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Abstract

With the development of computer technology, the importance of computer graphics is gradually
reflected, and the spline curve also develops rapidly. Its research field also involves a lot of con-
tents, including different extension of spline curves of various orders, new methods of smoothing
and modeling and shape adjustment. Based on Bézier quaternion curve and Boehm’s Gamma spline
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curve theory, this paper combines quaternion method with spline theory, constructs Gamma qua-
ternion spline curve and studies its properties. Firstly, the Gamma quaternion spline curve in Euc-
lidean space is extended to quaternion space, and the spherical Gamma quaternion spline curve is
defined. Then, it is proved that the spline curve is C* continuous, and it is C? continuous when cer-
tain conditions are satisfied. Finally, the above method is applied. The parameters that can change
the shape of the spline curve are introduced in this construction method so that the spline curve
can be constructed with strong flexibility.
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1. 51§

NIASE Bl 28 15 T E & TH AL i 8 v ) — AN B 2 J 1] NI IZ 338 mT A PRIz 2 1 45 &
KR —MRNIERFRIZS), 5H—MRRARIEHIEE) . TN f, 5 E S0 T AR &
IR A B AR IZ B2 AR B . i A DU e B0 2 B BB A RfR NIARE Bl 12, 7T DLIRE S K A R
e A v, RS A I RIR WA IZ B AT, Rk, DY ooEot I B A7 DY o Ere i i 45 =k
=GPk e e i il oy B B H TS RO, tHEEAR, Rl i EHLEE 5500 K R,
VU e E AR e SO e T N G AL T ROk

1985 4F, EE =K Shoemake [2]8 UK VU e Sl ABIVHEMLETE 229, FF H 24048 1 A Bézier
BT Y e R 2R R WA iE B . 1995 4E, Kim [3]14 AR Slerp 45 T R Us 15— S 31 sz Y
ez, I AR T ALY T E & I 2. IEFI A Bernstein [4]35 520 R gh T A DY
JCEARBOT REMIE i, FE T IRAE R SO 4h T Bézier SALPY e 28, Hermite S D0 S i 28 F1
B-spline 470 se A h £k FIAAEERIA TR . 2007 4E, Ge [5155 AR T —Fh e s it 45 5 A DU s BUF 5|
1) C? &4 B FEA VU u At 2R M IE ik, AR FIRE FF R MR AR M T R4, (R RBIE 15 2R i (DU Jo 4k
il e, 2017 4F, JHAESE A [6]0 B VU o HCRAEAY 5% H 26 10 2 8 — Wi Sk S (E M 10 AT TR 9T
N T AR DY R i R S T, 2018 SRR [T S A PSR I M B T S = S, Wi
T —REET R 2 T ST DY e B B RS A i 2 MRS PR [8] 56 N AR H T A G2 i LR 1 1Lk 2 T
ALV TCECRAEAE S5 HT 2k, %2R0 B 246 [ T-45 7 A0 . 2022 48, P& A [917E Kim [ J&al Fxt
Bézier VU e E il & IME AT TR IT, THE T Hom Ui —BY, B3R, ik 1 2R B PR A
s T B CT A DU e EOR E A A 2k, TV RERE RS B A 18 T 45 w2 1 SR DU e U 41, 9F AL
T R AT R4

1987 £, Boehm [10[#&H T Gamma FE&& ML ARG 79k, DLEX =K Bézier th< (B,
M CHES AR, AT —HH LI LR 2%, AFTE XL A T PR B 2R A 3k AL 2 G 3%
LS, FET 7 R Sk 1) G2 B4 5 3 YKk Bézier 41y Gamma #f:4% . Gamma FE &3 R 1 G2 %
SRR A Z6 R B FE AR I ZR I AT IE & o 1988 4, VEM[1L]7E Boehm (1254t 1 S &5 T 3 /2 — 52 1 HL 3 5%
#, WP =K Bézier M4 BAE A LI AL L2 G? 1. 1994 4, Sarfraz [12]RH T —Fh i A = 00FE %
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MG | B FEARINZRIIIE, FFAEA—FhRRRIE O, En LAMKE Gamma FE46T777%. 2011 4%, Xu [13]5%
NFEH T — P idE G® iELL A B Gamma FES& fZR I 7%, 7T DU B 45 7 1 — 4~ T B 2 ) o
AR A P50 s

