′) ≤ Υ, Kx̂´¯

K(6)��Û�`).

y². (i) �x̂ ∈ Rn´¯K(6)��Û�`), Kx̂ ∈ Rn´¯K(6) ���­½:. dF (x̂) ≤ Υ

9e.½n2.3, �Φ(x̂) = λ‖x̂‖0. u´

F (x̂) + λ‖x̂‖0 = F (x̂) + Φ(x̂) < F (x) + Φ(x) ≤ F (x) + λ‖x‖0.

Ïd, x̂´¯K(4)��Û�`).

(ii) �x̂ ∈ Rn´¯K(4)��Û�`), �x̂ ∈ RnØ´¯K(6)��Û�`). �x′ ´¯K(6) �

�Û�`), KF (x′) ≤ Υ. d½n®�^�9e.½n2.3, �Φ(x′) = λ‖x′‖0. u´

F (x′) + λ‖x′‖0 = F (x′) + Φ(x′) < F (x̂) + Φ(x̂) ≤ F (x̂) + λ‖x̂‖0.

ù�x̂ ∈ Rn´¯K(4)��Û�`)gñ. Ïdx̂´¯K(6)��Û�`). �

5¿�, ¯K(6)��Û)x′´�½�3�, ù´Ï�UC�Û)©þ�ÎÒ, Ø¬UC¯

K(6)8I¼ê���, ù´d� u¢¯K���5�û½�.

3. 1wz�{

¯K(6)´��à!�1w`z¯K, ��¦)´(J�. �!·��ï¯K(6)��a1w¼

ê. ¿y²
1w¯K���­½:�?¿à:´�¯K���­½:. ù
nØ�¯K(6)�¦)

Jø
nØ�y.

£� [22], ýé�¼ê|t|, t ∈ R��a1w¼ê�±½Â�

θ̃(t, µ) :=

|t| if |t| ≥ µ,
t2

2µ
+ µ

2
if |t| < µ.
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Ù¥µ > 0´1wëê. dd·���¯K(6)¥��¼ê�1w¼ê

F̃ (x, µ) :=
1

N

N∑
i=1

f̃i(x, µ), (16)

Ù¥, f̃i(x, µ) = θ̃((aTi x)2 − yi, µ). P{1, · · · , N} = Cµ1 (x)∪ Cµ2 (x)∪ Cµ3 (x), Ù¥Cµ1 (x) = {1, · · · , N :

|(aTi x)2 − yi| < µ}, Cµ2 (x) = {1, · · · , N : |(aTi x)2 − yi| > µ}, Cµ3 (x) = {1, · · · , N : |(aTi x)2 − yi| = µ}.

e¡, ·�©Û1w¼êF̃ (x, µ)��
5�.

Ún 3.1 éu¼ê(16), eã(Ø¤á:

(1) limz→x,µ↓0 F̃ (z, µ) = F (x).

(2) ('ux�LipschitzëY5)�3��~êL > 0¦�é?¿µ ∈ (0, µ],¦�∇F̃ (x, µ)´Lipschitz

ëY�, �Lipschitz ~ê´Lµ−1.

(3) ('uµ�LipschitzëY5) |F̃ (x, µ1)− F̃ (x, µ2)| ≤ |µ1 − µ2|.

(4) (��5�f��5) ?¿i ∈ I1(x), klimz→x,µ↓0〈∇f̃i(z, µ), w〉 = f ′i(x;w), ∀ w ∈ Rn¤á; ?

¿i ∈ I2(x), klim supz→0,µ↓0〈∇f̃i(z, µ), w〉 = f ′i(x;w), ∀ w ∈ Rn ¤á.

y². (1) dCµ1 (x), Cµ2 (x), Cµ3 (x)�½Â�,

|F̃ (z, µ)− F (x)| =

N∑
i=1

[
f̃i(z, µ)− fi(x, µ)

]

=

N∑
i=1

[
f̃i(z, µ)− f̃i(x, µ) + f̃i(x, µ)− fi(x, µ)

]

=
N∑
i=1

[
f̃i(z, µ)− f̃i(x, µ))

]
+

∑
i∈Cµ1 (x)

[
f̃i(x, µ)− fi(x, µ)

]
= Π1 + Π2.

d¼êf̃�ëY5��

lim
z→x,µ↓0

Π1 = 0. (17)

éuΠ2, N´�

∑
i∈Cµ1 (x)

[
f̃i(x, µ)− fi(x, µ)

]
≤ |Cµ1 (x)|µ

2
→ 0, (µ→ 0). (18)

(Ü(17)�(18), u´(Ø(1)¤á.

