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Abstract

2019, Behr used the concept of edge coloring of signed graphs to prove that for any
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signed graphs (G, σ) there is ∆(G, σ) ≤ χ′
(G, σ) ≤ ∆(G, σ)+1, where χ

′
(G, σ) is the number

of edge coloring of (G, σ), ∆(G, σ) is the maximum degree of (G, σ). In this paper, we

prove that in the signed product graphs of paths and forests (Pn2Tm, σ), Pn and Tm

are respectively paths with the number of n vertices and forests with the number of

m vertices. When n > 2 and ∆(Tm) > 1, then χ
′
(Pn2Tm, σ) = ∆(Pn2Tm, σ).
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1. Úó

Harary3þ­V50c�JÑÎÒã�Vg [1]"ÎÒã (G, σ)´�Ä:ã G = (V (G), E(G))

�>8\��ÎÒN� σ : E(G) → {+1,−1}§¦�G�z�^>eÑk��ÎÒσ(e)"�σ(e) =

+1 �§>e��>¶�σ(e) = −1�§>e �K>" (G, σ)���incidence´:->kSé(v, e)§v

´e���à:"�½��ÎÒã(G, σ)§I(G)L«(G, σ)¥¤k� incidence�8Ü" V (G)L«

(G, σ)�º:8¶ E(G, σ)L« (G, σ) �>8"∆(G)L« G���Ý"�©¤?Ø�ÎÒãþ´

Ã�§Ã­>�{ük�ÎÒã"

�©�`²�PÒÚâ�þë�©z [2]"

½Â 1 {üÎÒã(G, σ)�>/Ú´�é(G, σ)� incidenceXÚ§¦�Ó��º:'é�

incidenceþkØÓ�ôÚ"ÎÒã(G, σ)�>Úêχ
′
(G, σ)´�¦�ÎÒã (G, σ)��~>/Ú�

���ôÚê"

Vizing3 1964c§�Ñ
{üã�>/Úê�þe."

½n 1 (Vizing, 1964, [3]) ��ã G�>/Úêχ
′
(G) ÷v∆(G) ≤ χ′

(G) ≤ ∆(G) + 1"

2019 c§ Behr�Ñ
{üÎÒã�>/ÚVg [4] ¿y²
þã(Ø3{üÎÒã(G, σ)¥

Ó�÷v∆(G, σ) ≤ χ′
(G, σ) ≤ ∆(G, σ) + 1"

½Â 2 ãGÚH�¦ÈãG2H´�äkº:8V (G2H)Ú>8E(G2H)�ã§Ù¥V (G2H) =

V (G) × V (H) = {(u, v)|u ∈ V (G), v ∈ V (H)},E(G2H) = {(u, v)(u
′
, v

′
)|u = u

′
, vv

′ ∈ E(H)½v =

v
′
, uu

′ ∈ E(G)}"
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½Â 3 ÎÒ¦Èã(G2H,σ)´�§�>8\��ÎÒN� σ : E(G2H) → {+1,−1}§¦
�G2H �z�^>eÑk��ÎÒσ(e)"

½Â 4 éuÎÒã(G, σ)§XJχ
′
(G, σ) = ∆(G, σ)§K¡ÎÒã(G, σ)�1�a�ÎÒã"

P(G, σ) ∈ C1"

½Â 5 éuÎÒã(G, σ)§XJχ
′
(G, σ) = ∆(G, σ) + 1§K¡ÎÒã(G, σ)�1�a�ÎÒ

ã"P(G, σ) ∈ C2"

3©z [5]§ [6]§ [7]¥§þïÄ
ÎÒã�/Ú"3�©¥§·�òÎÒã��� n ->/Ú

½Â�:

½Â 6 � (G, σ)´��ÎÒã§ n´����ê§e n = 2k §K (G, σ)��� n ->/

ÚÒ´��N�γ : E(G) → {±k,±(k − 1), · · · ,±1}¶e n = 2k + 1§Kγ : E(G) → {±k,±(k −
1), · · · ,±1, 0}§¦�é?¿�> e = vw ∈ E(G)Ñk γ(v, e) = σ(e)γ(w, e)"�?¿���ü^

