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Abstract

In this note, we consider the boundedness of the pseudo-differential operator Ta whose

symbol a belongs to Hörmander class Smρ,1 on Besov spaces.Let 0 ≤ ρ ≤ 1, p ≥ 1

m0 = m0(ρ, p) =

{
n(ρ− 1)/p , 1 ≤ p ≤ 2;

n(ρ− 1)/2 , p ≥ 2.

If a ∈ Smρ,1 and s > m − m0, then the pseudo-differential operator Ta is bounded from Bsp,q to

Bs−m+m0
p,q . And our work is to generalize a result of Stein.
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1. ïÄ�µÚyG

[�©�f3 �©�§¥k2�A^. Kohn-NirenbergÚHörmander©O3 [1, 2]m©XÚ

ïÄùa�f. ��
ó, ��[�©�f/ªþXe½Â

Tφ,af(x) =

∫
Rn
eiφ(x,ξ)a(x, ξ)f̂(ξ)dξ,

Ù¥f̂L«f�FourierC�, a¡��Ì.φ¡�� ¼ê.�φ(x, ξ) = x · ξ�,´[�©�f.éu�

Ìa, �­���a�m´Hörmander 3 [3] Ú?�HörmanderaSmρ,δ. ·�`aáuS
m
ρ,δ(m ∈ R, 0 ≤

ρ, δ ≤ 1)´�é¤kõ­�Iα, β, a ÷v

sup
ξ∈Rn

(1 + |ξ|)−m+ρ|α|−δ|β||∂βx∂αξ a(x, ξ)| = Aα,β < +∞.

3[�©�f�nØ¥, §3Lebesgue�mLpÚHardy�mH1þ�k.5´�­��¯K�

�. y3ù�¯K®²k
¿©�ïÄ. {
ó�, XJa ∈ Smρ,δ, δ < 1, @o�m ≤ min{0, n(ρ −
δ)/2}�, @oTa 3L

2þk., äN�±ëwHörmander [4], Hounie [5]�. ?�Ú, éua ∈ Smρ,1,
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Rodino3 [6]¥y²�m < n(ρ − 1)/2�Ta3L
2þk.. Ó�¦�E
��~fa ∈ Sn(ρ−1)/2ρ,1 ¦

�Ta3L
2 þØ´k.�. aq��~a ∈ S0

1,1�±ëwChing [7]ÚStein [8] P. 272. éuà:�

/, 3�Ñ��ùÂ¥, Steiny²
�a ∈ Sn(ρ−1)/2ρ,δ �0 ≤ δ < ρ = 1½ö0 < δ = ρ < 1�, Ta´

f(1, 1)k.�lH1 �L1k.. ÁlvarezÚHounie [9]í2
ù�(J, ¦�y²
XJa ∈ Smρ,δ,

0 < ρ ≤ 1, 0 ≤ δ < 1�m = n
2
(ρ− 1 + min{0, ρ− δ}), @oTa´f(1, 1)k.�lH1�L1k.. Lpþ

�k.5�±ÏLFefferman-Stein�)Û���{�Ñ. ?�Ú, éu�ÌaáuSmρ,1½ö���o

÷HörmanderaL∞Smρ �, Guo-Zhu3 [10]¥y²
�«�.�/�k.5½ö�ÑÃ.��~.

Xc¤ã,�a ∈ Sn(ρ−1)/2ρ,1 �Ta3L
2þ�7´k.�,�éuù«�/�,
A~, Stein3 [8]¥

k��k���(J.

2. �©Ì�(J

½nA ( [8] P. 253, Proposition 6) XJa ∈ Sm1,1�γ > m, @o[�©�fTa´lLipschitz�

mΛγ�Λγ−m�k.N�.

·�3�©¥�Ì�8�´lA��¡í2Stein�ù�(J. Äk·�0�eLittlewood-

Paley©)ÚBesov�m. ùpBrL«Rn¥±�:�¥%�»�r�¥. ��K¼êη ∈ C∞c (B2) ¦�

éξ ∈ B1ðkη(ξ) = 1¿½Â

ϕ̂(ξ) = η(ξ), ϕ̂j(ξ) = η(2−jξ)− η(21−jξ), j ∈ Z.