(2) d1w¼ê½Â�, ∇F̃ (x, µ) = 1
N

∑N
i=1∇f̃i(x, µ).
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�i ∈ Cµ1 (x) �,

∇f̃i(x, µ) = 2

(
(aTi x)2 − yi

µ

)
aia

T
i x, (19)

�i ∈ Cµ2 (x) ∪ Cµ3 (x)�,

∇f̃i(x, µ) = 2sgn((aTi x)2 − yi)aiaTi x. (20)

d©z [23]�¥�½n2.3.7�, é?¿x, z ∈ Rn,

∇F̃ (x, µ)−∇F̃ (z, µ) ∈ (∂(∇F̃ (u, µ)))T (x− z), (21)

Ù¥u´�ã[z, x]þ�,�:, ∂(∇F̃ (u, µ))L«�þ¼ê∇F̃ (·, µ)3:u?�Clarkeg�©. �i ∈
Cµ1 (u)�, ∂(∇f̃i(u, µ)) = ∇2f̃i(u, µ) = [2(aTi u)2

µ
+2]aia

T
i . �i ∈ Cµ2 (u)�, ∂(∇f̃i(u, µ)) = ∇2f̃i(u, µ) =

2sgn((aTi x)2 − yi)aiaTi . �i ∈ Cµ3 (u)�, dClarkeg�©½Â��,

∂(∇f̃i(u, µ)) = con{2sgn((aTi x)2 − yi), [
2(aTi u)2

µ
+ 2]}aiaTi .

¯¢þ, é?¿a ∈ con{2sgn((aTi x)2 − yi), [2(aTi u)2µ−1 + 2]}, a ≤ 2yiµ
−1 + 4 ≤ (2yi + µ)µ−1. u´

�

∂(∇F̃ (u, µ))) ⊆ 1

N

{ ∑
i∈Cµ1 (u)∪Cµ1 (u)

∇2f̃i(u, µ) +
∑

i∈Cµ3 (u)

∂(∇f̃i(u, µ))

}
. (22)

(Ü(21), (22) ��, �3V ∈ ∂(∇F̃ (u, µ))¦�eã'X¤á:

∇F̃ (x, µ)−∇F̃ (z, µ) = V T (x− z) ≤ (2y + µ)µ−1λmax(

N∑
i=1

aia
T
i )‖x− z‖,

Ù¥y = max{yi, i = 1, · · · , N}. 5¿�, (2y + µ)µ−1λmax(
∑N

i=1 aia
T
i ) ´�~ê, ��CþxÃ',

u´(Ø(2)¤á.

(3) Ø���5, b�µ2 ≥ µ1 > 0. é?¿i ∈ Cµ2

2 (x) ∪ Cµ2

3 (x),

θ̃((aTi x)2 − yi, µ1) = θ̃((aTi x)2 − yi, µ2) = |(aTi x)2 − yi|.

Ïd,

f̃i(x, µ1)− f̃i(x, µ2) = 0, i ∈ Cµ2

2 (x) ∪ Cµ2

3 (x). (23)

é?¿i ∈ Cµ1

2 (x) ∪ Cµ1

3 (x) ∩ Cµ2

1 (x),

θ̃((aTi x)2 − yi, µ2) > θ̃((aTi x)2 − yi, µ1) = |(aTi x)2 − yi|. (24)
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d�, ((aTi x)2 − yi)2/2µ2 ≤ µ2
2/2µ2 = µ2/2, �|(aTi x)2 − yi| ≥ µ1, u´d1w¼ê½Â9(24)�

θ̃((aTi x)2 − yi, µ2)− θ̃((aTi x)2 − yi, µ1) =
((aTi x)2 − yi)2

2µ2

+
µ2

2
− |(aTi x)2 − yi| ≤ µ2 − µ1.

