
Advances in Applied Mathematics A^êÆ?Ð, 2023, 12(5), 2340-2363

Published Online May 2023 in Hans. https://www.hanspub.org/journal/aam

https://doi.org/10.12677/aam.2023.125238

äk(�{Z�*Ð.ù�§�
�m�6áÚf

HHH aaa§§§��� ààà∗

Ü����ÆêÆ�ÚOÆ�§[�=²

ÂvFÏµ2023c4�28F¶¹^FÏµ2023c5�21F¶uÙFÏµ2023c5�29F

Á �

�©ïÄ
�k(�{Z�*Ð.ù�§3�m Ht ¥)���mÄåÆ1�"Äky²
��5
� f(u) 3g�.^�e�§)�·½5§2|^Â ¼ê��{�y
)L§ {U(t, τ)} �ìC
;5§��y�
�m�6áÚf��35"

'�c

(�{Z§Â ¼ê§�m�6áÚf§*Ð.ù�§

The Time-Dependent Global
Attractors for an Extensible
Beam Equation with Structural
Damping

Rui Guo, Xuan Wang∗

College of Mathematics and Statistics, Northwest Normal University, Lanzhou Gansu

Received: Apr. 28th, 2023; accepted: May 21st, 2023; published: May 29th, 2023

∗ ÏÕ�ö"

©ÙÚ^: Ha, �à. äk(�{Z�*Ð.ù�§��m�6áÚf[J]. A^êÆ?Ð, 2023, 12(5): 2340-2363.
DOI: 10.12677/aam.2023.125238

https://www.hanspub.org/journal/aam
https://doi.org/10.12677/aam.2023.125238
https://www.hanspub.org
https://doi.org/10.12677/aam.2023.125238


Ha§�à

Abstract

This paper studies longtime behavior of solutions for an extensible beam equation

with structural damping in the Ht space. In the first instance, we show that the global

well-posedness of solutions for the equation with nonlinearity f(u) under subcritical

condition. Moreover, the asymptotic compactness of the solution process {U(t, τ)}
is proved by using the method of contraction function. Finally, the existence of the

time-dependent global attractor is gained.
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1. Úó

� Ω´ RN (N > 5)¥äk1w>.�k.�,�ÄXe�k(�{Z�*Ð.ù�§
ε(t)∂2

t u+ ∆2u+ γ(−∆)θ∂tu+ f(u) = g(x), x ∈ Ω, t > τ,

u(x, t) = 0, x ∈ ∂Ω, t > τ,

u(x, τ) = u0(x), ∂tu(x, τ) = u1(x), x ∈ Ω,

(1.1)

Ù¥ θ ∈ ( 1
2
, 1), γ > 0 , f(u)´��5�, g(x)´	å�.

31950c, Woinowsky −Krieger3 [1]¥JÑ
Xeù�§:

∂2
t u+ ∆2u−M(

∫
Ω

|∇u|2dx)∆u = F (x, u, ∂tu,∆∂tu). (1.2)

3ù�§�$ÄL§¥,duXÚg��ÏÚ	Ü��p�^
Úå�XÚUþÅìÑÑ�y�¡

�{Z,{Z���©�r{Z,f{Z�0uüö�m�(�{Z.éu�§ (1.1)¥� ε(t) ≡ C
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��ïÄ®k
´a�¤J.X© [2]ïá
��5�3g�.^�ek���ÛáÚfÚ�êá

Úf��35,© [3]��
�k�ÛÜf{Z*Ð.ù�§3g�.^�e�ÛáÚf��35,

� 0 < θ 6 1�,© [4]¥ïÄ
�a�ÛÜ*Ð.ù�§�k��;�ÛáÚfÚ�êáÚf,

© [5]�Ñ
� 0 < θ 6 1�, f(u)äk�`g�.O�,ÙO��ê÷v:1 6 p < pθ = N+4θ
(N−4)+

.