N´wÑϕ̂j|8á3�{ξ : 2j−1 < |ξ| < 2j+1}S�ØJ�y±e��ª

ϕ̂(ξ) +

∞∑
j=1

ϕ̂j(ξ) = η(ξ) +

∞∑
j=1

[η(2−jξ)− η(21−jξ)] = 1,∀ξ ∈ Rn;

ϕj(x) = 2jnϕ0(2
jx),∀x ∈ Rn, j ∈ Z.

S′(Rn)L«�O2Â¼ê�m. éus ∈ R, 0 < p ≤ ∞, 0 < q <∞, ·�½Â�àgBesov�mÚà

gBesov�m,

Bs
p,q = {f ∈ S′ : ‖f‖Bsp,q = ‖ϕ ∗ f‖p + (

∞∑
j=1

(2js‖ϕj ∗ f‖p)q)
1
q <∞};

Ḃs
p,q = {f ∈ S′ : ‖f‖Ḃsp,q = (

∞∑
j=−∞

(2js‖ϕj ∗ f‖p)q)
1
q <∞}.

éus ∈ R, 0 < p ≤ ∞, q =∞, ü��m½Â?��

Bs
p,∞ = {f ∈ S′ : ‖f‖Bsp,∞ = ‖ϕ ∗ f‖p + sup

1≤j<∞
2js‖ϕj ∗ f‖p <∞};

Ḃs
p,∞ = {f ∈ S′ : ‖f‖Ḃsp,∞ = sup

j∈Z
2js‖ϕj ∗ f‖p <∞}.
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3�©¥, �
�B, �q =∞�·��æ^q <∞��L�ª, Ø2�±«©. ,	, ��
{Bå

�, ±�·�P

∆jf = ϕj ∗ f, S0f = ϕ ∗ f.

éuàgBesov�m, duõ�ª���", eü�2Â¼ê�A�??�u��õ�ª, Kü

�2Â¼ê@�´�Ó�.

¯¤±�, Lipschitz�mÚL2Ñ´�àgBesov�m�A~, äN/`, Bs
∞,∞ = Λs, B

0
2,2 = L2.

éu0 ≤ ρ ≤ 1, 1 ≤ ρ ≤ ∞, ½Â

m0 = m0(ρ, p) =


n(ρ− 1)/p , 1 ≤ p ≤ 2;

n(ρ− 1)/2 , p ≥ 2.

e¡´·��Ì�½n

½n 1 XJa ∈ Smρ,1�s > m−m0, @oéu[�©�fTa·�k

‖Taf‖Bs−m+m0
p,q

≤ C‖f‖Bsp,q (2.1)

Ù¥~êC=�6un, ρ, p,m, sÚa3Smρ,1¥�,
��ê.

51. XJ�ρ = 1Ká=km0 = 0, d�2-p = q = ∞, s = γ, |^Bs
∞,∞ = Λs·�Ò��
½

nA.

52. ùpXJ�Ks > m−m0�b�(Ø�7¤á. ~X-p = q = 2,m = m0 = n(ρ− 1)/2, s =

m−m0 = 0, Kd�B0
2,2 = L2, 
·�®²��ù«�/eTa3L

2þ�7´k.�, Ïd½n¥�

(ØØ2¤á.

3�©¥, ·�^i1CL«���~ê, §=�6un, ρ, p,m, sÚa3Smρ,1¥�,
��ê, 


�3ØÓ/�§L«�äNê��UØ��, ·���Ø2�[`². ,	, ·�b�O�¥Ñy

�fÑáuSchwartz�m, Ïd�9�È©Ñ´ýé�È�, 
�2|^È�5*Ð����/.

3. Ì�½n�y²

Äk·��Ñ���~Ä:�Ún, ù�(J3�'©z¥Ä�Ñk, ���å�, ·�ùp�

�Ñy².