>e1 = vwÚe2 = vu§¦�γ(v, e1) 6= γ(v, e2)§K¡γ´ (G, σ)þ��~n->/Ú"

BehrÏLé½n 1?1í2§��?¿{üÎÒã(G, σ)�>/Úêχ
′
(G, σ)÷v∆(G, σ) ≤

χ
′
(G, σ) ≤ ∆(G, σ) + 1"3�©¥§·�y²
´ÚÜ��ÎÒ¦Èã(Pn2Tm, σ)�>/Ú

êχ
′
(Pn2Tm, σ)÷v�n > 2�∆(Tm) > 1�§Kχ

′
(Pn2Tm, σ) = ∆(Pn2Tm, σ)"·�©¤ 2�½

n5y²ù�(Ø"·�Äky²3´ÚÜ��ÎÒ¦Èã(Pn2Tm, σ) ¥§�1 ≤ ∆(Tm) ≤ 2�§

½n 2 ¤á¶2y²�n > 2 �∆(Tm) > 2�§½n 3¤á"

½n 2 3ÎÒ¦Èã(Pn2Tm, σ)¥§Ù¥n§m©O´Pn§Tmþ�:ê"

(i) �n = 2§∆(Tm) = 1�ÎÒã(Pn2Tm, σ)´���²ï��§KÎÒã(Pn2Tm, σ)�1�

a�ÎÒã"

(ii)�n = 2§∆(Tm) = 1�ÎÒã(Pn2Tm, σ)´��²ï��§KÎÒã(Pn2Tm, σ)�1�a

�ÎÒã"

(iii)�n > 2 �∆(Tm) = 2�§KÎÒã(Pn2Tm, σ)�1�a�ÎÒã"

½n 3 3ÎÒ¦Èã(Pn2Tm, σ)¥§Ù¥n§m©O´Pn§Tmþ�:ê"

�n > 2�∆(Tm) > 2�§KÎÒã(Pn2Tm, σ)�1�a�ÎÒã"

2. ½n 2�y²

y² 3ÎÒ¦Èã(Pn2Tm, σ)¥§�1 ≤ ∆(Tm) ≤ 2�§ÎÒã(Pn2Tm, σ)=(Pn2Pm, σ)"

dPn2Pm�(��§(Pn2Pm, σ)´�kÎÒ���ã"

Äky²(i)"�n = 2§∆(Tm) = 1�ÎÒã(Pn2Tm, σ)�k���²ï��·��ù��

²ï��C = v0v1v2v3v0"�v3v0 ´�^�>§Ï�C ´�²ï�§¤±P = v0v1v2v3 þ�½k

Ûê^K>"P ���±^2«ôÚ/Ð§�^±a/Ð"b�l(v0, v0v1)m©^aÚ−a ?1/Ú§
K(v3, v2v3) �½/−a"¤±�C þ���^>v3v0 �½�^1n«ôÚâU/Ð§��b"¤
±χ

′
(P22P2, σ) = 3"
d�ÎÒã∆(P22P2, σ) = 2§¤±d�ÎÒã(Pn2Tm, σ)´1�a�ÎÒ

ã"
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Ùgy²(ii)"�n = 2§∆(Tm) = 1�ÎÒã(Pn2Tm, σ)�k��²ï��·��ù�²ï

��C
′

= v
′

0v
′

1v
′

2v
′

3v
′

0"�v
′

3v
′

0 ´�^�>§Ï�C
′
´²ï�§¤±P

′
= v

′

0v
′

1v
′

2v
′

3 þ�½kóê

^K>"P
′
���±^2«ôÚ/Ð§�^±a/Ð"b�l(v

′

0, v
′

0v
′

1) m©^a Ú−a ?1/Ú§
K(v

′

3, v
′

2v
′

3)�½/a"¤±�C
′
þ���^>v

′

3v
′

0 �±^−a/Ð"¤±χ
′
(P22P2, σ) = 2"
d�

ÎÒã∆(P22P2, σ) = 2§¤±ÎÒã(Pn2Tm, σ) ´1�a�ÎÒã"

��·�y²(iii)"�n > 2 �∆(Tm) = 2�§∆(Pn2Pm) = 4"

·��Ñù�ÎÒã(Pn2Pm, σ)����~4->/Úγ¿�y²ù�.´;�"