��§¥� ε(t) 6≡ C �,¯K (1.1)C��\E,k�,DÚ¿Âþ£ãÄåXÚ��ÛáÚ

f,�êáÚfÚ.£áÚfØU
éÐ/�x¯K (1.1)���mÄåÆ1�.u´ Conti�JÑ


�m�6�m�g�,ddiå
ïÄ�m�6áÚf�9�.© [6]ïá
Xe�.:

ε(t)∂2
t u−∆u+ γ(−∆)α∂tu+ f(u) = g(x), (1.3)

ùp α ∈ (0, 1
2
).��Ñ
� 1 6 p 6 p∗∗ = N+2

N−2
(N > 3)�)´�3�,� 1 6 p 6 p∗ = N+4α

N−2
(N >

3)�)´[­½�,?
�Ñ
�m�6áÚf��35.© [7]Ú© [8]©O?Ø
ù�§Ú Plate

�§��m�6áÚf��35,
8cÿ�kéäk(�{Z�*Ð.ù�§��m�6áÚf

?1ïÄ.É±þ©z�éu,�©Äk^%C��{y²
¯K (1.1))�·½5,2|^Â ¼

ê��{�y
éAL§�ìC;5,����
�m�6áÚf��35.

2. ý��£

Äk,�
{',·�¦^±e �

Lp = Lp(Ω), Hk = Hk(Ω), V1 = H1
0 (Ω),

V2 = H1
0 ∩H2, ‖ · ‖ = ‖ · ‖L2 , ‖ · ‖p = ‖ · ‖Lp ,

Ù¥ p > 1.Kki\ V2 ↪→↪→ L2 ↪→ V−2,½Â�f A : V2 → V−2 ,

〈Au, υ〉 = 〈∆u,∆υ〉, ∀u, υ ∈ V2,

K A´ L2 þ�g��f�3 V2 þî��,·���±½Â A�� As.F�ËA�m Vs = D(A
s
4 )

äk±eSÈ��ê:

〈u, υ〉Vs = 〈A s
4u,A

s
4υ〉, ‖u‖Vs = ‖A s

4u‖, s ∈ R.

K¯K (1.1)�±�¤e¡�f�/ª:
ε(t)∂2

t u+Au+ γA
θ
2 ∂tu+ f(u) = g(x), x ∈ Ω, t > τ,

u(x, t) = 0, x ∈ ∂Ω, t > τ,

u(x, τ) = u0(x), ∂tu(x, τ) = u1(x), x ∈ Ω.

(2.1)

½Â�m�6�m�:

Ht = V2 × L2,
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¿��éA��ê�:

‖(u, ∂tu)‖2Ht = ‖u‖2V2
+ ε(t)‖∂tu‖2.

- C ��~ê, e©¥Ñy3ØÓªf¥�z�� C L«�´éA�~ê�, ·��^

Ci, i ∈ N5L«Ù¦�~ê.� ε(t), f(u), g÷ve�^�:

(C1)¼ê ε(t) ∈ C1(R)´��üN4~�k.¼ê,¿÷v

lim
t→+∞

ε(t) = 0, (2.2)

��3~ê L > 0,¦�

sup
t∈R

[|ε(t)|+ |ε′(t)|] 6 L. (2.3)

(C2) f ∈ C1(R), s ∈ R÷v:

uf = lim inf
|s|→∞

f(s)

s
> −λ1, (2.4)

Ù¥ λ1 > 0��f A�1�A��.�� N > 5�k

|f ′(s)| 6 C(1 + |s|p−1), 1 6 p < pθ =
N + 2θ

N − 4
. (2.5)

(C3) g ∈ L2(Ω), (u0, u1) ∈ Hτ ,�k ‖(u0, u1)‖Hτ 6 R.

5 1 d (2.4)��,�3~ê η ,� 0 < λ1 − η � 1�,¦�

F (s) > −η
2
s2 − C, f(s)s > −ηs2 − C. (2.6)

Ù¥ F (u) =
∫ u

0
f(r)dr.

5 2 � N 6 4�,w,k V2 ↪→ L∞,¤±·�X­?Ø� N > 5��(J.

Ún 2.1 [2] � X,BÚ Y ´n� Banach�m,÷vi\ X ↪→↪→ B ↪→ Y ,

W = {u ∈ Lp(0, T ;X)|ut ∈ L1(0, T ;Y )}, 1 6 p <∞,

W1 = {u ∈ L∞(0, T ;X)|ut ∈ Lr(0, T ;Y )}, r > 1.

K

W ↪→↪→ Lp(0, T ;B), W1 ↪→↪→ C([0, T ];B).