Ún 1 �a ∈ Smρ,1, 0 ≤ ρ ≤ 1, @oé?¿m ∈ R, p ∈ [1,∞], [�©�fTaÚS0�EÜ÷v

‖TaS0f‖p ≤ C‖f‖p. (3.1)

y² w,TaS0f�L«�

TaS0f(x) =

∫
Rn
eix·ξa(x, ξ)η(ξ)f̂(ξ)dξ =

∫
Rn
k̃(x, x− y)f(y)dy
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Ù¥k̃(x, z) =
∫
Rn e

iz·ξa(x, ξ)η(ξ)dξ. |^FourierC��Ä�5�N´��

(1 + |z|)2n|k̃(x, z)| = C
∑
|α|≤2n

|zα
∫
Rn
eiz·ξa(x, ξ)η(ξ)dξ| = C

∑
|α|≤2n

|
∫
Rn
eiz·ξ∂αξ [a(x, ξ)η(ξ)]dξ|

≤ C
∑
|α|≤2n

|
∫
Rn
|∂αξ [a(x, ξ)η(ξ)]|dξ ≤ C.

�dYoungØ�ªá=��

‖TaS0f‖p ≤
(∫

Rn
(

∫
Rn
k̃(x, x− y)f(y)dy)pdx

) 1
p

≤ C
(∫

Rn
(

∫
Rn

(1 + |x− y|)−2n|f(y)|dy)pdx

) 1
p

≤ C‖f‖p.

ù�Úny.. 2

·���?U
e [11]¥�·K2.3��e¡ù�Ún.

Ún 2 �a ∈ Smρ,1, 0 ≤ ρ ≤ 1, @o�j ≥ 1, 1 ≤ p ≤ ∞�, [�©�fTaÚ∆j�EÜ÷v

‖Ta∆jf‖p ≤ C2j(m−m0)‖f‖p. (3.2)

y² Paj(x, ξ) = (η(2−jξ)− η(21−jξ))a(x, ξ), K{ξ : aj(x, ξ) 6= 0} ⊂ {ξ : 2j−1 < |ξ| < 2j+1}.
�j ≥ 1�, é?¿õ­�Iαw,k

|∂αξ aj(x, ξ)| ≤ C2j(m−ρ|α|).

�â½ÂTa∆j�L«�

Ta∆jf(x) =

∫
Rn
eix·ξa(x, ξ)∆̂jf(ξ)dξ

=

∫
Rn
eix·ξ(η(2−jξ)− η(21−jξ))a(x, ξ)f̂(ξ)dξ

=

∫
Rn
kj(x, x− y)f(y)dy

Ù¥kj(x, z) =
∫
Rn e

iz·ξaj(x, ξ)dξ.

�σj(z) = 2jnρ(1 + 2jρ|z|)−3n, Kw,k‖σj‖1 = C.

�1 ≤ p ≤ 2�, p��Ýêp′ = p
p−1 ≥ 2. d�é?¿x ∈ Rn, |^FourierC��Ä�5�

ÚHausdorff-YoungØ�ª, ·��±��
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∫
Rn
|kj(x, x− y)

σ
1
p

j (x− y)
|p
′
dy

 1
p′

= 2−
jnρ
p

(∫
Rn
|kj(x, z)(1 + 2jρ|z|)

3n
p |p

′
dz

) 1
p′

≤ 2−
jnρ
p

(∫
Rn
|kj(x, z)(1 + 2jρ|z|)3n|p

′
dz

) 1
p′

≤ C2−
jnρ
p

∑
|α|≤3n

(∫
Rn
|2jρ|α|zαkj(x, z)|p

′
dz

) 1
p′

= C2−
jnρ
p

∑
|α|≤3n

(∫
Rn

∣∣∣∣2jρ|α|zα ∫
Rn
eiz·ξaj(x, ξ)dξ

∣∣∣∣p′ dz
) 1

p′

= C2−
jnρ
p

∑
|α|≤3n

(∫
Rn

∣∣∣∣∫
Rn
eiz·ξ

(
2jρ|α|∂αξ aj(x, ξ)

)
dξ

∣∣∣∣p′ dz
) 1

p′

≤ C2−
jnρ
p

∑
|α|≤3n

(∫
Rn
|2jρ|α|∂αξ aj(x, ξ)|pdξ

) 1
p

≤ C2−
jnρ
p

∑
|α|≤3n

(∫
|ξ|<21+j

2jmpdξ

) 1
p

≤ C2−
jnρ
p 2j(m+n

p ) = C2j(m−m0). (3.3)

ù�Ø�ªép > 2�7¤á, Ï�·�I�^�Hausdorff-YoungØ�ª. ,	5¿ùp�m0�pk

', 
~êC�xÃ'.