BT UL WAL, ASCAE Boehm FIFEAN I, S5&DUCEEER, 4 3 4ERRA 2 R® 1 Gamma £ 4 i 2%
HETF 3 4Epkii S° Hh, M T Gamma PUTCERESR ML, IEx HARER S —I T 5 Sk AT T
Fho B R T 2R B R 5 i R A 1 TR DA SR S HOR T AR I TS, R SRR 7 R4, 2
i VIs AR
2. IR
2.1 OxH

Vel B R R E R e, R 1 ASeson b 3 MR EEAH Gk, WE ] IRRAN

q=w+xi+yj+zk (B (w(xY.2)))

Hobwxy,zeR, i, jk Z2EANEHRAL HEiP=?=k>=-1, ij=—ji=k, jk=—kj=i, ki=—ik=j-

HOEFIIITEH G = (W, (4, %12)) = (W (%0 Y20 2)) 2= (30 ¥02) » Vo = (% Y202,) - UM
BiHE S 0 [8]:

VU TCEL A Iy E SN
G0, =(W W, (v £V,)) -
P A GRS &
Gy = W, W, =V, -V, + WV, +W,V, +V; XV,
= (WW, =V, -V, (WY, +WoV, +V; XV, ) ).
VU T EL L E SO
q_l = (Wll_vl) °
VU T E I e LA
T
o

A g =(w,(x, y,2))eS®, BAW +x°+y +27 =1, %
¢ =arccoswe |0, n],

(xy.2)
X +yi+z?
ML AR 7 AL DY e — PR R 7774 [3)

q=(cosd,sind-(a,b,c))

(a,b,c)= eS?%,

HH
1
qn = (cosg,sing-(a, b,C)j o
n""n

KT HALY TCHL g = (cos@,sin@-(a,b,c)), HH1oe[0n], (ab,c)eS®, FrWihtlog:S® - R®:
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log(cos6,sin6-(a,b,c))=6-(a,b,c)

FIRTHOGT[3], AR
Iog[q”J:%log(q) . M

PR e i (R it exp  R® — S°:
exp(6-(a,b,c))=(cosd,sing-(a,b,c))

FEEST . R exp(0,0,0) =(1,0,0,0) .
e P S DY T p, B p, . py AL p, TR FA fELE H VIR log (py'p, ) TUMBZR DT AR

[4]
Yo (1) = Pexp(t-log(p"p,)), 0<t<l.

SIEL L[] v, o, (1) BT
7;>1vpz (t) =7 pp, (t)IOQ( pl_lpz): |0g( P pl_l)ypl,pz (t) °

FrRIE, Mt=0M1t =185
p, log(p;"p,) =log(p,p;*) by
p, log(p;*p, ) =log(p,p;*)p, -

2.2. Bézier PT#h%k
%tFi=0--,n, H Bernstein B, (t)=C} (1—t)”’i t' ZoRM n By Bézier fhZktn -

P(t)=3 P, (1), 0<t<1,
i=0
St py e RO BRI AT LT R i Bezier ek, WL ERFEL I BILR
P(t)=PoBy, (t)+ 2 AP, (1)
i=1
S B, (1) = DBy, (1) R AER L R B, , (1) =1.
j=i

SIM2MTi=1230=3. RIERLE,, (1) i
-3t +3t, B,,(t)=32-2t°, B,,(t)="t",

Bl,s (t) =
Bl,(t) =3t —6t+3, By, (t)=-6t°+6t, BL,(t)=3",
B/, (t)=6t-6, By, (t)=-12t+6, Bj,(t)=6t.

KT ALY g € S°,i=0,1--,n , FIF P CHO L A IE 7725, Kim 5E LT n ik Bézier DY el

Z:[12]
q(t)= qoﬁexp(w, B, (1)), 0<t<1,

Hr o =Iog(qi‘}1qi),i =12..n.
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2.3. Gamma #E& %k

Boehm FIJ F f&7 B (0 LA 47 ST R A, B A — /Ml B A% 2 1R MG T G2 BRI = RE 2kt 2%, BRI
Gamma #££& fi28[10].

