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Abstract

In this paper, we study the problem of empirical risk minimization with nonconvex
regularization under privacy protection, where the loss function is a convex function
and the regular term is the MCP function. An iterative shrinkage threshold difference
privacy algorithm (ISTDP) based on gradient perturbation and Barzir-Borwein (BB)
step size is proposed. First, ISTDP algorithm is proved to have the property of
differential privacy protection since Gauss noise is added to the gradient for each
iteration in the algorithm. Secondly, it is proved that the ISTDP algorithm can
converge at any given accuracy due to the fact that ISTDP algorithm adopts an
iterative shrinkage threshold algorithm together with a line search beginning with BB
step size. Therefore, ISTDP algorithm is a kind of machine learning optimization

algorithm which can satisfy the requirement of privacy protection.
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SESCTN, WEVE

AT A AL I A S BURAE B, X LERRAAE S B R N N B AL B 1 E B, AT A5 42
ANk B B3 RA DR 4 16 8] I OR 5 K088 1 T FH A 1 B o — AN SR A (1), 2006 AR A F
IDwork $2 Hi 1) 2 7 B #L (Differential Privacy, fiFKDP)#ES [2-4], 5 A BEFAE T 73t & B e il
(BRI E, J H B2 75 R FH B AL 0 84415 B B RIS R AN MRS B BARR B, 2 E— Ik
St ) (0 B B b N B — 2% ie 3k, ATERTR L AR BB (5], AR BRI — SRR, B
FEAFESAR 6, o 45 SR §E e a] 208 AN T, AT Gk g5 SR Ie IR AR — SR R aG il sk, A T
TRUEN NBaAL A Bt 5, RIS, MR 1 22 0 Ba AL Bk B th 45 SR i, 22 40 B AL 2 Fy ) 2
W 55 AR M AR &, — BRI 5 KB MU RN [6-8]:

1 n
inL(0; D) := — ;
min (0; D) - ;:1 00, z;)

HAD = {z1, -, 2, VO EnZZBUEE I 2 = {3, y:} € R BVHERSE. €00, 2) 2 1EH T Hidhiz 1
FIBURREL, L(0; D) : RY — R FonfEM TRBANEEEED ERBURRE, EREWEED LKA £
i 2 AH AT R BRESO(0, 23 ) T, AR — ek, Bee /KT FH .

N T ARG A, — B E N IE 5T, B0 IE A PR 22 96 RS AR /N A 7R
mein F(6;D) := L(0; D) + R(0). (1)

HHRO)ZIENREL, WELRG) = N|0]:8L&A]|0]13 [9], A > 0 ZIEMSHL

SRR (1), 24451 2% R 50RN 1E U R 250350 A o™ i 50T, 96 A2 22 2 B AA R AP O 0725 L i FH IR =
BRI T RS SE [9,10], 32 BB R B R AT K A 0 45 RFIHL A S] B 0 &
SRR IR S R T R AR LS A R AL RO BOE AR R, Rk A T RE R EE T R AL [1); B
P T H AR S5 [11), R BERAENN 2253 B Rl 2% STHEZE T 19 H AR s BRI 75, B80T LAGRAIE
RaAAtE, (AZEAE HARRBI R IE L T A B A AT R T 1, 38 =Rl B TR BE RN M B0E [12-15],
FEFRAE SV B AL b 4 — 2% XD o B0 VAR 8 7 IF 98 2% T 2 1) B9 T L o IR S A it 2 A
THEL ] [16].

EN B BR(0) 2N T B ik S A T 5L NI, BR(0) = 0] 58 (0|2 15 1) il &5 45 3 1) fife 4 2
A 1, BT E B I AN T A T S B LS. DR, G erde % DR D eR A, (E AR IR
D ) R B R T 977 1k 0L B SR A & R B A A A SO RE R . Fan RILE [17) i H— AN
P IE D0 R B R 2 4 7 AR A B B N R AN B (1) e, (2) Bk, (3) #ESEE, (4)
Oracle TEJii. W73 CAUE: fEfR/N BRI T, 978 M (3EN)IE U & #SCAD [17,18],
MCP [19]FICapped-¢; [20-25] F=AEiflih & BA LR MR [26,27].