Ïd, �â(3.3), ·��±��

|Ta∆jf(x)| =

∣∣∣∣∫
Rn
kj(x, x− y)f(y)dy

∣∣∣∣
≤

∫
Rn
|kj(x, x− y)

σ
1
p

j (x− y)
|σ

1
p

j (x− y)|f(y)|dy

≤

∫
Rn
|kj(x, x− y)

σ
1
p

j (x− y)
|p
′
dy

 1
p′ (∫

Rn
σj(x− y)|f(y)|pdy

) 1
p

≤ C2j(m−m0)(σj ∗ |f |p)
1
p . (3.4)

y3, |^(3.4)ÚYoungØ�ª��

‖Ta∆jf‖p ≤ C2j(m−m0)‖σj ∗ |f |p‖
1
p

1 ≤ C2j(m−m0)‖σj‖
1
p

1 ‖f‖p = C2j(m−m0)‖f‖p. (3.5)

5¿p ≥ 2�m0�äN�pÃ', �é?¿p > 2d(3.4)·�k

|Ta∆jf(x)| ≤ C2j(m−m0)(σj ∗ |f |2)
1
2 .
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|^aq(3.5)�O�, �p > 2�, ·��±y²

‖Ta∆jf‖p ≤ C2j(m−m0)‖(σj ∗ |f |2)
1
2 ‖p

= C2j(m−m0)‖σj ∗ |f |2‖
1
2
p
2

≤ C2j(m−m0)‖σj‖
1
2
1 ‖f2‖

1
2
p
2

= C2j(m−m0)‖f‖p.

Ïdé¤k1 ≤ p ≤ ∞·�y²
ù�Ún. 2

Ún 3 �jÚL´ü��K�ê, b��3λj¦�é?¿õ­�Iα, |α| ≤ LÑk
‖∂αxFj‖p ≤ C2j|α|λj, Ké?¿��êk·�k

‖∆kFj‖p ≤ C2(j−k)Lλj . (3.6)

y² ηXc½Â, él = 1, 2, ..., n½Â

b0(ξ) = η(ξ), bl(ξ) = (1− η(ξ))
ξl
|ξ|2

,

Kw,b0, b1, ..., bn ∈ S−11,0�

b0(ξ) +

n∑
l=1

bl(ξ)ξl = 1, ∀ξ ∈ Rn.

Ïdé?¿�K�êLk

∆kFj(x) =

∫
Rn
eix·ξϕ̂k(ξ)(b0(ξ) +

n∑
l=1

bl(ξ)ξl)
LF̂j(ξ)dξ

=
∑
|α|≤L

∫
Rn
eix·ξbα(ξ)ϕ̂k(ξ)ξ

αF̂j(ξ)dξ

=
∑
|α|≤L

Tbα∆k(∂
αFj)(x)

Ù¥bα = b
L−|α|
0

n∏
l=1

bαll ∈ S
−L
1,0 . 3Ún2¥�m = −L, ρ = 1 (d�m0(1, p) = 0)·���

‖∆kFj‖p ≤
∑
|α|≤L

‖Tbα∆k(∂
αFj)‖p ≤ C2−kL

∑
|α|≤L

‖∂αFj‖p ≤ C2−kL
∑
|α|≤L

2j|α|λj ≤ C2(j−k)Lλj .

Ún3y.. 2

e¡·�y²½n1.

éf ∈ Bs
p,q, j ≥ 1, Pf ′j = (∆j−1 + ∆j + ∆j+1)f , Kw,k∆jf = ∆jf

′
j .
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�âa ∈ Smρ,1, ØJwÑ

∂αxTaf(x) = ∂αx

∫
Rn
eix·ξa(x, ξ)f̂(ξ)dξ =

∑
β+γ=α

∫
Rn
eix·ξξβ∂γxa(x, ξ)f̂(ξ)dξ = Taαf(x)

Ù¥aα(x, ξ) = ξβ∂γxa(x, ξ) ∈ Sm+|α|
ρ,1 . (ù�ªféo÷HörmanderaL∞Smρ Ø¤á.)

y3, éj ≥ 1Ú?¿õ­�Iα, dÚn2�

‖∂αxTa∆jf‖p = ‖Taα∆jf
′
j‖p ≤ C2j(|α|+m−m0)‖f ′j‖p. (3.7)

-λj = 2js‖f ′j‖p, j ≥ 1. �k ≤ j�, 3Ún3¥�L = 0�

2k(s−m+m0)‖∆kTa∆jf‖p ≤ C2k(s−m+m0)2j(m−m0)‖f ′j‖p = C2(k−j)(s−m+m0)λj .


