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Abstract

There have been many optimization methods for solving inequality constrained nonlin-

ear optimization problems, such as sequential quadratic programming (SQP) method.

In this paper, a method combining confidence region method with SQP method is

studied and established on the basis of SQP optimization method-confidence region

SQP method. Then the corresponding examples are given to simulate the algorithm

and compare it with the original SQP method. Finally, under appropriate conditions,

the confidence region SQP method has better numerical results than the original SQP

method, and the numerical results also verify the feasibility of this algorithm to a

certain extent.
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1. Úó

�Xy�z)��uÐÚ�ÆEâY²�?Ú, �`znØ��{FÃÉ�<��­À, §

®2�A^uzó!Ê�!Å�!ïÓ�Nõó§EâÜ�, �A^u)�!+n!�¯!ûü

��¡. �`z�{�®²¤��«­��ûüÃã. @317­V, ÚîÚ4ÙZ]u²�È©

���, ®²JÑ
¼ê�4�¯K, �5qÑy
.�KF¦f{!�Ü���eü{. �´

��20­V30c��`znØ��{â��×��uÐ, ¿Øä�õÅÚ¤���XÚ�Æ�.

1939cHitchcock�<ÄkïÄÚA^
�55y, 1947cDantzigJÑ
üX/{5¦)�55y

¯K, ��55y�nØÚ�{C½
Ä:. 1951cKunh�<�¤
��55y�Ä:5ó�.

�20­V70c��`znØÚ�{3A^��Ýþ?�Ú��
uÐ.
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O��{Ø=��·Au�õê�¢SA^, 
��Ã�å`z¯KkX;��éX. ��¡, �å

`zO��{U
í2A^�Ã�å`z¯K, ��¡, �å`z¯KU
=z¤Ã�å`z¯K

5?n. ÏdÃ�å`z�O��{��·Au�å`z¯K, ù�´�`z¯K�?nÃã��.


�å`z¯K~~�©�üa, =�ª�åÚØ�ª�å¯K. 
�©KÌ��éØ�ª�å`

z¯KÐmïÄ.

�ÄXeØ�ª�å`z¯K

min f(x) (1a)

subject to c(x) ≤ 0 (1b)

Ù¥f(x) : Rn → RÚc(x) : Rn → Rm´ëY��¼ê. 
S��g5y�{K´¦)¯K(1)'�

k���a�{. T�{@Ï´dPowell�<JÑ, du§äk��5Âñ��
ûÐ5�, áÚ


NõÆöéÙ?1ïÄÚ&?, ¦�SQP�{¤�¦)��5�å`z¯K�k���{��. �

XSQP�{�FÃ�õ, Levenberg�MarguartÄgJÑ
&6�SQP�{. T�{Ì�´^5¦

)Ã�å`z¯K�, T�{äkéÐ�Âñ5�Ú°�5. T�{ØI�Hessian Ý
∇2
xxLkp�

½; �±3HessianÚJacobi
ÛÉ��/e��S�Ú��þ; Jø
�«r��ÛÂñ�Å�;

§�Ù¥��
i@
IQP�{, 
,�
K�EQP�{(Ü. Cc5, kNõÆö�ÅÚ3ïÄ

&6�SQP��{, 2003cYamashite�< [1]JÑ�«#�Ã¨v¼ê�&6�SQP �{5)û

��5�å`z¯K, ¿y²
T�{��ÛÂñ5. 2011cRidzal [2] �<ïÄ
�«� �©

��ª�å^���§�±¦^&6�SQP�{5¦), ¿^ê�(J`²�ù��{��15.

2013cHeinkenschloss [3] �<mu¿©Û
�«^u¦)1w�ª�å`z¯K�&6�SQP �

{, T�{#N�5XÚ�Ø°(ÚS�). 2014c�¥Å�< [4]?Ø
&6�SQP�{)ûØ�

ª�å`z¯K, ¿æ^p�����{5�Ñ�{�)�Maratos�Ay�. 3·��^�e, y

²
�{��ÛÂñ5Ú��5Âñ5. 2018cç�a�< [5]JÑ
�«ÄuSQP&6��{�

1Ïü¸MPPT�{, Jp
1Ïu>��Ç. 2019 czhang�< [6]ïÄ
&6�SQP�{3��

5��I5y¥�A^±93êÆ+��A^. ÓcFletcher �< [7] y²
����55y¥&

6�SQP �{��ÛÂñ5. 2020c�L�< [8]ÄgïÄJÑ
�«äk��5Âñ5��&6

�SQP �{, ¿3VvÅì<þ¢y, 3·��^�e, ©Û¿�y
&6�SQP �{���5Â

ñ5�.
�©ÏL�Ñ�A�ê�~féSQP`z�{Ú&6�SQP`z�{?1ê�¢�'�,

¿©Ûü«`z�{éê�¢�(J�K�, ��o(8BÑäk�p��`z�{.