½n 2.1 [9] � U(·, ·)´ {Ht}t∈R þ���L§,¿�k��.£áÂx B = {Bt}t∈R.d	,b

�é ∀ ε > 0 ,�3 T (ε) 6 t, Φt
T ∈ C(BT ),¦�

DOI: 10.12677/aam.2023.125238 2343 A^êÆ?Ð

https://doi.org/10.12677/aam.2023.125238


Ha§�à

‖U(t, T )x− U(t, T )y‖ 6 ε+ Φt
T (x, y), ∀x, y ∈ BT ,

é?¿�½� t ∈ R,K U(·, ·)´.£ìC;�.

½Â 2.1 [9] � {Ht}t∈R ´�x Banach�m, C = {Ct}t∈R ´ {Ht}t∈R ��x��k.f8.·

�¡½Â3 Ht ×Ht þ�¼ê Φt
τ (·, ·)� Cτ × Cτ þ�Â ¼ê,XJé?¿�½� t ∈ R,?¿S

� {xn}∞n=1 ⊂ Cτ ,�3��fS� {xnk}∞k=1 ⊂ {xn}∞n=1,¦�

lim
k→∞

lim
l→∞

Φt
τ (xnk , xnl) = 0, ∀τ 6 t.

·�^ C(Cτ )L« Cτ × Cτ Â ¼ê�8Ü.

Ún 2.2 [10] � Φ,Ψ,Λ´�KëY¼ê,�÷v�©Ø�ª

Ψ′(t) 6 Φ(t)Ψ(t) + Λ(t), t > 0,

K

Ψ(t) 6 Ψ(0)e
∫ t
0

Φ(s)ds +

∫ t

0

Λ(s)e
∫ t
s

Φ(τ)dτds.

XJØ�ª

Ψ′(t) + βΦ(t) 6 Λ(t),

¤á,Ù¥ β > 0 .K

Ψ(t) 6 e−βtΨ(0) +

∫ t

0

e−β(t−s)Λ(s)ds

.

Ún 2.3 [10] � 1 6 p1, p2 6∞, 0 6 s < l(s, l ∈ Z+).e

ϑ =

n
p
− n

p1
− s

n
p2
− n

p1
− l

÷v s
l
6 ϑ < 1.K

‖u‖s,p 6 C‖u‖1−ϑ0,p1
‖u‖ϑl,p2 .

½n 2.2 [11] (Banach−Alaoglu ½n) �X ´��g�� Banach�m,e B ⊂ X ´k.�,

K B 3fÿÀ�m X ¥�é;.

½Â 2.2 [12] � {Ht}t∈R ´�xD��m,Vëê�fx {U(t, τ) : Hτ → Ht, t > τ, τ ∈ R}÷
v±e5�:

1)é?¿� τ ∈ R, U(τ, τ) = Id´Hτ þ�ð��f;

2)éz� σ ∈ RÚ?¿� t > τ > σ, U(t, τ)U(τ, σ) = U(t, σ).

K¡ U(t, τ)´��L§.

½Â 2.3 [12] XJé?¿� t ∈ R,�3��~ê R > 0,¦� Ct ⊂ {z ∈ Ht : ‖z‖Ht 6 R} =

DOI: 10.12677/aam.2023.125238 2344 A^êÆ?Ð

https://doi.org/10.12677/aam.2023.125238


Ha§�à

Bt(R),K¡k.8 Ct ⊂ Ht�8Üx C = {Ct}t∈R´��k.�.

½Â 2.4 [12]XJé?¿�R > 0,�3~ê t0(t, R) 6 t,¦� τ 6 t− t0 ⇒ U(t, τ)Bτ (R) ⊂ Bt,
K¡��k.8x B = {Bt}t∈R´L§ U(t, τ)��m�6áÂ8.

½Â 2.5 [12] XJ B = {Bt}t∈R ��k.,�é?¿� R > 0,�3~ê t0 = t0(t, R) 6 t,¦�

τ 6 t0 ⇒ U(t, τ)Bτ (R) ⊂ Bt,K¡ B´.£áÂ�.