SRR, e — B v, v, v, e RY, — TS Eu, <u, <u, <<y, —4E
RS, vy A =U,—U, —% Gamma FEEc &kl | Bt =1k Bézier thZkt k. X T
i =231 =1, BEBLR 0P F T SO [L0]:

A+ 7 A A
p3i72 — i-1 7| i Vi + 7/|—l i-2 Vi+1l
ViaDip, A+ 74, ViaDip + A+ 74,
74, YiaAip +AL
Py = Vi + 2 : P41

ViaDi o, + A+ 74

SHFi=2,3,1-2, B ARSI S E CA10]:
A.

ViaAi, AL + 74

i-1

Py = AH_;_Ai Psiy + AL +A, Psiz1
REAIRT, A S il 2 i) e Bedss il T s e SN
Po =V,
P =V,
P =% EA;A AN f;)/A Yar
o ™75 VAT
A A,
p3:A0+Al p2+A0+A1 Ps>
KRB TH 8 SUN
A A
Pais = AL —Ii-lAH Pai_s +A|72 ii-ZAH P32
P2 = A A v+ tiihrog 1411
R TAY AL+ 744,
Pais =V
Pa =Y,z

bR L, Gamma FE 2% - Z0 T B S HOR CHESLI[14]. R, Zy, =10, Gamma 5% Hh 2t
IBAGRL T C? =R SR i 2K

3. Gamma MUt HiAE & ehsk
3.1. Gamma PO T HAEFZHZ A E X

Z Kim [40E K, BATEEKR S R B Gamma #E4& B HE B8 DY ek -, 444 T Gamma
VU 7CHRE 2% it 221 5E e

“hE —HIUTHIN A dy, dy, -0 d,, €S NS S EIA Ty, <y, <u, <<y TR SHL
Vi Vo Vi S Fi=12,-+,1, Gamma PUTCEAE KL S (u):[ug,u ] > S HIEE 1 B S, (u):[u . u ] > S* &
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Hefo, o o =log(bst | by, 5)» MTi=23-1-1,

Yiahi, -1
b,_, =d, ex -log(d;"d,,; ) |, 2
A p(yilAiZ +A L 1A g( I Hl)} @

_ ViaAi, A
s =, EXp(y._lA_z A+ 7, ‘log(d- d'+1)j )

NFi=23-1-2,

A _
bsi:bsilexp[A = ~Iog(b3i11b3i+1)jl @

i—1+ i

R, XFi=1,

by, =d,,
bl = dl’
A,
b_dexp—logdld j
(A + 1l ( )
b, = b, exp| 20 log (b, b, ) |,
Ag +4;
A,
by 5 =y, eXp(m log (b3l D )j,
by , =4, EXp(Q/I_l—Al_Z'IOQ(d|1d|+1)J,
AL +744
b3| a = d|+1v
b, =d,,
%fj\' doydly ‘ d|+2 jjéﬁﬂjj‘j”l% mnn bO’bl b3| %T?%Um;ﬁ’ Si (U)y‘j Gamma Eﬁﬁlﬂﬂ[éﬁo Hﬂ?mﬁ%&ﬁ
=R vk R, BTCARAIA AP B R =, w1 RTR.
Y180 : 4y : Y24,
b b
d, 4 5 0
o)
3 by bs ¥
“b, b;
QQ
g
dy=b, dy=bg
do=hq ds=bs

Figure 1. Control point construction diagram
E 1 =8 siaErEE

DOI: 10.12677/aam.2022.1112898 8509 I3RS


https://doi.org/10.12677/aam.2022.1112898

Prfed 4

3.2. Gamma MU TStk a1 R

BAFIER Gamma PUTCHRE S M2 (R4 T R3 b Gamma #ES IR IVF 2 B R . AT ERAT]
B8 Gamma DY JCERE 4% Bl 2R i s
RNTIFERER, ST+ j=123, i=12-1, %

