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f q−1(ξ) =

∫
Ω

G(ξ)f(η)G(η)

|η−1ξ|Q−α
dη + λ

∫
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f(η)

|η−1ξ|Q−α−β
dη, ξ ∈ Ω̄,
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Abstract

This paper is devoted to a kind of nonlinear integral equations with weights related

to the sharp Hardy-Littlewood-Sobolev (hereinafter referred to as HLS) inequality on

the bounded domains of the Heisenberg group Hn:

f q−1(ξ) =

∫
Ω

G(ξ)f(η)G(η)

|η−1ξ|Q−α
dη + λ

∫
Ω

f(η)

|η−1ξ|Q−α−β
dη, ξ ∈ Ω̄,

where q > 1, 0 < α < Q, 0 < β < Q − α, Q = 2n + 2 is the homogeneous dimension of

Hn, λ ∈ R, Ω ⊂ Hn is a smooth bounded domain and G(ξ) is nonnegative continuous in

Ω̄. In this paper, we will study the existence results of the positive solutions for the

equation in subcritical case 2Q
Q+α

< q < 2.
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1. Úó

È©�§´C�êÆ����©|, §©ª�êÆÔn¯K�ïÄ;��'. dug,.¥

Ñy��þ¯K´��5�, ¤±ïÄ��5È©�§�)¤�¯õÆö�5�a,���K. ¯

¤±�, °Ü�+Hn3L«Ø!NÚ©Û!õECþ! �©�§ÚþfåÆ�A�êÆ©|¥u

�X���^. C�Ac5, °Ü�+Hnþ��5È©�§(|)�)�©ÛÚïÄ��É�ØÓ
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+N�À, 'X [1] [2]. ÏdïÄ°Ü�+Hnþ�k.�þ��5È©�§)��35´�~k

¿Â�.

3��Ø©¥, ·�Ì��Ä�a�°(�HLSØ�ªk'���5È©�§:

f q−1(ξ) =

∫
Ω

G(ξ)f(η)G(η)

|η−1ξ|Q−α
dη + λ

∫
Ω

f(η)

|η−1ξ|Q−α−β
dη, ξ ∈ Ω̄, (1.1)

ùpq > 1, 0 < α < Q, 0 < β < Q − α, Q = 2n + 2´Hn�àg�ê, λ ∈ R, Ω ⊂ Hn´��1w

�k.��G(ξ)´Ω̄¥��KëY¼ê. w,, �§(1.1)�CR6/þ�CR Yamabe¯Kk'. Ù¥,

CR6/´�«���AÛ, §´3E6/�¢�¡�ïÄÄ:þû)Ñ5�(��©z [3] [4]Ú

Ù¥�ë�©z).

1.1. ïÄ�µ

1958c, SteinÚWeiss3 [5]¥y²
\��HLS (e¡{¡WHLS)Ø�ª:∣∣∣∣∫
Rn

∫
Rn

f(ξ)g(η)

|ξ|a|ξ − η|µ|η|b
dξdη

∣∣∣∣ ≤ Ca,b,s,µ,n‖f‖Lr(Rn)‖g‖Ls(Rn), (1.2)

Ù¥1 < r, s <∞, 0 < µ < n, a+ b ≥ 0, a+ b+ µ ≤ n, 1− 1
r
− µ

n
< a

n
< 1− 1

r
� 1

r
+ 1

s
+ µ+a+b

n
= 2.

�
��WHLSØ�ª(1.2)¥��Z~ê, 1983cLieb3 [6]¥��
3‖f‖Lr(Rn) = ‖g‖Ls(Rn)��

�e���z�¼

J(f, g) =

∫
Rn

∫
Rn

f(ξ)g(η)

|ξ|a|ξ − η|µ|η|b
dξdη

d	, Lieb�3 [6]¥3r = s = 2n
n+α
��/�¹e, (½
Nα��, ©a
¤k�4�¼ê±9��


°(�HLSØ�ª: éuα ∈ (0, n)±9¤k�f, g ∈ L 2n
n+α (Rn), Ñk∣∣∣∣∫

Rn

∫
Rn

f(ξ)g(η)

|ξ − η|n−α
dξdη

∣∣∣∣ ≤ Nα‖f‖
L

2n
n+α (Rn)

‖g‖
L

2n
n+α (Rn)

(1.3)

¤á,Ù¥Nα := N( 2n
n+α

, α, n) = π
n−α

2
Γ(α2 )

Γ(n2 +α
2 )

(
Γ(n2 )

Γ(n)
)−

α
n . ÄuþãïÄó�, 1974cFollandÚStein3

[3]¥rRnþ�HLSØ�ªí2�
Hnþ. ¦�ïÄ
ÛÉÈ©�f¿��
e¡Ø�ª∣∣∣∣∣
∫
Hn

∫
Hn

f(ξ)g(η)

|η−1ξ|Q−α
dηdξ

∣∣∣∣∣ ≤ Dα,s,n‖f‖Lr(Hn)‖g‖Ls(Hn), (1.4)

Ù¥f ∈ Lr(Hn), g ∈ Ls(Hn), 0 < α < Q, 1
r

+ 1
s

+ Q−α
Q

= 2�Q = 2n + 2´Hn�àg�ê. (

ÜCR6/þ�CR Yamabe¯K, JerisonÚLee3 [7]¥|^Obata�y²g�é¤k4�¼ê?1

©a, ¿�y²
HnþHLSØ�ª°(~ê��35. d	, 3α = 2 Úr = s = 2Q
Q+α
��/^

�e, ¦����
°(~êDα,s,n�wª±9éA�4�zéf = g. ØÈ±�, Frank ÚLieb

3 [8]¥éþã�©a(J�Ñ
��#�y²�{, ùòJerisonÚLee [7]¥�(Jí2�
é¤k

�0 < α < Q. �5, Han, LuÚZhu3 [2]¥òØ�ª(1.4)*Ð�ü«�/, =Hnþ�Stein-WeissØ

�ªÚV\�HLSØ�ª.
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ÄuþãïÄ, Hnþ� �©�§É�
�5�õ�Æö�'5, AO´ �©�§�Brezis-

