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Abstract

In this paper, we study the convergence problem of distributionally robust stochastic quadratic
programming under the data-driven Wasserstein ambiguity sets. First, we establish the point-by-point
Lipschitz property of the objective function. Then, when the sample size tends to infinity, using the
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law of large numbers, the Helly-Bray theorem derives the expectation of the distributionally ob-
jective function converges to the objective function. Finally, we establish that the distributionally
robust stochastic quadratic programming converges to the general stochastic quadratic pro-
gramming problem.

Keywords

Stochastic Quadratic Programming, Distributionally Robust Optimization, Wasserstein Metric,
Helly-Bray Theorem

Copyright © 2022 by author(s) and Hans Publishers Inc.
This work is licensed under the Creative Commons Attribution International License (CC BY 4.0).
http://creativecommons.org/licenses/by/4.0/

1. 5|15

oA R AR AW IO A B AL K] i 9 B L T 2 —, DRI O T B AL R i sl o i 45280 7
JHZ RVEFIRANBIEFT . 2000 4F 5% g SCAE [ LR BEATL IR PR g 3 g A WSSO 14, TR 1 4 BEALF Z14K
Sy ARSI, BEATLRR vl ) ATART 5 DR B DA U SO i 1l R ) B LA, X g ] 82 0@ 0 ARV SR SR A
BEALHLR] [ A A T BEE 3Rl . 2012 FEEE KSR K = BH[2]48 5% T BEN U RIIE T 1) BB A A 4R 1 1 Ui
SHUIE 5 B 5T 2 5 B (L1 Kolmogorov & & . Wasserstein J& & . Fortet-Mourier & 58) (U8 [3] [4] [5]-

FIRBENLRR 1) € B e P FU SIS, 2032 IR T E 4 2 B 0L brn . JG I T X Bl AL AR 2 1)
MEZE S A SR AN I R T o O 1 S M 200 1 52 B 1] 7, Ben-Tal [6]A1 Ghaoui [7]4E & AL 7 Ml il
T BT AR SR RE ALK 5 AL O AL B R s e 00 1 B ATL 1) R, (A i 3 75 S R T T AL o P R
ROMAEE, Ja# B RN, B530#E T ORF8]. A MmN EHEMIITANN T 28 Z0H, e
MBENUICAG B S FR AL I SE, & AT SRS B AN LA e & b (R BE B AR B AR 40 A, T HE 5 T 3K i
RPASEZE AR S B LS A 2 #P-HE IS DL R, 40 AT s R o) 2 TSR A o 0 Al SN B R BE N LR AL 7 5
B R BRI ER BRAIE o IAE 2R ARSI AR (A W R =Fh: © FE TS RIS @ &
W3R F & (40 Prohorov metric. K-L divergence. Wasserstein metric £5); @ & =i 82 A9 &1
R0 (1) B A5 1k

KT Wasserstein & i T FINCSUE R0 7 TAEBCAFATT. 2013 4F Nicolas Fournier [9]1% N 45 H T kT
2255 P £ 1) Wasserstein R 55 IR SR 28, 31X 9 Ji5 82 (1 73 A 2B AR BEN LR AL S S 73 i 2958 1T 544l 2014
4 Zhao Chaoyue 7E H: 1818 [10]91 45 H T Wasserstein & FREAE N 5 H K& OB L1256 R 10 &
Zi VL4 . Peyman Mohajerin Esfahani A1 Daniel Kuhn [11]7E © & TAERI 3R Z b, 53] 1 H REEALRIE (S
PBRAEATEOL T 45 th 2 A B pE BEALAR AL I R BAE FY), Wil — B0 A o A s st

RLEET FIRTAE, BEUHEABIEEGT LI, Wasserstein &7 1704 20E B REHL — XK
olligsyg e

2. IREINEE
21 BR5FS
Y SR LR

DOI: 10.12677/aam.2022.111028 225 W FH HeEt e


https://doi.org/10.12677/aam.2022.111028
http://creativecommons.org/licenses/by/4.0/

KA, HA%E %

minsup [_ f (x,&)Pdé& (1)
xeX pep =
Horp, x ARFTE, xeX, XcR"NANRE, HURRE f:R"xR™ — R NN ZIRE %L, B

it
f(x.8) = XQE)X+LT ()x+(¢).