�©�(�SüXe:1�!é�`z�{?1
0�; 1n!ÏL�Ñ�ê�~féT¯K?

1ê��[¿?1©Û; 1o!é�©�ó����{ü�o(ÚÐ".

2. �`z�{Vã

��!òéS��g5y{9&6�SQP�{�nØ�£!Ä�g�9�{µe?1��{

ü�£�.
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2.1. SQP�{

S��g5y{(SQP, Sequential Quadratic Programming)�{ [9]´òE,���5`z¯

K=���{ü��g5y¯K5¦)��{. 
�g5y¯KK´�8I¼ê��g¼ê, �å

¼ê��5¼ê��`z¯K. �g5y¯K´�{ü���5`z¯K, kéõ¤Ù�¯�¦)

��{. 
�éSQP�{��'�~©Û9Âñ5©Û���©z [10].

2.1.1. Ä�g�

��5�å`z:

min f(x)

s.t. Cj(x) ≥ 0 forj = 0, 1, 2, 3 · · ·m

·���ù�¯K�.�KF¼êL(x, µ) = f(x) −
m∑
j=1

µjCj(x), y3I���Ò´31kÚ

�xkÚµk�Ä:þ, é�����, ¦�xk+1Úµk+1÷ve¡�KKT^�µ

∇xL(x, µ) = 0

Cj(x) ≥ 0 forj = 0, 1, 2, 3 · · ·m
µ ≥ 0

µjCj(x) = 0 forj = 0, 1, 2, 3 · · ·m

lÑ���{�:

∇xL(xk+1, µk+1) ≈ ∇xL(xk, µk) +∇2
xL(xk, µk)δx +∇2

xµL(xk, µk)δµ = 0 (2)

Cj(xk + δx) ≈ Cj(xk) + δTx∇xCj(xk ≥ 0 forj = 0, 1, 2, 3 · · ·m (3)

µk+1 ≥ 0 (4)

[Cj(xk + δTx∇xCj(xk](µk+1)j = 0 forj = 0, 1, 2, 3 · · ·m (5)

Ù¥éK�KF¼ê����êÚ���ê�:

∇xL(xk, µk) = ∇xf(xk)−
m∑
j=1

(µk)j∇xCj(xk) = gk −ATk µk (6)

∇2
xL(xk, µk) = ∇2

xf(xk)−
m∑
j=1

(µk)j∇2
xCj(xk) = Yk (7)

ÏdþãKKT^��±U��:

Ykδx + gk −ATk µk+1 = 0 (8)

Akδx ≥ −Ck (9)

µk+1 ≥ 0 (10)

(µk+1)j(Akδx + Ck)j = 0 forj = 0, 1, 2, 3 · · ·m (11)
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Ù¥Ck[C1(xk), C2(xk), · · ·Cm(xk)]
T .

2.1.2. SQPµe

b�3S�(xk, µk)?½Â
�g5y:

min
1

2
δTYkδ + δT gkp

s.t. Akδ ≥ −Ck (12)

·��±ÏL¦)ù��g5y¯K, ��δ, 2�â:

µ̂k+1 = (AkA
T
k )−1Ak(Ykδx + gk) (13)

¦�µ, ù�Ò��
xÚµ, ,�UYS�¦), ��÷vª�^�=�.

2.1.3. SQP�{Ú½

äN�S��{Ú½Xe:

[1]�½Ð©:(x0, µ0), Âñ°Ýε, �k = 0;

[2]O�Yk, Ak, gk, Ck��;

[3]¦)ª(12)¥��g5y¯K, ^ª(13)O�K�KF¦fµk+1��;

[4]S�xk+1 = xk + δ, XJÂñ5÷v, KÊ�O�,

��Cq)(xk+1, µk+1);

[5]ÄK-k = k + 1, =[2].

2.2. &6�SQP�{

2.2.1. Ä�g�

�ÄXeØ�ª�å`z¯K

min
p

fk +∇fTk p+
1

2
pT∇2

xxLkp (14a)

subject to ∇ci(xk)Tp+ ci(xk) = 0, i ∈ ε, (14b)

∇ci(xk)Tp+ ci(xk) > 0, i ∈ I (14c)

‖p‖ ≤ ∆k (14d)

Ù¥∇fk´8I¼êf(x)�FÝ¶∇2
xxLkp´.�KF¼ê�HessianÝ
¶∇ci(xk)´�å¼ê

�FÝ.

�´ù«�{�U¬�)&6���3�å^��	��¹u)§¬»�·�¦^&6��

å�Ð�8�, ?�Ú, ù���{¬K��{�Âñ5�.
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,�«�\Ün�w{´, ·�vknd�z�ÚÑ°(÷v÷v�5�å, 
A�´3z�

ÚUõ�15, ¿=3&6��å÷v�cJe�¦°(5.u´·��±|^tµ{?15÷v±

þß�.