Nirenberg.¯K. 1992c, GarofaloÚLanconelli3 [9] ¥ïÄ
�a��5�§ −∆Hnu = f(u) in Ω,

u = 0 on ∂Ω,

ùpΩ´Hnþ���mf8(k.½öÃ.)�∆Hn ´Hn þ�gý�.Ê.d�f. ��, ¦�$^

C©�nØïá
Ù)��K5!�35±9Ø�35(J. ,�, Niu3 [10]¥g�
¯K −∆Hnu = f(z, t, u) in Ω,

u = 0 on ∂Ω,

Ù¥Ω´Hnþ���k.½öÃ.�«�,éd¦y¢
ù��§vk�K).��, Wang3 [11]¥

&Ä
�aHnþ�äk�.Sobolev�ê���5gý��§��)��35¯K:
−∆Hnu = u

Q+2
Q−2 + λu in Ω,

u > 0 in Ω,

u = 0 on ∂Ω,

ù*Ð
BrezisÚNirenberg3 [12]¥�î¼�m�¹e�(J. Öö�±���'�ë�©

z [9–11,13–16] ±¼�þãïÄ(J�?�ÚuÐ±9�õ[!.

1.2. Ì�(J

CAc5, È©�§�Brezis-Nirenberg.¯K�ïÄ���
�
�*�?Ð. 2018c,

DouÚZhu 3 [13]¥ïÄ
�aRnþ�k.�þ�°(�HLSØ�ªk'���5È©�§:

f q−1(ξ) =

∫
Ω

f(η)

|ξ − η|n−α
dη + λ

∫
Ω

f(η)

|ξ − η|n−α−1
dη, f ≥ 0, ξ ∈ Ω̄, (1.5)

Ù¥1 < α < n�Ω ⊂ Rn´��k1w>.�k.�, l��
�§(1.5)��)��35�Ø

�35(J. 3ù�&¢�L§¥, ¦�uy
�
ØÓu �©�§�k�y�, y²
È©

�§´Õá�. �5, Han3 [16]¥rDouÚZhu [13]¥�Rnþ�(Jí2�
Hn þ, ¦�ïÄ


3G(ξ) ≡ 1Úβ ≡ 1��/eHnþ�k.«�þ�È©�§(1.1), �Ñ
;5Ú�K5�,�«y

²�{, ?rαd�c�1 < α < ní2�
0 < α < n, l���
�§(1.1)��)��35Ú

Ø�35(J.

Éþãó��éu, �©ïÄ
�§(1.1)¥G(ξ)ÚβØð�u~ê��/, ·�òïÄ3g�

. 2Q
Q+α

< q < 2�/e�§(1.1)3Hnþ�k.�þ�)��35. ùp, ·�ò�Ñ�¼êG(ξ)¬

�y²�3��)f ∈ Γα(Ω̄)�5�½�(J.

-qα = 2Q
Q+α

, pα = 2Q
Q−α . �©�Ì�(JXe:
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½n 1 b�0 < α < Q, 0 < β < Q − α, Ω ⊂ Hn´��1w�k.���¼êG(ξ) ∈ C(Ω̄).

éuqα < q < 2(g�.�/), é?¿�½�λ ∈ R, �§(1.1)Ñk���)f ∈ L∞(Ω̄) ∪ C(Ω̄). A

O/, �0 < α ≤ 1�, �)f ∈ Γα(Ω̄) ⊂ C α
2 (Ω̄).

�©|�(�Xe: 31�!, ·�£��°Ü�+Hn�'�½Â±9Ä�(Ø. 31n!, ·

�$^;5ÚnÚ�K5Úny²½n1��35(J.

3�ªØy½n1�c, ·�òé�
ÎÒ�ÑXe`². é?¿½Â3k.�Ωþ�¼êf(ξ),

·�~^f̃(ξ)5L«§3Hnþ�²�òÿ, =

f̃(ξ) :=

{
f(ξ) ξ ∈ Ω,

0 ξ ∈ Hn\Ω;

Ó�, ·��½Â

Iαf(ξ) :=

∫
Hn

f(η)

|η−1ξ|Q−α
dη, IG,α,Ωf(ξ) :=

∫
Ω

G(ξ)f(η)G(η)

|η−1ξ|Q−α
dη.

d	, ·�ò^cÚCL«���~ê, �§���3��Ø©¥�z1Ñ�UpØ�Ó.

2. ý��£

3�!, ·�ò¯�£�°Ü�+Hn��'½Â±9�
Ä�¯¢. �õ�[!Öö�±3©

z [1–3,8–10,16–19]ÚÙ¥�ë�©z¥é�.

°Ü�+Hn´�{ü������"Lie+,§�.6/´�I�(z1, z2, · · · , zn, t) = (z, t)�Cn×
R, �§38Cn × RþD�+$�{K

(z, t)(z′, t′) = (z + z′, t+ t′ + 2Im(z · z′)),

Ù¥z, z′ ∈ Cn, t, t′ ∈ R ±9z · z′ =
n∑
j=1

zjz′j . -zj = xj + iyj , K(x1, x2, . . . , xn, y1, y2, . . . , yn, t)

/¤
Hn���¢�IX. 3ù��IX¥, ·�½Â±e�þ|:

Xj =
∂

∂xj
+ 2yj

∂

∂t
, Yj =

∂

∂yj
− 2xj

∂

∂t
, T =

∂

∂t
, j = 1, 2, · · · , n.