- (u-u_
Ti4+3i-33 (U) = exp(a)j+3i_3 Bis [—IH °
Ay

BB 3 XTF j=123, i=121.
) 733 (ui—l) = eXp(a’psméj,s (0)),

TJ+3|33( ) exp( ,+3.-3|§j,3(1))'

ii) T}+3i—3,3(ui—1):Aiexp(a)j%i—liéjs(o))( W33 B’ (0))’

i-1

T}+3i—3,3(ui):Aiexp(a)j%i—séjﬁ(l))( Dji3i-3 B' (1))

i-1

iii) z'1+3|33(u ) A%exp(a)j+3i—3éj,3(O))((a)j+3i—3§},3(0)) W;.3i_3 B” (O))1

£ (U0) - Al ox0(.5585 (1) (0581 () + 01087 1)

GER: R SCHR 4 R i TS

s [ Uy u-u u-u

T(+ " . exp a)ur " B.' [—I_:LJJ[ . B’ ( I_IJJ( I_lj ,
" ) [ e Ay “irsics Ay Ay

2 N\?
v o u-—-Uu , [ U—U;_ u-—u;_

s (U) ) eXp(whaiaBj.s( Aiy 1JJ(COH3I BBJ 3[ Ay 1D [[ Ay 1J ]
5 [U-U; <, [u-u, u—u

+exp| @5 3B; [ '1D[w_+ 5B [ IlD ( .1j

[ j+3i-3%j,3 Ai71 j+3i-3-j,3 Aifl AFl

Fu,, Fru, AN, BIATUER 5] #,
3.2.1. Gamma P4 et s h ek r— i i
EH 1 Gamma MY oBFE 2k S (u) : [uo,u| ] — S*HHF AR SR u 2 CHESEN
WE: i Gamma DY ek 26 1 e SR 51 #E 3(i) nT %,
Si (ui—l) = b3i73’
S, (u;)=hy.

B i 2 A2 CO R
%S, (u) KB 54

Si'(u) = bai—3TI;i—2,3 (U)Tsm,s (U)Tzi,s (u) +by 375 94 (u)réi—l,B (U)T3i,3 (U)+ Dy 375 25 (U)TSi—1,3 (U)Téi,s (u) °

DOI: 10.12677/aam.2022.1112898 8510 I3RS


https://doi.org/10.12677/aam.2022.1112898

Mrfed 4

HH g 38 2 Ko 3 3(i) (i) T A0

3b, .
Si,(ui—l) = %IOQ (b3‘7i—3b3i—2 ) ’
3b, .
S{(u) = A__slIOg (bsimbsi ) °
H 1 T AR i A (1) 15
, 3b,, B
Si(Uiy)= ﬁmg (b3i1—4b3i—2) ’

’ 3b3l -
S/(u)= mk’g <b3il—lb3i+1) °

FH UG B AT IR B s 3
3.2.2. Gamma P4 FLE#F SR M SR A9 — A 1%

TS BEAESAE, ATRES B ER G e S R SRR . I, Ty iE B b I Sk
VY TCHURE % 2 E T LB B h AR R R, prAMEATTTh A% 7 Gamma DU Tkt 2 i 2k C % iES:
78 oA

XF S, (u) K= 315

S(U) = by 573525 (U) Taio1a (U) Tais (U) + by aTsi o5 (U) 75 a5 (U) 755 ()
by T3 (U) Ty (U) 55 (U) + 2Dy 475 5 (U) 75105 (U) 7315 (U)
20y 37555 (U) 705 (U) 7315 (U) + 205 47515 (U) 75105 (U) 7555 (U)-
H oI B 2 A5 3 3 Al
1 -1 -1 -1
Si(uiy) = F(gbsi-a log? (b3i—3b3i—2 ) —6by , log (bsi-sbsi-z ) +6b; 5 log (b3i—2b3i—1)) ’
1 -1 -1 -1 -1
S/(u;) = AT(gbsi log? (bai-lbai )+ 6b;; log (bsi—lei )_ 6b;;_, log (bsi—2b3i—1)b3i—1b3i ) o
H91E 1, S/(up) ATLAEEAL
1 2 (-1 -1 -1
S(u;) = AT(ngi log (b3i—1b3i )+6b3i Iog(b3i—1b3i )_6|Og(b3i—lb3i—2)b3i) °
i1
FEPEATIRC R EEENE B U =
SEHE 2 Gamma PUJCHRE S 2R S (u):[ug,u, ] - S* X T BAE S M u & C? LM R B A A
-1 Ai—l -1
2|Og(b3i—4b3i—3) = VAL A Lt IA IOg<di di+l)
- ®
-2