�k > j�, PL0��us−m+m0�����ê, 3Ún3¥�L = L0�

2k(s−m+m0)‖∆kTa∆jf‖p ≤ C2k(s−m+m0)2(j−k)L02j(m−m0)‖f ′j‖p = C2(j−k)(L0−s+m−m0)λj .

-δ = min{s−m+m0, L0 − s+m−m0}, Kds�b�ÚL0�½Â�δ > 0. nÜþ¡ü�ªf, é

¤kj, k ≥ 1·�k

2k(s−m+m0)‖∆kTa∆jf‖p ≤ C2−|j−k|δλj . (3.8)

|^Ó��O�ÚÚn1k

2k(s−m+m0)‖∆kTaS0f‖p ≤ C2−kδ‖S0f‖p. (3.9)

��Bå�, �j ≤ 0�Ø�-λj = 0, �â(3.8), (3.9)ÚMinkovskyØ�ª·�k

‖Taf‖Bs−m+m0
p,q

= ‖S0Taf‖p +

(
∞∑
k=1

(2k(s−m+m0)‖∆kTaf‖p)q
) 1

q

≤ ‖S0f‖p +

(
∞∑
k=1

(2k(s−m+m0)‖∆kTaS0f‖p +
∞∑
j=1

2k(s−m+m0)‖∆kTa∆jf‖p)q
) 1

q

≤ ‖S0f‖p + C

(
∞∑
k=1

(2−kδ‖S0f‖p +
∞∑
j=1

2−|j−k|δλj)
q

) 1
q

≤ C

‖S0f‖p +

(
∞∑
k=1

(

∞∑
j=−∞

2−|j|δλk−j)
q

) 1
q


≤ C

(
‖S0f‖p +

∞∑
j=−∞

2−|j|δ(
∞∑
k=1

λqk−j)
1
q

)
= C

(
‖S0f‖p +

∞∑
j=−∞

2−|j|δ(

∞∑
k=1

λqk)
1
q

)
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≤ C

(
‖S0f‖p +

∞∑
j=−∞

2−|j|δ(
∞∑
k=1

(2ks‖(∆k−1 + ∆k + ∆k+1)f‖p)q)
1
q

)

≤ C

(
‖S0f‖p + (

∞∑
k=1

(2ks‖∆kf‖p)q)
1
q

)
≤ C‖f‖Bsp,q .

�ù�½ny.. 2

4. o(

lStein [8] P. 253, Proposition 6¥¼�éu, �©±Littlewood-Paley©)�óä, ïÄ
[�

©�f3�½^�eBesov�mþk.5. 8�, ·�ïÄ�SN´ò�©�(Jí2�Fp�È©

�f3Besov�mþ�k.5.

ë�©z
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[4] Hörmander, L. (1971) On the L2 Continuity of Pseudo-Differential Operators. Communications

on Pure and Applied Mathematics, 24, 529-535. https://doi.org/10.1002/cpa.3160240406

[5] Hounie, J. (1986) On the L2-Continuity of Pseudo-Differential Operators. Communications in

Partial Differential Equations, 11, 765-778. https://doi.org/10.1080/03605308608820444

[6] Rodino, L. (1976) On the Boundedness of Pseudo Differential Operators in the Class Lmρ,1.

Proceedings of the AMS, 58, 211-215. https://doi.org/10.2307/2041387

[7] Ching, C.H. (1972) Pseudo-Differential Operators with Nonregular Symbols. Journal of Dif-

ferential Equations, 11, 436-447. https://doi.org/10.1016/0022-0396(72)90057-5

[8] Stein, E.M. (1993) Harmonic Analysis: Real-Variable Methods, Orthogonality, and Oscillatory

Integrals (PMS-43). Princeton University Press, Princeton, NJ.
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