ØJ�y{X1, X2, · · · , Xn, Y1, Y2, · · · , Yn, T}´Hnþ��ØC�þ|���Ä. d	, Hnþ�Y²

FÝÚgý�.Ê.d�f©O�½Â�

∇H = (X1, X2, · · · , Xn, Y1, Y2, · · · , Yn)

Ú

∆H =

n∑
j=1

(X2
j + Y 2

j ).
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é?¿�:ξ = (z, t) = (x+ iy, t)Úη = (w, s) = (u+ iv, s), ·�^

|ξ| = (|z|4 + t2)
1
4

5L«Hnþ�àg�ê. �A/, ξÚη�m�ål��½Â�d(ξ, η) = |η−1ξ|. ,	, Hn þk�x

g,�� +

δr(z, t) = (rz, r2t), ∀r > 0,

�Hn'u� +�àg�ê´Q = 2n+ 2.

�e5, ·�£ÁHnþ�°(�HLSØ�ª±9�
®��(J.

½n 2 (Hnþ�°(�HLSØ�ª [8, 16]) éu0 < α < Q,Ké?¿�¼êf , g ∈ Lqα(Hn)Ñ

k ∣∣∣∣∣
∫
Hn

∫
Hn

f(ξ)g(η)

|η−1ξ|Q−α
dηdξ

∣∣∣∣∣ ≤ Dn,α‖f‖Lqα (Hn)‖g‖Lqα (Hn) (2.1)

¤á, Ù¥

Dn,α := (
πn+1

2n−1n!
)
Q−α
Q

n!Γ(α
2
)

Γ2(Q+α
4

)
;

��ª¤á��=�

f(ξ) = c1g(ξ) = c2H(δr(ζ
−1ξ)),

Ù¥c1, c2 ∈ C, r > 0, ζ ∈ Hn (Ø�f ≡ 0½g ≡ 0) �H�½Â�

H(ξ) = H(z, t) = [(1 + |z|2)2 + t2]−
Q+α

4 .

·K 1 (Ún8.8 [3]ÚÚn1.3 [17]) é?¿�ξ ∈ Hn. XJ|ξ| ≤ 1, @o

‖ξ‖ ≤ |ξ| ≤ ‖ξ‖ 1
2 ,

ùp‖ · ‖´îAp��ê.

·K 2 (n�Ø�ª(Ún8.9 [3]Ú·K1.4 [17])) �3��~êC ≥ 1, ¦�é?¿�ξ, η ∈
HnÑk

|ξ + η| ≤ C(|ξ|+ |η|), |ξη| ≤ C(|ξ|+ |η|) (2.2)

¤á, ùpξ + ηL«ÊÏ�þ�\.

·K 3 (Ún8.10 [3]Ú·K1.15 [17]) XJf´��λg�àg¼ê, f ∈ C2��l0, Ù

¥λ ∈ R, @o�3��~êC > 0, ¦�

|f(ξη)− f(ξ)| ≤ C|η||ξ|λ−1, ùp|η| ≤ 1

2
|ξ|, (2.3)

|f(ξη) + f(ξη−1)− 2f(ξ)| ≤ C|η|2|ξ|λ−2, ùp|η| ≤ 1

2
|ξ|. (2.4)
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¤á.

��, ·�0�Hnþ�òÈ9Ù5�.

½Â 1 (òÈ [3]) Hnþ�ü�¼êf, g�òÈ�½Â�

f ∗ g(ξ) =

∫
f(η)g(η−1ξ)dη =

∫
f(ξη−1)g(η)dη.

ùp, ·�Ï~^ÎÒD′L«©Ù��m. XJf ∈ C∞0 �G ∈ D′, @o·�òrC∞¼êG ∗ fÚf ∗
G½Â�

G ∗ f(ξ) = G(f(η−1ξ)), f ∗G(ξ) = G(f(ξη−1)).

½Â 2 (�K©Ù [3]) ·�¡��©ÙF´�K�, XJ�3��3Hn\{0}þ´C∞�¼
êf¦�é¤k�g ∈ C∞0 (Hn\{0})ÑkF (g) =

∫
fgdξ¤á.

·K 4 (Ún8.7 [3]) XJF´��λg��Kàg©Ù, Ù¥−Q < λ < 0, @oé?¿

�ε > 0, N�g → g ∗ FÑ�±*Ð�lLp�LqÚlL1�L−
Q
λ−ε(loc)���k.N�, ùp 1

q
=

1
p
− λ

Q
− 1�1 < p < q <∞.

½n 3 (Hnþ�HLSØ�ª�éó/ª [3]) XJ©ÙF�|ξ|α−Q, Ù¥0 < α < Q, @oé

u1 < p < q < +∞Ú 1
q

= 1
p
− α

Q
, þ¡�(JÒC¤


‖g ∗ |ξ|α−Q‖Lq ≤ C‖g‖Lp . (2.5)

��, ·��ÑHnþ�Lipschitz�mxΓα�½Â9Ù$^.

½Â 3 (Lipschitz�m [3, 17]) (i) éu0 < α < 1,

Γα = {f ∈ L∞ ∪ C : sup
ξ,η

|f(ξη)− f(ξ)|
|η|α

<∞}.

(ii) éuα = 1,

Γ1 = {f ∈ L∞ ∪ C : sup
ξ,η

|f(ξη) + f(ξη−1)− 2f(ξ)|
|η|

<∞}.

(iii) éuα = k + α′, ùpk´����ê�0 < α′ ≤ 1,

Γα = {f ∈ L∞ ∪ C : f ∈ Γα
′
�é¤k�D ∈ Bk, ÑkDf ∈ Γα

′
},

Ù¥

Bk = {La1La2 · · ·Laj : 1 ≤ ai ≤ 2n, i = 1, 2, · · · , j, j ≤ k},

Lj = Xj±9Lj+n = Yj, j = 1, 2, · · · , n.

·K 5 (½n20.1 [3]) éu0 < α <∞, Γα ⊂ C α
2 (loc).
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3. g�.�/e��5È©�§��)��35

ù�Ù, ·�òïÄg�.qα < q < 2�¹e�§(1.1)��)��35. Äk, ·�y²e¡�

;5Ún, dd·��±íäg�.�¹e�§(1.1)�)��35.