% [17,19,20,24,25,27-30] FEMIEMIRIE &, AT 18 LR 224 BAL R 37 R (137 4 MCP 1E U T3
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(1) 22 36 IRy 0 7N A ) R
min F(0; D) := L(6; D) + R(6), 2)

HAD = {z1,...,2,} € Z" RonirfAn 5Kek IR E, HHzZ C RN EE (1 BUE 25 18],
zi = (@i, y;) € R i € [n] = {1,2,... , n} AR L%, I B8 — S0 50 B — AN E0sE ook =,
HAEZHP WA EER, nRon 8L P a8 MidR &8, o € RIFOVEIE B MR E B,
y; € {0,1} C RN IIARZE. L(0; D) #2061 ™ ik 20 H B A B B2 Lipschitz 28, RBIAAE— AN
L >0, £13

|VL (w,D) — VL (u,D)|| < L||w—ul, Yw,u € R*.

R (0) BXMCP (Minimax Concave Penalty) IEN e84, BIR (0) = S20, 6 (6;), Hrh

A>0,a> 1.

ar?/2, [t] > aA,

{At —©2/(20), |t] <a,

WL 2] h VR 22 1) AR 3 T DAY 308 e 3 BROAS [ 0 463 2K R 0T DA S I AN [R] B 2 S AT 55,
et W2 AR A (1), 07 [31] 4.

AL FBEERWT: 58500, A ORI ETRE s fBarzilai-Borwein (BB) 5K {115
W4 BRI 22 73 B FA(ISTDP) Bk, 28 =353 % B4 Hh RIS TD P AL it 47 B8 70 A, iE BAISTDPAHLYZ:
AN JE 22 A BRARMAR Y EE SR, 36 mT DA BT R 45 78 BN BE . 36 DU 43 JEAT 7 B 4.

FFSULRR: LRS00, Vi € R, |ttt KAE. [z, R Ez R B8 (=] o
A& IGLIEH. g% = VL (0% D) Rk mEAEor erIBEEE.0* 2R Hbr s B i, Pr&os
WL, sign(t) NAF 5 BREL

2. BHiEESS

AR IS W B AL DRI S0E —— S TR B BB 25 K A A e B 2= 70 B AL 5
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% (Iterative Shrinkage Threshold Differential Privacy Algorithm based on Gradient Perturbation
and Barzilar-Borwein Step Size, fi#XISTDP).

FEISTDP SRR IR — 15400, R g BNk N T 0 A IV (0, 021) BUWEFS, Bk ISR
FALTE Ney, RASHONG, I, 13 BIME A HR

€k: _ gk: + bk,
b* ~ N (0,0°1).

SIS AT PRAIEME PR BB PSR R 8 I RE6 AL (e, 0k) — 2270 BRRL (72 X3.3).

U 0 24 SE T S T LK U £ 908 FE 90 O 1, %4 5095 0 B4 % T %, Bl
Borwein(BB) KM [32] EAHAEN A8 2 1125 K 0. UL, TSTDP SR FIBBA-KAE S
RIS IR, BT

s _ (d5) df

(0 =
L)
/\I:':‘
dl@c — ek o ek—l,
d’; _ gk _gk—l'

XA (2), ISTDPSE i i sRAR T 3 [ R S 0:

1
6"+! = argmin {Q(akBB,Hk,G) =L (0% D) +(¢",0 - 0%) + 55 [|0 - 6% + R(a)} )
A
[ A (3) S - LA AR AL i
1
pr :argmein{2HH—ukH2—|—akBBR(9)}, (4)

Horp
uk: — ek _ akBng'
TR - |PHR(O)H AT 3%, 1] R (4) 7T LASEAN 73 i 9 d AN ML A B AR B AR AL )

1
9?“ = argr%in{h(ﬂi,uf) = 5(91 - uf)2 +aPPoi(0)}, i=1,2,---,d
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Hrbuf = 0F — a2 Pel. KA AR RIS EAT AR S5, 1 RS, JATEEMIER LT s
KRBT G KR

u@::mgngqh@ﬁ);:%@-@2+7¢@».

YR [30], bkl @R A 40T =g

ti, hi(ti,s) < ho(ta, s),
ﬂﬂ{ (t15) < ha(ts,)

tg, hl(tl,S) >h2(t2,8).

y
B

1 5 t?
= 1 = — — _ — L. <
t, = argmin {hl (t,s) 2(t $)° + Myt e © t. |t < a/\} ,

1 2
to = argmtin {hg(t, s) = i(t —8)?+ a();y) s.t. [t > a)\} :
SR, SR LS E
t; = sign(s)z,
ty = sign(s) max(aA, |s|),
XH 2 = i {2 = gsy? 4 age - 2 e
2 = argmin § o s Ryl S
{O,a)\,min <a)\,max <0, OM)) } . Mo # 1
C = a—1
{0, a7}, A