3S�: xk, ·�ÏL¦)±ef¯KO�SQP�{�S�Ú:

min
p

fk +∇fTk p+
1

2
pT∇2

xxLkp (15a)

subject to Akp+ ck = rk (15b)

‖p‖2 ≤ ∆k (15c)

·��8I´À����¦��å�N�rk§=¦)±ef¯K

min
p
‖Akp+ ck‖22 (16a)

subject to ‖v‖2 ≤ 0.8∆k (16b)

Pdf¯K�)�vk ·�½Â

rk = Akvk + ck (17)

��¦)&6�f¯K�½Â#S�:xk+1 = xk + pk,2^���¦úª�#�¦f�Oλk+1 ,

�2|^±e�ª

pB = −ATk [AkA
T
k ]−1ck (18)

��ÚîÚpB, =8I¼ê�Ã�å4�:.

·^ud�{���d�¼ê��1w�L2¼ê§=φ2(x;µ) = f(x) + µ‖c(x)‖2·�òÙCq
�(¢Sþ�´l&6�f¯K���)

qµ(p) = fk +∇fTk p+
1

2
pT∇2

xxLkp+ µm(p) (19)

Ù¥

m(p) = ‖ck +Akp‖2 (20)

Ù¥¨vÏf�À�÷v

µ >
∇fTk pk + (σ

2
)pTk∇2

xxLkpk
(1− ρ)‖ck‖1

(21)

�µ�pk���É§Ý, ·�òO�'�

ρ =
aredk
predk

=
φ2(xk, µ)− φ2(xk + pk, µ)

qµ(0)− qµ(pk)
(22)
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2.2.2. &6�SQP�{Ú½

äN�S��{Ú½Xe:

[1]Ð©z. ?À°ÝεÚη, γ∈(0,1); Ð©�x0,&6��fδ0 > 0;

[2]for k=0,1,2... ©OO�Ñfk, ck,∇fk, Ak;

[3]|^λ̂k = (AkA
T
k )−1Ak∇fk ��λ̂k¶XJ‖∇fk −ATk λ̂k‖∞ < ε

¿�‖ck‖∞ < ε;Ê�$1¿ÑÑd��xk;ÄK=Ú½o;

[4]|^(16-22)�ª©OO�Ñvk; rk;∇2
xxLk;µk; ρk

[5]|^þ©J�����¦{úª(18) �Ñpk

eρk > η,Kxk+1 = xk + pk; ∆k+1 = 2∆k;

ÄK-xk+1 = xk;é�÷v∆k+1 ≤ γ‖pk‖;2�\±þÌ�¥��÷v^�.

3. ê�¢�

3c¡�Ù!¥·�®²0�
�`znØ¥�ü«`zO��{, �!·�ò�Ñ
A�¢

�~f5�yS��g5y{Ú&6�SQP`z�{�`�5.

3.1. ê�~f9(J

3e¡¢�¥¤¦^ÎÒ�¹Â:

x:��5�å`z¯K�gCþ;

f:��5�å`z¯K�¼ê�;

cpu:��5�å`z¯K�S��m, ü �t/s;

T:��5�å`z¯K�S�gêk;

y3·��ÄXeA���5`z¯K:

Table 1. Numerical results of trust region SQP algorithm

L 1. &6�SQP�{ê�(J

x1 x2 f(x) cpu T

5.2396 3.7460 −79.8078 0.5216 11

Table 2. Numerical results of SQP algorithm

L 2. SQP�{ê�(J

x1 x2 f(x) cpu T

5.2393 3.7455 −79.8063 0.8592 29
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~f1:

min f(x) = x21 + x22 − 16x1 − 10x2

subject to − x21 + 6x1 − 4x2 + 11 > 0

x21 − 3x2 − ex1−3 + 1 > 0

x1 > 0

x2 > 0

·��éþªØ�ª�å`z¯K¦^9ÏO�óäMATLAB?1ê�¢�, ·��Ð©

�x = (4, 4)T , �è´3MATLAB7.1�¸e$1�. CPU´�C(R)2.19GHZ S�. ¢�(JXe

L1 ÚL2¤«.

~f2:

min f(x) = (x1 − 3)2 + (x2 − 1)2

subject to − x21 + x2 > 0

2x1 + x2 − 3 = 0

·��éþªØ�ª�å`z~f2¯K¦^9ÏO�óäMATLAB?1ê�¢�, þª¯K

��°()�x = (1, 1), f = 4, ùpÐ©�·��x = (0, 0)T , �è´3MATLAB7.1 �¸e$1

�. CPU ´�C(R)2.19GHZ S�. ¢�(JXeL3ÚL4¤«.