Ún 1 é?¿;�«�ΩÚt < 2Q
Q−α , �fIG,α,Ω : L

2Q
Q+α (Ω) → Lt(Ω) ´;�, Ù¥G(ξ) ∈

C(Ω̄). �Ò´`,é?¿k.S�{fj}+∞j=1 ⊂ L
2Q
Q+α (Ω),�3��¼êf ∈ L

2Q
Q+α (Ω)Ú{IG,α,Ωfj(ξ)}+∞j=1

���fS�(E,^{IG,α,Ωfj(ξ)}+∞j=15L«), ¦�3Lt(Ω)¥kIG,α,Ωfj(ξ)Âñ�IG,α,Ωf .

y²Ï�{fj}+∞j=1´L
2Q
Q+α (Ω)¥�k.S�, L

2Q
Q+α (Ω)´��g��Banach�m��¼êG(ξ) ∈

C(Ω̄), ¤±·�k

‖G(ξ)fj(η)G(η)‖
L

2Q
Q+α (Ω)

≤ C,

�df;5��: �3{fj}���fS�(E,^{fj}L«)Ú��¼êf ∈ L
2Q
Q+α (Ω), ¦��j →

+∞ �, 3L
2Q
Q+α (Ω)¥kfj ⇀ f , ù¿�X�j → +∞�, 3L

2Q
Q+α (Ω)¥k

G(ξ)fj(η)G(η) ⇀ G(ξ)f(η)G(η). (3.1)

©)|ξ|α−Q = |ξ|α−Qχ{|ξ|>ρ} + |ξ|α−Qχ{|ξ|<ρ}, Ù¥ρ > 0ò3�Y�y²¥�À�. ùp·�

½Â¼ê

IG,α,Ωfj(ξ) = I1
G,α,Ωfj(ξ) + I2

G,α,Ωfj(ξ)

:= G(ξ)fj(η)G(η) ∗ |ξ|α−Qχ{|ξ|>ρ} +G(ξ)fj(η)G(η) ∗ |ξ|α−Qχ{|ξ|<ρ}.

e¡, ·�ò©üÚ5?Ø{IG,α,Ωfj(ξ)}3Lt(Ω)¥�Âñ5.

1�Ú. Äk, ·�5©Û{I1
G,α,Ωfj(ξ)}�Âñ5.

��¡, 5¿�|ξ|α−Qχ{|ξ|>ρ} ∈ L
2Q
Q−α (Ω) Ú(3.1), dfÂñ�½Â��I1

G,α,Ωfj(ξ)Å:Âñ

�I1
G,α,Ωf(ξ), ddí�|I1

G,α,Ωfj(ξ)|tÅ:Âñ�|I1
G,α,Ωf(ξ)|t. ,��¡, Ï�

|I1
G,α,Ωfj(ξ)| ≤ ‖G(ξ)fj(η)G(η)‖

L
2Q
Q+α (Ω)

‖|ξ|α−Qχ{|ξ|>ρ}‖
L

2Q
Q−α (Ω)

≤ C(ρ),

ù`²|I1
G,α,Ωfj(ξ)|t ≤ Ct(ρ), ùpC(ρ)�fjÃ', ¤±dLebesgue��Âñ½n, ��∫

Ω

|I1
G,α,Ωfj(ξ)|t →

∫
Ω

|I1
G,α,Ωf(ξ)|t,

dd��

‖I1
G,α,Ωfj(ξ)‖Lt(Ω) → ‖I1

G,α,Ωf(ξ)‖Lt(Ω).
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Ïd, ·��±�Ñ3Lt(Ω)¥k

I1
G,α,Ωfj(ξ)→ I1

G,α,Ωf(ξ). (3.2)

1�Ú. �e5, ·�5©Û{I2
G,α,Ωfj(ξ)}�Âñ5.

�
y²3Lt(Ω)¥kI2
G,α,Ωfj(ξ)→ I2

G,α,Ωf(ξ), ·�I�y²�j → +∞�k

‖I2
G,α,Ωfj(ξ)− I2

G,α,Ωf(ξ)‖Lt(Ω) = ‖I2
G,α,Ω(fj(ξ)− f(ξ))‖Lt(Ω) → 0.

�âYoungØ�ª, ·��±íÑ

‖I2
G,α,Ω(fj(ξ)− f(ξ))‖Lt(Ω) ≤ C‖G(ξ)G(η)(fj(η)− f(η))‖

L
2Q
Q+α (Ω)

‖|ξ|α−Qχ{|ξ|<ρ}‖Ls(Ω)

≤ C‖fj(η)− f(η)‖
L

2Q
Q+α (Ω)

‖|ξ|α−Qχ{|ξ|<ρ}‖Ls(Ω),
(3.3)

ùp 1
t
+1 = 1

2Q
Q+α

+ 1
s
, s = ( 1

t
+ Q−α

2Q
)−1 < Q

Q−α�‖|ξ|
α−Qχ{|ξ|<ρ}‖Ls(Ω) ≤ Cρβ,Ù¥β = Q( 1

s
− Q−α

Q
).

K(3.3) �=z¤


‖I2
G,α,Ω(fj(ξ)− f(ξ))‖Lt(Ω) ≤ Cρβ.

d�, À�ρ�v
��ê, @o�j → +∞k

‖I2
G,α,Ω(fj(ξ)− f(ξ))‖Lt(Ω) → 0,

=�j → +∞�, 3Lt(Ω)¥k

I2
G,α,Ωfj(ξ)→ I2

G,α,Ωf(ξ). (3.4)

Ïd, d(3.2)Ú(3.4)���j → +∞�, 3Lt(Ω)¥k

IG,α,Ωfj(ξ)→ IG,α,Ωf(ξ).