Q(E) s L(E)s (&) MAMNHT Efiiata%t. K Q(&)=2" A& +A » i=12,-,m AEXFRHFEH
Ay S TEEHIFE: L(E)=BE+B,, BeR™ NSLHiFE, B e R™ MK h(£)=CTé+c, CeR™
NERIE, ¢ NEH. e R NBENLIME, M F P, D AME P EBHIL, =2 P RISC#E.
2.2. BEURIREIM SN EEREN R HRIER

TEVEZ SEhrig R, 04 PR, RUICIE B R AR 0 (L), SR 1 AT LAE I ST (4 7 SE R A
PEOLIEI AT P4 S2Bl. A 2, ::{E}KN C E RN FEARMEHESE, AT a1 R
MR 25 R (0 K-L 8% . Prokhorov & . Wasserstein J& &25) Ktk (BRI 4E D, , fHZE DB EE
FEALE A2 40 A P HHT Wasserstein fE & B A R 0P [9] [10] [11], #A ORI Wasserstein #0525
KA AL o

XTAER pello), p-Z Wasserstein FEEW, : M (2)xM () > R, & UN: XFTA KA
Q.Q, eM(E),

W, (QuQ,)=(inf [L.J& - & 11(dg,05,))°,

Hih, M (Z) RR GRS FIOBERIE R, Q RMAE & MBEAE, Q RMNLIAR & MR,
T2 QA Q, A MR A, ||| Fm R h AR RL

o p=1it, BEUERIENSROERRARTRA|E - & R
W, (Q,Q,)=inf [.]& ~& T1(d&,dE,) - BrpE i/ 4 i) Kantorovich [

HR4 Wasserstein Jift () RS PE T, ACSCORAA 1% Wasserstein B HIE BB, B

By ={PeM(2):W,(P.R)<4},

Serf, By FREEACE A N I 10 AR 2560

KT, B REN 1 A0 2 MR — YO B

min sup LEXTQ@)X+ LT(‘f)x+h(§)} Pd& . (2)

xeX pepy =

3. Wrsd o

R T A BN EHE IS 1 43 A sREARREAL ORI S S A, BRATTSEZA W R4S e
BIHE 1114 2 N EER, FE—NMEa>1, YN21, m=#2, e>0HU N :

A= oxp(J¢]) | = Lexp(lél")P(dg) <=

o e o 7L e
SN clexp(—czNga) tre>1,

DOI: 10.12677/aam.2022.111028 226 IR Esid


https://doi.org/10.12677/aam.2022.111028

AR, Hifig &

He, ¢, ¢, 2T a, A, mFIEL.

W LR EPRAER, A EEEKT LT, FEAE N 5 Kantorovich J & #) i BB 4 1)
Wasserstein Bk[1]}-1% ¢ H 41 F K AR

{'O }max {m,2} %N g |Og(C1,Bfl)’
C;
ey (B)= )
[Io ]a . log(c,™)
#N < . .

5|2 2 (Helly-Bray ZH)ZBINLEE g:R™ - R NAE FHELSERE, W & R AIET & 2 HAY
E[g(&)]>E[9(2)]-

N TN AR B REAL O DR S S5 R, 1 S REBE L R eR L (X, &) BT

’ _f ’
R L TR X< X L EHLE D BHLAEEE g FLE 2 L i;_n"(”)'ﬂ(x)o

W, AT VEneS Hé#n,

)= () = HQUEHL (£)h(E)~| Q)L (r) b
5Q(6) =21 AS + A L(£)=BE+B,, N(&)=CTé+ciAM:

(&)= T (1) =207 (LT AG + A Jx—xT (S0, Am + A )+ (B2-+8,)x— (B + B, x+ CTE~CTy
(T AG A )X) =% (7 A+ A} (BEX) - (B x)+CT (6 1)
(0[S A G =m))x)+(B(e-n)x)+CT ()

(A XTAX), (£-m))+(E -7 BTX)+CT (6 )
H=[x"Ax X"AX], HAm4epikt. 1
f(x,g)—f(x,n)=[%H+BTx+CTJ(§—77).