ST AR (s) AW 4 BB bR %L
FEISTDPE LA, By T BB KAMORIR D A, @2 BB K /R 2 LT R K [30]:
k+1 k BO‘EB k+1 k|2
E[F(0*+'; D)] < E[F(8"; D)] - 5~ El[j6"" — 6|, 8 € (0,1), (5)
Gy W, FEMPAHEN 2 T H Fr oR EUE A A 22 2 B 35 ek 1)

SRR ) B(2) IS TD PR VAHE 28 2 F
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E3% 1 (ISTDPH)
o N BHRED = {21, 20, ..., 2.}
o EFESBH: T >0,n7€e(0,1), 8 € (0, 1)FH2E 0 < Amin < Umax FIQmin, Cmax.
o MIEAML: HEELOC, 01 € RY, 00 £ 01, iH5¢° = VoL (0%, D), k= 1;
o HMEIR: while k < T, do
L1 R g = VoL (0% D), GBS ¢F = g% + %, b ~ N(0,021);
1.2. HHBBEK: df = 05 — 0+ db = gk — g+,

(4h)" df
akBB = R s akBB = mln{maX{OékBB, amin}7 amax};
(d5)" df
1.3. APEH: BHer !
. A 1
1.3.1. 1F5: 08 = argming{Q(aPB, 0% 0) = L(6%; D) + (¢¥,0 — 6%) + 558 10 — 0%|1> + R(0)};
O

1.3.2. 1 SFEOR1 3 fE
A 5%@33 Ak+1 k(2
E(F(6*; D) - F(6"; D)) = =—B (|| - 6"|)
JOrH+Y = Gh+1 {52 ik NIEIR, #5145 B, aBB = naBB, #351.3.1;
1.4, WEEE: k=k+1, #51.1;

e end while;

o i orriv = 97,

3. g oth

AT HTISTDPEVE I BABVEGL, R W) & A — M 2 22 7 R AL BRI 50, R IR /2 0
SIHY), B 5 SR T DL R AT AT 45 58 HOKS B2 5K
3.1. BER1ABRFARIF

NTH A2 2 Ay B AR I FE A ME S RN 4508, FERT ST VR LN 25 43 B AL R 1
EX 3.1 [6,33 4R #%EED,D €z, Z|(D\D)U (D' \D)| =1, MAD, D' € Z" % a4 % 3%
£ WWAD~D.

A BHEARED, D' € ZroE AR, WIEHE S5 D/ AT LU I 7R B0HE 4 DI el b R — ARl Sk
GE
ENX 3.2 [5,33] b2 EEAMIMEKIEED, D' € 77, "IM HEHKEED, D € 7" EidfTe—A~

REAUALE], P A MEETA ST Re b9 di i 28 R R o & BEHE R TRS C Py Fi 2

Pr[M (D) € S] < e Pr [M (D’) e s] ,

=
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FESCTH,

VR

H P e AR N TEALTAH, W AR Mt B4k £ 4T84, 18 A e-Differential Privacy, ##ke — DP.
2243 BAAL AT LR UEHOCHE B AL Mok 5 TV X 4 AR AR B B, 32 1T S B AE HHfs A 1 0 5 b AN B2 AT
A REEETIEE—MHAEENER.

ENX 3.3 8] AR EERAMIAMKIBED, D € 2", AMAEHKIBFEED, D' € 2 LiziTe—AKiL
WF, PUAMB TR TR R M b EHEENTRSC P, FH L

Pr(M (D) e S| <ePr[M (D) € S|+,

H P AR ATGAATUI, & > 0 A b £ 5 (e Ao b9k RO (— M IRAE L T 080918, M ARALH M it RLAX
£ 1AL, LA (e, 0)-Differential Privacy, & #r(e,§) — DP.
AL 22 70 B AR R X Al 22 7y B R O HE ), ELEVH S8 2 A,

ENX 3.4 [1] &R f 7" - R, fOOLBBREA (f)(i=1,2) EX&TF

A; (f) = max |[f (D) — f(D)];,

D~D’

£ D, D € Zn AEFZ e R SAEE

Fes b, BUBEZE T e85 AE FAEAT (AR R A SR T R H A 2 R R R AR . AE A BT
RELAEOLT, R BUBRIE S A (f). BFTCHE W W 5T R BUR LA (f) MR TS e A2 e 75, 3
11 S S L ) 22 73 B AL DR L