Ún�y. 2

3þãÚn1�Ä:þ, ·�òy²e¡�Ún, dd�±í�Ñ½n1 ��35(J. �
{

üå�, ·��y²λ = 0���/. Ty²�{� [16]¥Ún4.2�y²�{�Ó.

Ún 2 éuq > qα, þ(.

DG,α,q(Ω) := sup
f∈Lq(Ω)\{0}

∫
Ω

∫
Ω
G(ξ)f(ξ)|η−1ξ|α−Qf(η)G(η)dηdξ

‖f‖2Lq(Ω)

U
�Lq(Ω)¥�,��K¼ê��, Ù¥0 < α < Q��¼êG(ξ) ∈ C(Ω̄).

y² �m©, ·�ò5y²DG,α,q(Ω) ≤ C < +∞.
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Ï�G(ξ) ∈ C(Ω̄), q > qα, f ∈ Lq(Ω)�

f̃(ξ) :=

{
f(ξ) ξ ∈ Ω,

0 ξ ∈ Hn\Ω,

¤±|G(ξ)| ≤ C, f ∈ Lqα(Ω)�f̃(ξ) ∈ Lqα(Hn), ùp‖f̃(ξ)‖Lqα (Hn) = ‖f(ξ)‖Lqα (Ω). é?¿�f ∈
Lq(Ω), �â°(�HLSØ�ª(2.1), ·�k

〈IG,α,Ωf, f〉 =

∫
Ω

f(ξ)(

∫
Ω

G(ξ)f(η)G(η)

|η−1ξ|Q−α
dη)dξ ≤ C

∫
Ω

∫
Ω

f(ξ)f(η)

|η−1ξ|Q−α
dηdξ

= C

∫
Hn

∫
Hn

f̃(ξ)f̃(η)

|η−1ξ|Q−α
dηdξ ≤ C ·Dn,α‖f̃‖2Lqα (Hn) = C ·Dn,α‖f‖2Lqα (Ω)

≤ C‖f‖2Lq(Ω),

Ïd

DG,α,q(Ω) := sup
f∈Lq(Ω)\{0}

∫
Ω

∫
Ω
G(ξ)f(ξ)|η−1ξ|α−Qf(η)G(η)dηdξ

‖f‖2Lq(Ω)

= sup
f∈Lq(Ω)\{0}

∫
Ω
f(ξ)(

∫
Ω
G(ξ)f(η)G(η)|η−1ξ|α−Qdη)dξ

‖f‖2Lq(Ω)

= sup
f∈Lq(Ω)\{0}

〈IG,α,Ωf, f〉
‖f‖2Lq(Ω)

≤ sup
f∈Lq(Ω)\{0}

C‖f‖2Lq(Ω)

‖f‖2Lq(Ω)

= C < +∞,

=DG,α,q(Ω) ≤ C < +∞.

�e5, ·��y²þ(.DG,α,q(Ω) U
�Lq(Ω)¥�,��K¼ê��.

3Lq(Ω)¥À����K4�zS�{fj}+∞j=1, �?�Ú¦ÙIOz¦�‖fj‖Lq(Ω) = 1, ù�·�

�±��

lim
j→+∞

∫
Ω

∫
Ω

G(ξ)fj(ξ)|η−1ξ|α−Qfj(η)G(η)dηdξ

= sup
f∈Lq(Ω)\{0}

∫
Ω

∫
Ω

G(ξ)f(ξ)|η−1ξ|α−Qf(η)G(η)dηdξ

= DG,α,q(Ω)

�{fj}3Lq(Ω)¥k.. qÏ�g��Banach�mLq(Ω)¥�k.S�´fO;�, �dÚn1�

�: �fIG,α,Ω äk;5, ¤±·��±íäÑ�3{fj}���fS�(ùpE,^{fj}L«)Úf∗ ∈
Lq(Ω), ¦�3Lq(Ω)¥kfj ⇀ f∗±93L

q′(Ω)¥kIG,α,Ωfj → IG,α,Ωf∗, Ù¥1 < q′ < 2Q
Q−α . Ï

dLq�ê�fe�ëY5, ��

‖f∗‖Lq(Ω) ≤ lim inf
j→+∞

‖fj‖Lq(Ω) (3.5)
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Ú

lim
j→+∞

〈IG,α,Ωfj , fj〉 = 〈IG,α,Ωf∗, f∗〉. (3.6)

@o, �â(3.5)Ú(3.6), ·�k

DG,α,q(Ω) := lim
j→+∞

∫
Ω

∫
Ω
G(ξ)fj(ξ)|η−1ξ|α−Qfj(η)G(η)dηdξ

‖f‖2Lq(Ω)

=
lim

j→+∞

∫
Ω

∫
Ω
G(ξ)fj(ξ)|η−1ξ|α−Qfj(η)G(η)dηdξ

lim
j→+∞

‖f‖2Lq(Ω)

=
lim

j→+∞
〈IG,α,Ωfj , fj〉

lim inf
j→+∞

‖fj‖2Lq(Ω)

≤ 〈IG,α,Ωf∗, f∗〉
‖f∗‖2Lq(Ω)

,

ù�Ò´`, f∗ ´��4��. Ún�y. 2

N´�yUþDG,α,q(Ω)�4��f(ξ), 3����~ê¦f��/e, ÷ve��§:

f q−1(ξ) =

∫
Ω

G(ξ)f(η)G(η)

|η−1ξ|Q−α
dη, ξ ∈ Ω̄. (3.7)

-g(ξ) = f q−1(ξ)�q′ = q
q−1

, Kf(ξ) = g
1
q−1 (ξ) = gq

′−1(ξ), ùpf ∈ Lq(Ω). Ïd, (3.7)�=z¤


g(ξ) =

∫
Ω

G(ξ)gq
′−1(η)G(η)

|η−1ξ|Q−α
dη, ξ ∈ Ω̄, (3.8)

Ù¥2 < q′ < pα�g ∈ Lq
′
(Ω).