FreA,

1
~ [H +BTX+CT)(§—77)‘
|f(x,§) f(x,n)| =‘ 2 s“lHJrBTx+CT =K(X).
=7l ¢ =7l 2
EH 2 W THANMENEGEKT BRRExe X « FEENEENEMET, BEEHFEAEN >ofif, f
B4 e >0, lim sup B[ f(x,&)|=EP[ f(x,&)] ML,
N%wQef)N

WERE R BB L s, RESREIUN >olf, 650,
HRHE ([11], Theorem 4.2)iE B FE AR 41 R 4518

p €L ()] inf 2o T e[ £ (0)- - @

DOI: 10.12677/aam.2022.111028 227 IR Esid


https://doi.org/10.12677/aam.2022.111028

KA, HA%E %

HFBEH N - oo, FEREUEH FEW B, FUSLT 04 Po X f (x,&) KT BENIAE R £ 5L, N
f(x,&)EE LAF, PG 2, RATEWTRAR:

fm sup €9 (1,52 fim €% [ 1 (1.£)] = €°[  (x )]

HRAE@)R, B FRAFE] lim inf lg+izile§uE[f (x,§)—/1”§—§im£ EP[ f(x&)] marapmr,

-0 120 N
BT
fiminf {20+ S se 1 1.6) -2l 4[]
<inf tmsup | 2o+ 3 e[ £ (x.8)-2]e -4

BRI IR 5 HIE B (4) RS RIT]

Eggliwjgp{lg+%2ﬂligg[f (x,g)—l”g—é“}}g EF[f(x¢)]. 4)
WRIEEH 151, fAE—NFHL>0, /ST EEMXxeX, A
[f(x&)|<L, VéeE. ®)
HTERNESE, 4B NERERE, WE
0<|é-7|<B, V& zeE. (6)

XTAERA20, FHEG)MEG)T15:
—L-AB<sup[ f(x,&)-A)é-7]]<L, VzeE.
£eE

BRI A] 1 — 245 3(7) -
Iimsup{ﬂg+%2ﬂls§gg[ f (x,cf)—/iug—éi‘H}

N —ow

- Iir:leilp{/15+ ER S;Lejg[f (x,g)—z“g—ém}

= lim 2+ E7 sup[ f (x.6)-2[¢ ~7[]

=EP s;ug[f (X,cf)—ﬁ"éE_Z"J

U]

LT 401 2% 5 B R A I B R A R T 6 55 (L 250 L BB R BT 5K R i
BEAERE xe X, (B)RM L HIE .
inf E7 sup[ f (x.¢&)-4l¢~2|]<E"[f (x2)]. ®

BT inf E7 sup[ f(x,&) = 4[| —z|[] < limsup E” sup[ f (x,&)— A[|& —z|]] « ISk E— B AUEW T Az B
2 feE At feE

7
limsup EPsuP[f (x.&)-2|e-7|]]<E"[ f(x2)]. (9)

A=+ I

PR, Q)RR & (2)=2. BEE (2)=122, HIEwE 1N

DOI: 10.12677/aam.2022.111028 228 IR Esid


https://doi.org/10.12677/aam.2022.111028

KRR, HHE &

[F(x2)=2lz=7[]-[ f(x2)-2]z-7[]

= f(x2)-f(x2)+A]z-7|>(2-K(x))|z-2]|>0
5¢&(2)=i=#20)E, KA.
Iimsip Epigg[f (x.&)-A|lE-7|] = Ii/?ligp EP[f(x2)]=E"[f(x2)].

PN
S R
N”LTLEQE{M+%ZL§‘§§[‘° (x,g)—l”g-ém}z Ep[f (x,g)} ,
Aiﬂiﬂg{zﬁ%if_lﬂg[f (x,é)—ﬂ”f—ém}g E° [ f(x&)].
e H 2 f3HIE.