Ïd,

f̃i(x, µ2)− f̃i(x, µ1) ≤ µ2 − µ1, i ∈ Cµ1

2 (x) ∪ Cµ1

3 (x) ∩ Cµ2

1 (x). (25)

é?¿i ∈ Cµ1

1 (x), (aTi x)2 − yi < µ1 ≤ µ2,

θ̃((aTi x)2 − yi, µ1) =
((aTi x)2 − yi)2

2µ1

+
µ1

2
, θ̃((aTi x)2 − yi, µ2) =

((aTi x)2 − yi)2

2µ2

+
µ2

2
.

u´,

θ̃((aTi x)2 − yi, µ2)− θ̃((aTi x)2 − yi, µ1) = (
1

2µ2

− 1

2µ1

)((aTi x)2 − yi)2 +
µ2 − µ1

2

≤ (
1

2µ2

− 1

2µ1

)µ2
1 +

µ2 − µ1

2
≤ µ2

2

2µ2

− µ2
1

2µ1

+
µ2 − µ1

2
= µ2 − µ1.

Ïd,

f̃i(x, µ2)− f̃i(x, µ1) ≤ µ2 − µ1, i ∈ Cµ1

1 (x). (26)

,��¡, (Cµ2

2 (x)∪Cµ2

3 (x))∪ (Cµ1

2 (x)∪Cµ1

3 (x)∩Cµ2

1 (x))∪Cµ1

1 (x) = {1, · · · , N}, (Ü(23), (25),

(26)��

F̃ (x, µ2)− F̃ (x, µ1) ≤ 1

N
N(µ2 − µ1) = µ2 − µ1.

(Ø(3)¤á.

(4) é?¿i ∈ I1(x), =|(aTi x)2 − yi| 6= 0. �3µ > 0¦�|(aTi x)2 − yi| > µ. d�, i ∈ Cµ2 (x).

kf̃i = fi¤á, �§�3:zk ?��. u´�limµ↓0〈∇f̃i(x, µ), w〉 = 〈∇fi(x, µ), w〉 = f ′i(x;w). d

	, d∇f̃i�ëY5��, �z → x�, ∇f̃i(z, µ)→ ∇f̃i(x, µ). (Üþã'X�,

lim
z→x,µ↓0

〈∇f̃(z, µ), w〉 = lim
z→x,µ↓0

(
〈∇f̃(z, µ), w〉 − 〈∇f̃(x, µ), w〉

)
+ lim
z→x,µ↓0

〈∇f̃(x, µ), w〉

= 0 + lim
µ↓0
〈∇f̃(x, µ), w〉 = f ′i(x;w).

u´(4)¥�1�^(Ø¤á.

é?¿i ∈ I2(x), =|(aTi x)2 − yi| = 0. é?¿µ > 0þk|(aTi x)2 − yi| < µ. -{zk}´Âñ�x�
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?¿:�. e|(aTi zk)2 − yi| < µ, =i ∈ Cµ1 , (Üªf(19), K

lim sup
z → x, µ ↓ 0,

|(aTi z)
2 − yi| < µ

〈∇f̃(z, µ), w〉 = lim sup
z → x, µ ↓ 0,

|(aTi z)
2 − yi| < µ

2(
(aTi z)

2 − yi
µ

)aTi za
T
i w = 2|aTi zaTi w| = f ′i(x;w),

Ù¥1���ª¤á´Ï��k¿©��,�3÷v|(aTi zk)2−yi| < µ, |(aTi zk)2−yi| → µ�(aTi z)
2−

yi �a
T
i za

T
i wÓÒ�:�{zk}. e|(aTi zk)2 − yi| ≥ µ, Ki ∈ Cµ2 . d�f̃i = fi, �§�3:zk?��.