�
�¤½n1�e(Ø�y², ·��I�y²e¡��K5Ún.

Ún 3 b�g ∈ Lq′(Ω)´�§(3.8)����)±9�¼êG(ξ) ∈ C(Ω̄). XJq′ < pα, @oé

u0 < α ≤ 1, g ∈ Γα(Ω̄) ⊂ C α
2 (Ω̄).

y² e¡, ·�ò©ü�Ú½5y²g ∈ Γα(Ω̄) ⊂ C α
2 (Ω̄).

1�Ú. Äk, ·�5y²g ∈ L∞(Ω̄) ∪ C(Ω̄).

dHölderØ�ª, ��

g(ξ) =

∫
Ω

G(ξ)gq
′−1(η)G(η)

|η−1ξ|Q−α
dη ≤ C

∫
Ω

gq
′−1(η)

|η−1ξ|Q−α
dη

≤ C‖gq
′−1‖Lm(Ω) · ‖|η−1ξ|α−Q‖Lm′ (Ω)

= C‖gq
′−1‖

L
s∗
q′−1 (Ω)

· ‖|η−1ξ|α−Q‖
L

( s∗
q′−1

)
′
(Ω)

= C‖g‖q
′−1

Ls∗ (Ω)
· (
∫

Ω

|η−1ξ|(α−Q)·( s∗
q′−1

)′dη)
1

( s∗
q′−1

)′

≤ C‖g‖q
′−1

Ls∗ (Ω)
,
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Ù¥m = s∗

q′−1
�m′ = ( s∗

q′−1
)′p��Ýê� s∗

q′−1
> Q

α
> 1. @o, XJ·����yg ∈ L∞(Ω̄), ·�

�I�Øy�3,�~ês∗ > 0¦�g ∈ Ls∗(Ω)� s∗

q′−1
> Q

α
=�. ��g ∈ L∞(Ω̄)�y²
, ·�Ò

�±�â��Âñ½nêþí�Ñg ∈ C(Ω̄). �e5, ·�ò©n«�/5(½s∗��.

�/I. eq′ < Q
Q−α , ·���s∗ = q′, Ks∗w,÷vg ∈ Ls∗(Ω) = Lq

′
(Ω) � s∗

q′−1
= q′

q′−1
> Q

α
.

�/II. eq′ = Q
Q−α , -k = [ Q

Q−α ] + 1�q1 = (1 − 1
k
) Q
Q−α < Q

Q−α = q′, Kkg ∈ Lq1(Ω). �

â(3.8)ÚHLSØ�ª�éó/ª(2.5), ·���


‖g(ξ)‖Ls∗ (Ω) = ‖
∫

Ω

G(ξ)gq
′−1(η)G(η)

|η−1ξ|Q−α
dη‖Ls∗ (Ω) ≤ ‖C

∫
Ω

gq
′−1(η)

|η−1ξ|Q−α
dη‖Ls∗ (Ω)

= C‖gq
′−1 ∗ |ξ|α−Q‖Ls∗ (Ω) ≤ C‖gq

′−1‖Lν(Ω),

ùp 1
s∗

= 1
ν
− α

Q
, Ù¥1 < ν < s∗ < +∞. Ø�-ν = q1

q′−1
> 1, K 1

s∗
= q′−1

q1
− α

Q
= α

(k−1)Q
. Ïd, ·

���s∗ = (k−1)Q
α

, Ks∗w,÷vg ∈ Ls∗(Ω)� s∗

q′−1
> Q

α
.

�/III. e Q
Q−α < q′ < 2Q

Q−α , d?·�ò|^S���{é�~ês∗. �â(3.8)ÚHLS Ø�ª

�éó/ª(2.5), ·��±íÑ

‖g(ξ)‖Ls(Ω) = ‖
∫

Ω

G(ξ)gq
′−1(η)G(η)

|η−1ξ|Q−α
dη‖Ls(Ω) ≤ ‖C

∫
Ω

gq
′−1(η)

|η−1ξ|Q−α
dη‖Ls(Ω)

= C‖gq
′−1 ∗ |ξ|α−Q‖Ls(Ω) ≤ C‖gq

′−1‖Lµ(Ω),

(3.9)

ùp 1
s

= 1
µ
− α

Q
, Ù¥1 < µ < s < +∞. ;�X, ·�ò$^þãØ�ª(3.9)5�S�. �

m©, -µ = q′

q′−1
:= µ1

q′−1
±9µ2 = s. Ï�µ2 = s = ( 1

µ
− α

Q
)−1� 2Q

Q+α
< µ = 1

1− 1
q′
< Q

α
, ¤

±µ2 = s > 2Q
Q−α > q′ = µ1.

òþãL§?1S�: -µ = µi
q′−1

, Kµi+1 = s, Ù¥i = 1, 2, · · · . 5¿�q′ − 2 < 2α
Q−α�

1
ti+1

<
Q−α
2Q

. Ïd, ²L��©Û, ØJ�Ñ�ti+1 > 0�, kti+1 > ti. ¤±, 3S�
êõg��, �Ò´

`k0g�, ·�¬��ü«�¹:
tk0
q′−1

< Q
α
Ú

tk0+1

q′−1
≥ Q

α
.

XJ
tk0+1

q′−1
> Q

α
, ·���s∗ = tk0+1, @os∗w,÷vg ∈ Ls∗(Ω) � s∗

q′−1
> Q

α
.