Äk·��Ñù�ÎÒã(Pn2Pm, σ)����~4->/Úγ"

éu?¿�i§j§i ∈ [m]§j ∈ [n]§iL«(Pn2Pm, σ)�1i1§jL«(Pn2Pm, σ)�1j�§

ui,jL«(Pn2Pm, σ)þ1i1§1j��:"

- 
γ(ui,1, e(ui,1ui,2)) = 1,

γ(ui,j , e(ui,jui,j−1)) = γ(ui,j−1, e(ui,j−1ui,j))σ(e(ui,j−1ui,j)),

γ(ui,j , e(ui,jui,j+1)) = −γ(ui,j , e(ui,jui,j−1)),

(1)

­Eþã/ÚL§,��31m1"
éu?¿�1i1�´Pi5`§§����^>e(ui,n−1ui,n)/

Ú�: 
γ(ui,n−1, e(ui,n−1ui,n−2)) = γ(ui,n−2, e(ui,n−1ui,n−2))σ(e(ui,n−2ui,n−1)),

γ(ui,n−1, e(ui,n−1ui,n)) = −γ(ui,n−1, e(ui,n−2ui,n−1)),

γ(ui,n, e(ui,nui,n−1)) = γ(ui,n−1, e(ui,n−1ui,n))σ(e(ui,n−1ui,n)),

(2)

di�?¿5�(Pn2Pm, σ)�z�1� incidenceÑ�±^?¿2����ôÚ±a /Ð"þã/Ú
·���´a = 1"

;�X- 
γ(u1,j , e(u1,ju2,j)) = 2,

γ(ui,j , e(ui,jui−1,j)) = γ(ui−1,j , e(ui−1,jui,j))σ(e(ui−1,jui,j)),

γ(ui,j , e(ui,jui+1,j)) = −γ(ui,j , e(ui,jui−1,j)),

(3)

­Eþã/ÚL§,��31n�"
éu?¿�1j��´Pj5`§§����^>e(um−1,jum,j)

/Ú�: 
γ(um−1,j , e(um−1,jum−2,j)) = γ(um−2,j , e(um−1,jum−2,j))σ(e(um−1,jum−2,j)),

γ(um−1,j , e(um−1,jum,j)) = −γ(um−1,j , e(um−2,jum−1,j)),

γ(um,j , e(um,jum−1,j)) = γ(um−1,j , e(um−1,jum,j))σ(e(um−1,jum,j)),

(4)

d j �?¿5�(Pn2Pm, σ)�z��� incidenceÑ�±^ØÓu±a�?¿ 2����ôÚ±b/
Ð"þã/Ú·���´b = 2"
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qÏ�Pn2Pm �?¿ 21Ú?¿ 2�ÑØ¬�u�:"¤±(Pn2Pm, σ)�±^ 4�ôÚ ±a
Ú ±b/Ð"=γ ´ÎÒã(Pn2Pm, σ)����~4->/Ú§ χ

′
(Pn2Pm, σ) = 4"

d Behr���{üÎÒã�>/Ú(Ø§·���éu?¿�{üÎÒã(G, σ)§χ
′
(G, σ)

�e.´∆(G, σ)"·�3þ¡y²¥®²�Ñ
1«/Ú�{��χ
′
(Pn2Pm, σ) = 4§¤

±χ
′
(Pn2Pm, σ) = ∆(Pn2Pm, σ)§=(Pn2Pm, σ)´1�a�"
�n > 2 �∆(Tm) = 2�§Tm =

Pm§¤±ÎÒã(Pn2Tm, σ)�1�a�ÎÒã"

3. ½n 3�y²

y² éuÎÒ¦Èã(Pn2Tm, σ)5`§�n > 2�∆(Tm) > 2�§·��Ñù�ÎÒã��

��~∆(Pn2Tm, σ)- >/Úγ¿�y²ù�.´;�"

dPn2Tm�(��§�n > 2 �∆(Tm) > 2�§∆(Pn2Tm) = ∆(Tm) + 2"ë�½n2�/Ú

�{§aq/"·�k�(Pn2Tm, σ)�z�1?1/Ú" (Pn2Tm, σ)�z�1þ´:Ø��´Pi

(i ∈ [m])§Ïdz�Piþ�±^ 2«ôÚ±a /Ð"qÏ�(Pn2Tm, σ)�z��þ´:Ø��äTj

(j ∈ [n])"