(Üªf(20), u´

lim sup
z → x, µ ↓ 0,

|(aTi z)
2 − yi| ≥ µ

〈∇f̃(z, µ), w〉 = lim sup
z → x, µ ↓ 0,

|(aTi z)
2 − yi| ≥ µ

2sgn((aTi z)
2 − yi)aTi zaTi w = 2|aTi zaTi w| = f ′i(x;w),

Ù¥1���ª¤á´Ï��k¿©��, �3÷v|(aTi zk)2 − yi| ≥ µ, �(aTi z)
2 − yi�aTi zaTi w Ó

Ò�:�{zk}. nþ¤ã(4)¥�1�^(Ø¤á. (Ø�y. �

(Üþã1wzEâ, ·�������¼êëY���`z¯K:

min
x∈Rn

F̃ (x, µ) + Φ(x). (27)

ex̂µ´þã¯K���­½:, K

〈∇F̃ (x̂µ), x− x̂µ〉+ Φ′(x̂µ;x− x̂µ) ≥ 0, ∀x ∈ Rn,

=

F̃ ′(x̂µ, x− x̂µ) + Φ′(x̂µ;x− x̂µ) ≥ 0, ∀x ∈ Rn.

e¡, ·�òïÄ:�{x̂µk} �à:�5�, Ù¥{x̂µk}���­½:�, µk > 0, k = 1, 2, · · · , �
�k →∞�, µk → 0.

½n 3.1 ({x̂µk} à:���5) -x̂µk´µ = µk�¯K(27)���­½:. eµk > 0, k = 1, 2, · · · ,
��k →∞�, µk → 0. K:�{x̂µk}�?¿à:�¯K(6)���­½:.

y². -x̂�:�{x̂µk} �à:. Ø���5, ·�b�{x̂µk}Âñ�x̂. Ï�x̂µk´µ = µk �¯

K(27)���­½:, Ïd

〈∇F̃ (x̂µk), x− x̂µk〉+ Φ′(x̂µk ;x− x̂µk) ≥ 0, ∀x ∈ Rn.

dÚn3.1¥�(4)��, ei ∈ I1(x̂), K

lim
k→∞
〈∇f̃(x̂µk , µk), w〉 = f ′(x̂;x− x̂).

ei ∈ I2(x̂), K

lim sup
k→∞

〈∇f̃(x̂µk , µk), w〉 = f ′(x̂;x− x̂).
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Ïd, éu?¿x ∈ Rn,

0 ≤ lim
k→∞
〈∇F̃ (x̂µk), x− x̂µ〉+ Φ′(x̂µk ;x− x̂µk)

= lim
k→∞

∑
i∈I1(x̂)

[
〈∇f̃(x̂µk), x− x̂µ〉+

∑
i∈I2(x̂)

〈∇f̃(x̂µk), x− x̂µ〉
]

+ Φ′(x̂;x− x̂)

≤
∑

i∈I1(x̂)

lim
k→∞
〈∇f̃(x̂µk), x− x̂µ〉+

∑
i∈I2(x̂)

lim sup
k→∞

〈∇f̃(x̂µk), x− x̂µ〉+ Φ′(x̂;x− x̂)

=
N∑
i=1

f ′i(x̂, x− x̂) + Φ′(x̂;x− x̂).

u´x̂�¯K(6)���­½:, (Ø�y. �

þã½nØ=ïá
¯K(6)�1w¯K(27)­½:�m�éX, Ó���¦^1wz�{¦)

T¯KJø
nØ�y.

4. o(

�©éDÕ� u¢¯K?1`zï�Ú©Û. Äu�.­è5�Ä, ·�JÑ
DÕ���

¦`z�.. éuØëY�DÕ�K¼ê, æ^tµ�{, ��
DÕ� u¢¯K�Capped-L1�

K����¦`z�.. |^��­½:, �x
�à�1wtµ¯K����`5^�, ©Û
�

�­½:�e.5�, ±d�Ñ
tµ¯K��©¯K�Û)��d5. ��, ïÆæ^1wz�{

¦)�1w�tµ¯K, AO/, ·�ïá
1w¯K�tµ�K¯K)���5, �¦^1wz�

{¦)T¯KJø
nØ�y.

Ä7�8

I[g,�ÆÄ7�8(11861020)!B²�p�g3Æ<âM#M�J`]Ï­:�

8([2018]03)!B²��EOy�8(ZK[2021]009)) ÚB²��c�E<â¤��8([2018]121).
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