XJ
tk0+1

q′−1
= Q

α
,@og ∈ Ltk0+1(Ω) = L

Q
α (q′−1)(Ω). -k = [ 2Q

Q−α ]+1±9q2 = (1− 1
k
)(q′−1)Q

α
<

tk0+1 = Q
α

(q′ − 1), dd·��±íäg ∈ Lq2(Ω). �â(3.8)ÚHLSØ�ª�éó/ª(2.5), ·��

�
��aq(3.9)�Ø�ª:

‖g(ξ)‖Ls∗ (Ω) ≤ C‖gq
′−1‖Lω(Ω),

ùp 1
s∗

= 1
ω
− α

Q
, Ù¥1 < ω < s∗ < +∞. Ø�-ω = q2

q′−1
> 1, Kk 1

s∗
= q′−1

q2
− α

Q
= α

(k−1)Q
. ¤±,

·���s∗ = (k−1)Q
α

, w,s∗÷vg ∈ Ls∗(Ω)� s∗

q′−1
> Q

α
.

Ïd, g ∈ L∞(Ω̄) ∪ C(Ω̄).

1�Ú. Ùg, ·��y²g ∈ Γα(Ω̄), Ù¥0 < α ≤ 1. ùp, ·�ò|^Lipschitz�mΓα�½

Â©±eü«�/5?Ø.

�/i. éu0 < α < 1, ·�I�Øysup
ξ,γ

|g(ξγ)−g(ξ)|
|γ|α <∞.
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dg ∈ L∞(Ω)Ú(3.8), ��

|g(ξγ)− g(ξ)| = |
∫

Ω

G(ξγ)gq
′−1(η)G(η)

|η−1ξγ|Q−α
dη −

∫
Ω

G(ξ)gq
′−1(η)G(η)

|η−1ξ|Q−α
dη|

≤ C‖g‖q
′−1
L∞(Ω)|

∫
Ω

(G(ξγ)|ηγ|α−Q −G(ξ)|η|α−Q)dη|

≤ C‖g‖q
′−1
L∞(Ω)

∫
Ω

|G(ξγ)|ηγ|α−Q −G(ξ)|η|α−Q|dη

≤ C‖g‖q
′−1
L∞(Ω)(

∫
Ω

G(ξγ)|ηγ|α−Qdη +

∫
Ω

G(ξ)|η|α−Qdη)

≤ C‖g‖q
′−1
L∞(Ω)(

∫
Ω

|ηγ|α−Qdη +

∫
Ω

|η|α−Qdη)

= C‖g‖q
′−1
L∞(Ω)[

∫
Ω

(|ηγ|α−Q − |η|α−Q)dη + 2

∫
Ω

|η|α−Qdη]

≤ C‖g‖q
′−1
L∞(Ω)[

∫
Ω

||ηγ|α−Q − |η|α−Q|dη + 2

∫
Ω

|η|α−Qdη].

(3.10)

©)∫
Ω

||ηγ|α−Q − |η|α−Q|dη =

∫
Ω∩{|η|≥2|γ|}

||ηγ|α−Q − |η|α−Q|dη +

∫
Ω∩{|η|≤2|γ|}

||ηγ|α−Q − |η|α−Q|dη

Ú ∫
Ω

|η|α−Qdη =

∫
Ω∩{|η|≥2|γ|}

|η|α−Qdη +

∫
Ω∩{|η|≤2|γ|}

|η|α−Qdη.

e¡, ·�òé§�?1Å��O. ��¡, �â·K3¥�ª(2.3), ·�U�O∫
Ω∩{|η|≥2|γ|}

||ηγ|α−Q − |η|α−Q|dη ≤ C
∫

Ω∩{|η|≥2|γ|}
|γ||η|α−Q−1dη ≤ C|γ|α. (3.11)

Ï�|η| ≤ 2|γ|, ¤±d·K2¥�ª(2.2)��: �3��~êC ≥ 1, ¦�|ηγ| ≤ C(|η| + |γ|) ≤
C(2|γ|+ |γ|) = 3C|γ|. Ï, ·��±�O∫

Ω∩{|η|≤2|γ|}
||ηγ|α−Q − |η|α−Q|dη ≤

∫
Ω∩{|η|≤2|γ|}

|ηγ|α−Qdη +

∫
Ω∩{|η|≤2|γ|}

|η|α−Qdη

≤
∫

Ω∩{|ηγ|≤3C|γ|}
|ηγ|α−Qd(ηγ) +

∫
Ω∩{|η|≤2|γ|}

|η|α−Qdη

≤ C|γ|α.

(3.12)

Ïd, d(3.11)Ú(3.12)�íÑ ∫
Ω

||ηγ|α−Q − |η|α−Q|dη ≤ C|γ|α. (3.13)

,��¡, ·��±�O ∫
Ω∩{|η|≥2|γ|}

|η|α−Qdη ≤ C|γ|α (3.14)
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Ú ∫
Ω∩{|η|≤2|γ|}

|η|α−Qdη ≤ C|γ|α. (3.15)

¤±, �â(3.14)Ú(3.15), ·�k ∫
Ω

|η|α−Qdη ≤ C|γ|α. (3.16)

ò(3.13)Ú(3.16)�\(3.10)¥, �

|g(ξγ)− g(ξ)| ≤ C‖g‖q
′−1
L∞(Ω)|γ|

α,

�é{`, sup
ξ,γ

|g(ξγ)−g(ξ)|
|γ|α <∞, ùL²�0 < α < 1�, g ∈ Γα(Ω).