Ï��â©z [2]¥·K2.2: XJÎÒã´����Ý�∆�äT§K χ
′
(T, σ) = ∆"

��éu?¿���äTm þ÷vχ
′
(Tm, σ) = ∆(Tm)"qÏ�Tj ´üü:Ø���§¤±z

�Tj þ�±^ØÓu±a � ∆(Tm)«ôÚ/Ð"= χ
′
(Pn2Tm, σ) = ∆(Tm) + 2 = ∆(Pn2Tm)"¤

±§ÎÒã(Pn2Tm, σ)�1�a�ÎÒã"

ÏL½n 2§ ½n 3 �y²§·��±��µ´ÚÜ��ÎÒ¦Èã(Pn2Tm, σ)�>/Ú

êχ
′
(Pn2Tm, σ) ÷v�n > 2�∆(Tm) > 1�§Kχ

′
(Pn2Tm, σ) = ∆(Pn2Tm, σ)"

3ÎÒã(Pn2Pm, σ) ¥§�n > 2§m = 2½n = 2§m > 2�§KÎÒã(Pn2Pm, σ) =

(Pn2P2, σ) ½(Pn2Pm, σ) = (P22Pm, σ)"3(Pn2Tm, σ)¥§�n > 2§∆(Tm) = 1�§KÎÒ

ã(Pn2Tm, σ) = (Pn2P2, σ)"

¯¢þ�n = m�§(Pn2P2, σ)Ú(P22Pm, σ)´Ó��{üÎÒã"
éu(Pn2P2, σ)5`§

�n > 2�§Kχ
′
(Pn2P2, σ) �U´∆(Pn2P2, σ) + 1§�ã 1§��U´∆(Pn2P2, σ)§�ã 2"ã

1§ã 2´þ´(Pn2P2, σ)�fã"

Figure 1. χ
′
(P32P2, σ) = ∆(Pn2P2, σ) + 1

ã 1. χ
′
(P32P2, σ) = ∆(Pn2P2, σ) + 1
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Figure 2. χ
′
(P32P2, σ) = ∆(Pn2P2, σ)

ã 2. χ
′
(P32P2, σ) = ∆(Pn2P2, σ)

3ã 1¥§u2,2'é2^K>e(u2,1u2,2)§e(u2,3u2,2)§1^�>e(u1,2u2,2)§¿�2���ú�>

´�>e(u1,2u2,2)§d�u2,2'é�ù3^>���^3 «ôÚ/Ð"

3ã 1¥§- 

γ(u1,2, e(u1,2u2,2)) = 2,

γ(u2,2, e(u1,2u2,2)) = 2,

γ(u2,2, e(u2,2u2,1)) = −1,

γ(u2,1, e(u2,2u2,1)) = 1,

γ(u2,2, e(u2,2u2,3)) = 1,

γ(u2,3, e(u2,2u2,3)) = −1.

(5)


��ã 1¤^ôÚ��§�U- 

γ(u2,1, e(u2,1u1,1)) = −1,

γ(u1,1, e(u2,1u1,1)) = 1,

γ(u2,3, e(u2,3u1,3)) = 1,

γ(u1,3, e(u2,3u1,3)) = −1,

γ(u1,3, e(u1,3u1,2)) = 1,

γ(u1,2, e(u1,3u1,2)) = −1.

(6)


d�§γ(u1,1, e(u1,1u1,2))§γ(u1,2, e(u1,1u1,2)) �U^1o«ôÚâU/Ð"

¤±§ã 1¥(P32P2, σ)�>Úêχ
′
(P32P2, σ)´∆(Pn2P2, σ) + 1"

Ïd§éu(Pn2P2, σ)§k�Ü©ÎÒ¦Èã÷vχ
′
(Pn2P2, σ) = ∆(Pn2P2, σ) + 1 ´1�a

�§�k�Ü©ÎÒ¦Èã÷vχ
′
(Pn2P2, σ) = ∆(Pn2P2, σ) ´1�a�§ù
�I�·�?�

ÚïÄ"
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