EIE 3.1 SRR THEFEED C Z8R3f . D — R, Ve € (0,1), & FAAUH M i 2

M (D) = f(D)+ N (0,0°I),

o> A2 (f) 2log <1§5>

9
Ao (F) BB SfH Lo, N (0,021 R Tde oA, MALHFMi# R (e,6) — DP.

MERR. S&iFitd = 1891ER. IR ()T &, sEr XSl 8 f - 27 — R ININTF & bndE IE
AR, RIEGBUREERE X3.4, A(f) = A (f) = Ax (f) = maxpp |f (D) — f(D)]. &M
Fa ~ N(0,0%), IR CHR [33], BRI ERALR Ry
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_ —1/20‘2 12—(1+Af)2
log o(—1/202)(a+Af)? | — loge( )l ]
1
=|"5,2 [a: —(a: +2zAf+ Af )}

_ —ﬁ 2eAf + (Af)?]].

W o2e Af ( 1/20 )12 ( 1/20 )Iz
Aol < x5 -5 <uwme<5ﬁﬁ%m[bgMmew2§€>l 0, Wk
Pr || |>L25—ﬂ <4 (6)
r||T = Af 2 9
I 2%
o’ Af 4
P e _ =24 °
%_M 2%2
Wo<e<t meo s Ay
’ Af 277
x? t?
Prjz >t / e 20%dx < e 207
¢ 2o 27t
PRLtE, R
t2
c 1 -— ¢
—e 207 <
Vot 2
KA T 7HE
o 2 \/271’(5 t 2 2 t2 2
Ze 22 < & —e202 > ——— & log(—) + > log(——).
e 5 e \/%5 og( ) 202 g(md)

Hﬁ%zgf—;fLﬁX#MF =

| o2 Af o2 Af\° 1 | 2 \_, 21
o[ (57 -F) 2 (57 F) 2] e ()~ (V).

PSJ AR WG g AvAS )

(-0 |53 ] em(Vs) o
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o €0 CAf
ite Af,)\Ja 5 . HT

()4

_ [Cz (Af> _ Af]
cAf € 2

N w 2 A 1 -
PEREEI0 < £ < 1, B, o> 2 B c— £ > T JER, log [(” - f) ] > O 2.
g
57,

1 (0% Af 1 eN2 1/, e?
202<Af_2> 2(0‘20>—2<C‘5+402)'

3 2\’ g2 8
%022E0<5§1E¢,m%‘<02—5+;2> > 0, ft PAc? _€+P202_§’ A, 2=

o2 Af\° 1
. - > gl 1:1:
(Af 2) 252 —1°g<\/:6)”ﬁ'ﬁ
8 21
2_7 —_—
c 9>210g<\/;5>,

il

©joo

2 1
2 > 2log (\/7> + 2log <> + log (e
T 1)
2 8 1
= log <7r) + log (e ) + 2log (6)
2 s 1
= log < 9) + 2log <6> ,

=2 —69 < 1.25, Mt A /& c? >2log( §5>, RIR o > A2£(f) 2log<1§5).

)

SRy ={zeR:|e| <AL AV Ry—{zeR:|a| > <AL _ ALYV IR = R UR,. VS C R,

e X

Si={f(D)+zfzech}, Sy={f(D)+z[zeRs},
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PI‘INN(0702)[f(D) +x € S] :PI'JJNN(Oﬁz) [f(D) +x € Sﬂ + PI‘INN(on) [f(D) +x € 52]
< PI'ZNN(O’G-Z) [f(D) +x € 51} + 6

<e® (Pryn0,02) [f(D') + 2 € S1]) + 6,

MTIAFIEXS — e 50 T LA 2 (e, 6)-DP

Bititd > 181ER. X Tf: D — R AHEEMASRIEED, D, iBAf = Aq(f) Ao =
F(D) — f(D') (B AR I0 i B 40 30 B 48 25 (045 8, W1 B 3 A2 |of| < Af. B [
wa ~ N(0,021), WIHHESCHR [33], BRFATR RN

(=5)lle—ul?

1 e
og —F—F~— =
SIS P—TE

— [tog o) [l —le] |

sgalel? = o+ o1P).