T2 H 2 (OS5I TARRR A E M x e X HEMROL. IR, K (x) 23T x [ =k B A8 ek A0 T 4
i X BN, iR ARG IR, Wi, FERDSEEK >0, #13 K(x)<K, MIfi
AT T E B

EH 3 WNTEMNMEMBEKT fREFERKExeX - (EXHENEEMFMET, HATEH
lim mianuﬁp EC[f(x&)]= min E° [ £ (&) mar, BIapAn st a R BAL — SRS T8 IR — o

N—w xeX
.
4. gEig

SO 4E F R 70413 (¥ Kantorovich JEE5 A U, AR SO Kl 3K 1 73 A1 208 4 — Sl Ao S 1]
FHEAT THTTC. (ERESL T AARBRECR T REHIACE 232 a3 Lipschitz JESEVEEEAE |, kAR N BT LS
I, A EN T HIAEOLT BREAL — O] [ 2 m WSS T8 B — R el A T, AR R SRR
BARGNEAEN, AT 20 A UG R BE AL ORI e A ST I H A B — O e . XSS5 A
SR TR, BN — DU SRR SEEASUE T B AL

E&WE

A5 5Z E K B SRR FHE 4 11501434 %8,

SE 0k
[1]1 &g, Sk, FEHLRE TR SE]. WL K2R G2, 2000, 27(5): 493-497.
[21 k5w, XI=PFH. FEAURRIETD A 8 A R T USRIt (3], 2=t B, 2012, 41(6): 747-754.

[3] R&6misch, W. and Schultz, R. (1991) Stability Analysis for Stochastic Programs. Annals of Operations Research, 30,
241-266. https://doi.org/10.1007/BF02204819

[4] Klatte, D. (1994) On Quantitative Stability for Non-Isolated Minima. Control and Cybernetics, 23, 183-200.

[5] Schultz, R. (2000) Some Aspects of Stability in Stochastic Programming. Annals of Operations Research, 100, 55-84.
https://doi.org/10.1023/A:1019258932012

[6] Ben-Tal, A. and Nemirovski, A. (1998) Robust Convex Optimization. Mathematics of Operations Research, 23,
769-805. https://doi.org/10.1287/moor.23.4.769

[7] EIGhaoui, L. and Lebret, H. (1997) Robust Solutions to Least-Squares Problems with Uncertain Data. SIAM Journal
on Matrix Analysis and Applications, 18, 1035-1064. https://doi.org/10.1137/S0895479896298130

[8] Zhao, C.Y. and Guan, Y.P. (2018) Data-Driven Risk-Averse Stochastic Optimization with Wasserstein Metric. Opera-

DOI: 10.12677/aam.2022.111028 229 IR Esid


https://doi.org/10.12677/aam.2022.111028
https://doi.org/10.1007/BF02204819
https://doi.org/10.1023/A:1019258932012
https://doi.org/10.1287/moor.23.4.769
https://doi.org/10.1137/S0895479896298130

KA, HA%E %

tions Research Letters, 46, 262-267. https://doi.org/10.1137/S0895479896298130

[9] Fournier, N. and Guillin, A. (2015) On the Rate of Convergence in Wasserstein Distance of the Empirical Measure.
Probability Theory and Related Fields, 162, 707-738. https://doi.org/10.1137/S0895479896298130

[10] Zhao, C.Y. (2014) Data-Driven Risk-Averse Stochastic Program and Renewable Energy Integration. University of
Florida, Gainesville, FL.

[11] Esfahani, P.M. and Kuhn, D. (2018) Data-Driven Distributionally Robust Optimization Using the Wasserstein Metric:
Performance Guarantees and Tractable Reformulations. Mathematical Programming, 171, 115-166.
https://doi.org/10.1007/s10107-017-1172-1

DOI: 10.12677/aam.2022.111028 230 IR Esid


https://doi.org/10.12677/aam.2022.111028
https://doi.org/10.1137/S0895479896298130
https://doi.org/10.1137/S0895479896298130
https://doi.org/10.1007/s10107-017-1172-1

	数据驱动的分布式鲁棒随机二次规划的收敛性分析
	摘  要
	关键词
	Convergence Analysis of Data-Driven Distributionally Robust Stochastic Quadratic Programming
	Abstract
	Keywords
	1. 引言
	2. 模型介绍
	2.1. 模型与符号
	2.2. 数据驱动的分布式鲁棒随机二次规划模型

	3. 收敛性分析
	4. 结论
	基金项目
	参考文献