+ b'.b, ,log(dtd )b',b, ..
7i,2Ai73+Ai,2+7i,1Ai,1 3i—-3~3i-4 g( i-1 |) 3i-4~3i-3

WERH: EeuER B . X (2) 3), "I G)HIL N
210g by’ by 5 ) =log (05" )by 4 )+ by by log by sby; , )bstyby 5 -
Mol L, EXTSER
2log by by 5 ) = log (bt by ; )+ st log by 4bsts )by 5«
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AL T o, , . SEELT
—6b;;_; log (b§174b3i73 ) +6b;;_4 log (biil—ZbSi—l) =6b;;_; log (b3_i1—4b3i—3 ) —6log (bSi—Ab?x_il—S ) by s
AP Oy, 4 log® (b by )+ HisE CETATIEY]
S(Ui) =Sy (Uiy) -
SCUUETAAE . 4 570, 3) = S (U)o FISR() R A ST 45 Ry
,log ( 54D s ) —6log (bzi—zlb?;l—s ) byi_s = —6b; 4 log (b3Ti1—4b3i—3 ) +6b;;_4 log (b3;];2b3i—1) ’
MR ()~@) &L i, RIAHERZEA(G).
4. SBH
FEAF T, A TEE B2 T bR kiE Gamma DU Jo 80k 5% ih 2 (1 777 -
Bl 1 BEHLLS E BRI S® 1 6 AN Bh R TS
=(0.3321 —0.4426 0.3958 0.7329),
, =(0.5000 0.5001 0.6725 0.2185),

(-0.5325 —-0.6129 -0.0252 —0.5833),
(-0.6030 0.7937 -0.0134 0.0785),
(
=(-

3

0.3321 -0.4426 0.3958 0. 7329)
—0.7944 -0.6025 —-0.0430 -0. 0640)

4

d
d
d,
d
d
d

5

SARBH y, =1(i=12) . A, =1(j=012), FIFIASCIE, BITTHIE b = Bl 241 Gamma
U HORE 4 2%

ST P TEHS Wbk AR B9 R [15], TN I AL ORI 7 R T WP HEb Az 20y, FERIPA e O 5 e
FEE I 2 BT

Figure 2. Rotation trajectory of rigid body center point
B 2. RifFel RiEsE s sh i
Bl 2 45 BRI S® b 5 ANl BRI TR

d, :(—0.9632 —0.1086 0.2011 0.1414),
d, = (0.9023 0.1049 0.3609 —0.2112),
d, = (—0.7944 —-0.6025 —0.0430 —0.0640),
d; = (0.9937 —0.0996 0.0468 —0.0206),
d, = (0.2584 —0.4570 -0.5905 —0.6130).
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LIRS E y, =LA, =A, =1, FIFHACHITE, BITTHEH Gamma DY 7oH0RE 4 il 26 (¥ B A 42 il T

i
b, =(-0.9632 —0.1086 0.2011 0.1414),
b, =(0.9023 0.1049 0.3609 -0.2112),
b -0.7536 0.4814 -0.4168),

0.5659 —0.6599 0.0855 —0.4867),
0.7803 —0.3469 —0.3388 —0.3949),
0.9937 -0.0996 0.0468 -0.0206),
b, =(0.2584 —0.4570 —0.5905 —0.6130).
3 BT T R A% T 2 2N(5), R RE SR 2 o2 3B ALY, AT A5 BRI O i
iz S, i 3 pras.

N
I

A~~~ /N~ T~
o
[N
()]
w
I

Figure 3. Rotation trajectory of rigid body center point

3. Rk R EI eSS IE BN

5. &it

AR S Bézier DY cHih £ A1 Boehm ) Gamma RE B ARZE &, i T Gamma VU 7o 5kE 4%
28, R DU T ERE S AU CHESE, FRTE L — 8 AR CP LRI . A ST HTHIIE (1 DU JoHRE
FHHZRTIN T T LA T ZR TR I S 3, (A5 H03E I RE 5% i 2R TR I S0 58 BR85S I
FoH, FRATRE 20 H B S H0ZE 2L DA TR 2 B 2% il 2R TR 6 5 080 455 ) AU — 20 TR TR 9

S CHk
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