Hrp =(0,...,007 € R4 Zay = || Tk H¥a ¥ 78 BRI I — bR IEAE Heay, . .., aq, AT
BB, -+, Ba € R HB; ~ N (0,0%) (i =1,---,d), fiffz =3 7" | Bia;. idzll = Bia,. HEH], d1%E

B TEAE AT (2l 0) = 0,4 = 2, d, i&ﬁ‘ﬁ(fj 2l o) = 0. B,

=2

|2 = Z 2] = [l + 3 [l
1=2

2 m
A4Sl = o+ 3
=2

=2

lz +v]* =

2
izl — Buby = By Ao+ |2 = (nvn(l T ﬁ)) — (o] + 8% i,

(%
o]l
lz + wlf* = [l]|* = [lv + M — |21 = (ol + 81)* = B = [[v]]* + 281 ]v]|.

Allvll < Af, #

2] — |

1
s lel? + 281 1P

ool < |gps2mAs + (Af).

HT 81 ~ N(0,0?), FURMBAIR R T — 4RI B, , BIXEI2) T — 415 . g —4t
TEILAR 1, 4E8d > VSO0 N SR SR 2 (e, 6)-DP. a

FI 3.2 X ALHM, () (e, 0) — DP, MyRAE & T i 46 18 F4 S 60 ok, MM, Ao M0 £
B My (M () # R (e,6) —
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=
g

VR

HUERR. WD D' RALEP AR EE. 2 Range(M,) = S RaRM WEBES.
() AESREBES, Vt € Range (M,), A

Pr My (M (D =Y Pr[M s] Pr[Ma(s) =]
< Z(es Pr[M; (D') = s] 4+ 6) Pr[My(s) = t]

=e"PrMy(My (D) =1t]+6

(ii) ASRELLES, Vt € Range (M),
Pr[My (Mi(D)) =t] = [,_sPr[Mi(D) = s]Pr[My(s) = t] ds, K5 _EIRUEHIRAUNZEE, TIE
B 2510 AT O

Z A — A EERE R E AR A Z HERE S T LR, (6,0)-DP H R BUEH I
.

5132 3.1 [5] Ve > 0,0 > 0,0 >0, MN(e,0) —DP #uhl £k & A& LA (PP H kbR IITLE R
HAMZATLE R AE R ITE)T kA (\/2klog (1/6)e + ke (ef — 1), k6 +6') —

— M A 72 4 R RL & P TS B SR B TP R A AT M — N AR RS — RV R % 5y
BEURA PR 2 BRINY, AT LURS 52 12 SV B AR AT 96 2 22 70 B RL E.

EH 3.3 &V,L(0; D)EL" L —HH LRU, %7 eI RAKS, % H kit KA BT Te, =
BHS, = B, R K Fo =2 m%<%ﬂ,wﬁ%1ﬁ&@®—

S

min{ ;e 1/

UERR. FESIRMER KD I, (O EEIECS BT & 2 BIRA TS e LS 20, (EWRF
A 5 87 20 TN (0, 02 1) HIEHARHEE o Wi o = 22, [21og (125) > w 2log (125) JUjES
SE B3 1T AN, W P A 2 R P A A (e, Ok) —

koD 35 AR R B AR S AR FR I B A, MR E 2 BE3.2, BED A AR
JE (eg, Or) —

T EER R Z A T2, I DD SN s Rl E— Db R0k e, P

& THEAENE A RETHS.1, B, = 25, 0 =3, ¢ mmtjﬁi@?%V%ﬁiﬁ

()

T log (1/0)er + Tep (65 —1) < S 42Te2 <S4 S —c To +6 =0,
k

\
N
N
N

Rtk B FERIS AR E (e, 6) — O
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3.2. EiR1R9USE

AN 73 MISTDP SR AU S E, 5 ER, B8 IAARUCEUI B0 e 1 i 4 285 2R AT DL se A 4
RIke 5 ER.
NHE SRRk, AR 1347 BRI B AT i A2

3132 3.2 MAAL >0, WAERELEN (F 1320 75X )5 % [M n 1] Bk A A

—logn

IERA. B30T, Q(alB, 0, 0%) < Q(aBB, 0%, 6%), Bl

L(6%; D) + (g* + b*, 0"+ — o) + 1 |65+ — 0% |2 + R(8*)

2apB
< L(0%; D) + R(6"). (8)
KAV L(0; D) is L-Lipschitz L1, #§
R R L -
LO**Y; D) < L(0%; D) + (g*, 01 = 0%) + Z[|6" — 6%, (9)
HI(8)M1(9), 1%
R R . 1 1 R
L(9k+1;D) + R(9k+1) + <bk,9k+1 _ 9k> + §(aﬁ _ L)||9k+1 _ 9k,|2
k
< L(6%; D) + R(0%). (10)

F(0*T'; D) = L(0*™'; D) + R(6**),
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