�/ii. éuα = 1, ·�I��ysup
ξ,γ

|g(ξγ)+g(ξγ−1)−2g(ξ)|
|γ| <∞.

dg ∈ L∞(Ω)Ú(3.8), ��

|g(ξγ) + g(ξγ−1)− 2g(ξ)|

= |
∫

Ω

G(ξγ)gq
′−1(η)G(η)

|η−1ξγ|Q−α
dη +

∫
Ω

G(ξγ−1)gq
′−1(η)G(η)

|η−1ξγ−1|Q−α
dη − 2

∫
Ω

G(ξ)gq
′−1(η)G(η)

|η−1ξ|Q−α
dη|

≤ C‖g‖q
′−1
L∞(Ω)|

∫
Ω

(G(ξγ)|η−1ξγ|α−Q +G(ξγ−1)|η−1ξγ−1|α−Q − 2G(ξ)|η−1ξ|α−Q)dη|

≤ C‖g‖q
′−1
L∞(Ω)|

∫
Ω

(G(ξγ)|ηγ|α−Q +G(ξγ−1)|ηγ−1|α−Q − 2G(ξ)|η|α−Q)dη|

≤ C‖g‖q
′−1
L∞(Ω)

∫
Ω

|G(ξγ)|ηγ|α−Q +G(ξγ−1)|ηγ−1|α−Q − 2G(ξ)|η|α−Q|dη

≤ C‖g‖q
′−1
L∞(Ω)(

∫
Ω

G(ξγ)|ηγ|α−Qdη +

∫
Ω

G(ξγ−1)|ηγ−1|α−Qdη + 2

∫
Ω

G(ξ)|η|α−Qdη)

≤ C‖g‖q
′−1
L∞(Ω)

∫
Ω

(|ηγ|α−Q + |ηγ−1|α−Q + |η|α−Q)dη

= C‖g‖q
′−1
L∞(Ω)[

∫
Ω

(|ηγ|α−Q + |ηγ−1|α−Q − 2|η|α−Q)dη + 3

∫
Ω

|η|α−Qdη]

≤ C‖g‖q
′−1
L∞(Ω)(

∫
Ω

||ηγ|α−Q + |ηγ−1|α−Q − 2|η|α−Q|dη + 3

∫
Ω

|η|α−Qdη).

(3.17)

©)

∫
Ω

||ηγ|α−Q + |ηγ−1|α−Q − 2|η|α−Q|dη =

∫
Ω∩{|η|≥2|γ|}

||ηγ|α−Q + |ηγ−1|α−Q − 2|η|α−Q|dη

+

∫
Ω∩{|η|≤2|γ|}

||ηγ|α−Q + |ηγ−1|α−Q − 2|η|α−Q|dη.
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y3, ·�òé§�?1Å��O. ��¡, �â·K3¥�ª(2.4), ·�U�O∫
Ω∩{|η|≥2|γ|}

||ηγ|α−Q + |ηγ−1|α−Q − 2|η|α−Q|dη

≤ C
∫

Ω∩{|η|≥2|γ|}
|γ|2|η|α−Q−2dη

= C|γ|2
∫

Ω∩{|η|≥2|γ|}
|η|α−Q−2dη

≤ C|γ|α.

(3.18)

,��¡, Ï�|η| ≤ 2|γ|, ù¿�X|η| ≤ 2|γ−1|, ¤±d·K2¥�ª(2.2), �íäÑ: �3��~

êC ≥ 1, ¦�

|ηγ| ≤ C(|η|+ |γ|) ≤ C(2|γ|+ |γ|) = 3C|γ|

±9

|ηγ−1| ≤ C(|η|+ |γ−1|) ≤ C(2|γ−1|+ |γ−1|) = 3C|γ−1|.

Ï, ·��±�O∫
Ω∩{|η|≤2|γ|}

||ηγ|α−Q + |ηγ−1|α−Q − 2|η|α−Q|dη

≤
∫

Ω∩{|η|≤2|γ|}
|ηγ|α−Qdη +

∫
Ω∩{|η|≤2|γ|}

|ηγ−1|α−Qdη + 2

∫
Ω∩{|η|≤2|γ|}

|η|α−Qdη

≤
∫

Ω∩{|ηγ|≤3C|γ|}
|ηγ|α−Qd(ηγ) +

∫
Ω∩{|ηγ−1|≤3C|γ−1|}

|ηγ−1|α−Qd(ηγ−1) + 2

∫
Ω∩{|η|≤2|γ|}

|η|α−Qdη

≤ C|γ|α.
(3.19)

Ïd, éÜ(3.18)Ú(3.19), ·�U��

∫
Ω

||ηγ|α−Q + |ηγ−1|α−Q − 2|η|α−Q|dη ≤ C|γ|α. (3.20)

��, ò(3.16)Ú(3.20)�\(3.17)¥, ��

|g(ξγ) + g(ξγ−1)− 2g(ξ)| ≤ C‖g‖q
′−1
L∞(Ω)|γ|

α,

�Ò´`, �α = 1�, sup
ξ,γ

|g(ξγ)+g(ξγ−1)−2g(ξ)|
|γ|α <∞. dd�í�Ñg ∈ Γ1(Ω).

Ïd, (Ü�/iÚ�/ii, ·��±��g ∈ Γα(Ω), Ù¥0 < α ≤ 1. ,�, ·�d·K5��,

�0 < α ≤ 1�, kg ∈ Γα(Ω̄) ⊂ C α
2 (Ω̄). Ún�y. 2

½n1�y² �âÚn2ÚÚn3, ·��±�Ñ: é?¿�½�λ ∈ R, �§(1.1)Ñk���

)f ∈ L∞(Ω̄) ∪ C(Ω̄). AO/, �0 < α ≤ 1�, �)f ∈ Γα(Ω̄) ⊂ C α
2 (Ω̄). ½n�y. 2
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4. o(

3�©¥, ·�®²��
3g�.qα < q < 2�/e, é?¿�½�λ ∈ R, �§(1.1)Ñk

���)f ∈ L∞(Ω̄) ∪ C(Ω̄). AO/, �0 < α ≤ 1�, �)f ∈ Γα(Ω̄) ⊂ C
α
2 (Ω̄). Ød�	, �k

�
'uT��5È©�§�¯Kk�)û, 'X: Hnk.«�þ��°(���HLSØ�ªk

'����K���5È©�§(1.1)��)��35, ùp0 < q < 1, α > Q, 0 < β < α − Q,

Q = 2n+ 2´Hn�àg�ê, λ ∈ R, Ω ⊂ Hn´��1w�k.��G(ξ)´Ω̄ ¥��KëY¼ê.
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