Table 3. Numerical results of trust region SQP algorithm

L 3. &6�SQP�{ê�(J

x1 x2 f(x) cpu T

5.2396 3.7460 −79.8078 0.5216 11

Table 4. Numerical results of SQP algorithm

L 4. SQP�{ê�(J

x1 x2 f(x) cpu T

5.2393 3.7455 −79.8063 0.8592 29

~f3:

min f(x) = 1000(x2 − x21)2 + (1− x1)2

subject to 3x21 − 5x2 ≤ 0

3x1 − x2 − 2 ≤ 0
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·��éþªØ�ª�å`z~f3¯K¦^9ÏO�óäMATLAB?1ê�¢�, þª¯K

��°()�x = (1, 1), f = 0, ùpÐ©�·��x = (0, 0)T , �è´3MATLAB7.1 �¸e$1

�. CPU ´�C(R)2.19GHZ S�. ¢�(JXeL5 ÚL6¤«.

Table 5. Numerical results of trust region SQP algorithm

L 5. &6�SQP�{ê�(J

x1 x2 f(x) cpu T

1 1 5.8129e−21 0.120058 44

Table 6. Numerical results of SQP algorithm

L 6. SQP�{ê�(J

x1 x2 f(x) cpu T

1 1 1.9737e−9 0.719165 48

~f4:

min f(x) = x21 + x22 − 4x1 + 4

subject to − x21 + x2 − 1 > 0

x1 − x2 + 2 > 0

x1 > 0

x2 > 0

·��éþªØ�ª�å`z~f4¯K¦^9ÏO�óäMATLAB?1ê�¢�, ·��Ð

©�x = (0, 1)T , �è´3MATLAB7.1�¸e$1�. CPU´�C(R)2.19GHZ S�. ¢�(JX

eL7 ÚL8¤«.

Table 7. Numerical results of trust region SQP algorithm

L 7. &6�SQP�{ê�(J

x1 x2 f(x) cpu T

0.5536 1.3064 3.7989 0.07509 7

3.2. Ù"�(

�éØ�ª��5`z¯K�¦)·�ÏL±þo�~f�ê�(J?1©Û, ~f1�ê�

(J¥�&6�SQP�{¦��)Ú�©SQP�{¦��)Ø�4��, �©�{¤¦��)¤s

�O��m'&6�SQP�{��m�. 
~f2Ú~f3¥�ê�(JL², 3®²��°()�

�¹e, ·�¤¦^��©SQP�{Ú&6�SQP�{ÑU
¦�¤I��), 3(�)�(��

¹e·�©Ûü«�{¤s�O��muy, &6�SQP�{3��Ó�O�(J��¹eO��
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Table 8. Numerical results of SQP algorithm

L 8. SQP�{ê�(J

x1 x2 f(x) cpu T

0.5536 1.3064 3.7989 0.51732 7

m��áu�©�SQP�{. ~f1!~f29~f3�ê�(J¥·���±uy&6�SQP�{

�uSQP�{S�gê�. ��3~f4�ê�¢�(J¥, �&6�SQP�{ÚSQP�{¤¦��

)�Ó, ¼ê��Ó, ¿�S�gê��Ó��¹e, ·�é'&6�SQP�{Ú�©SQP�{�O

�¤I�m, �±uy&6�SQP�{�u�©SQP�{�¯. nþA�~f�ê�¢�(J©Û

��, &6�SQP�{3�½^�e, ´k�¿�p�Ç��{.

4. o(�Ð"

3Ø©¥·�{ü0�
�`z�{¤±9uÐ�µ, ,�Vã
¦)��5Ø�ª�å`z

¯K�~^��«SQP�{, ¿ïáïÄ
�©�Ì�g�: ¦^&6��{�SQP �{�(Ü�

�{5¦)��5Ø�ª�å`z¯K. ��31nÙ¥ÏLo���5Ø�ª�å`z¯K�ê

�~féü«�{?1Á�, ¿¥y�·�ý����ê�(J. ÏLùg¢�(J©Û��, 3�

±���Ó�ê�)��¹e, &6�SQP�{��©�SQP`z�{�k`³, äk°Ýp, O�

�Ç¯�A:, Ïd3,
E,���5Ø�ª�å`z¯Kþ·��±æ^&6�SQP`z�{

5¦), ¬��/!�$��m.

�©3¦^&6�SQP`z�{¦)��5Ø�ª�å`z¯Kþ�Ä�
�
¯K, XJ3

�
��E,�AÏ�§¥¦^&6�SQP `z�{5¦), §´Ä�U
kÓ��`³. Ïd,

�e5�ó�·�¬UYé&6�SQP`z�{?1�'�¡�ïÄ.
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