½Â 2.6 [12] L§ U(t, τ)��m�6áÚf´÷vXe5����x A = {At}t∈R :

1)z� At3Ht¥´;�;

2) A´.£áÚ�,=éz���k.x C = {Ct}t∈R,4�

lim
τ→−∞

δt(U(t, τ)Cτ , At) = 0

¤á,Ù¥

δt(B,C) = sup
x∈B

inf
y∈C
‖x− y‖Ht

L«8Ü B Ú C � Hausdorff �ål.

½n 2.3 [12] XJL§ U(t, τ)ìC;,=8ÜK = {K = {Kt}t∈R : Kt ⊂ Ht �;8, K�.£
áÚ}´��;�,K�m�6áÚf A�3���.

½Â 2.7 [12] XJ ∀t > τ, U(t, τ)Aτ = At,K¡�m�6áÚf A = {At}t∈R´ØC�.

½n 2.4 [12] � U(·, ·)��^u Banach�mx {Ht}t∈R �L§,K U(·, ·)k�m�6�Ûá
Úf U∗ = {A∗t}t∈R÷v

A∗t =
⋂
s6t

⋃
τ6s

U(t, τ)Bτ ,

��=�

(i) U(·, ·)�3�m�6áÂ8x B = {Bt}t∈R;

(ii) U(·, ·)´ìC;�.

3. ·½5

½n 3.1 e^� (C1)-(C3)¤á,K¯K (2.1)k��f) u,� (u, ∂tu) ∈ L∞([τ, T ];

Ht), ∂tu ∈ L2([τ, T ];Vθ),�keª¤á

‖(u, ∂tu)‖2Ht +

∫ t

τ

‖∂tu(s)‖2Vθds 6 C0, ∀t > τ, (3.1)

Ù¥ C0 = C(R, δ, ‖g‖).d	,� 1 6 p < pθ = N+2θ
N−4

�)�äk±e5�:

(i)é?¿� t > s > τ Ú (u, ∂tu) ∈ Htke�Uþð�ª¤á
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E(u(s), ∂tu(s)) +
1

2

∫ t

s

ε′(r)‖∂tu(r)‖2dr = E(u(t), ∂tu(t)) + γ

∫ t

s

‖∂tu(r)‖2Vθdr, (3.2)

Ù¥

E(u(t), ∂tu(t)) =
1

2
(‖u‖2V2

+ ε(t)‖∂tu‖2) +

∫
Ω

F (u)dx− 〈g, u〉.

(ii)� z = u − v �¯K (2.1)éAuÐ� (u0, u1), (v0, v1)�),KT)3�m V2−θ × V−θ ¥
LipschitzëY,=é τ 6 t 6 T ,k

‖(z, ∂tz)(t))‖2V2−θ×V−θ
6 C3‖(z, ∂tz)(τ)‖2V2−θ×V−θ

, (3.3)

Ù¥ C3 = max{C1, C2} = max{{2γ + bδL+ δ, L+ bL}, { 17δ
8

+ δL
2

+ δbL, bδγ, b}},ùp� δ, b¿

©�,¿� z�÷veª

‖z(t)‖2V2−θ
+ ε(t)‖∂tz(t)‖2V−θ

6 e−bt(‖z(τ)‖2V2−θ
+ ε(τ)‖∂tz(τ)‖2V−θ

)

+ C3

∫ t

τ

e−b(t−s)(‖∂tz(s)‖2 + ‖z(s)‖2V2
)ds. (3.4)

(iii)é?¿� τ < ka < a 6 t 6 T, (u, ∂tu, ∂
2
t u) ∈ L∞([a, T ];V2+θ × V2−θ × V−θ) ∩ L2

([a, T ];V4 × V2 × L2(Ω)),keª¤á

‖u‖2V2+θ
+ ‖∂tu‖2V2−θ

+ ε(t)‖∂2
t u‖2V−θ

+

∫ t+1

t

(‖u(s)‖2V4
+ ‖∂tu(s)‖2V2

+ ‖∂2
t u(s)‖2)ds

6 (1 +
30

7ν
)
eC0(t−τ)

t
2
θ

+ (
2

γ
+

16

7
)C0(t− ka)

1−θ
2−θ + (

2

νγ
+

16

7ν
)h(t) +

8

7
C4, (3.5)

Ù¥ k > 0, ν = min{ 9
8
δ, γ − δL+ δ}, h(t) = eC0(ka−τ)eC0(t−ka)

(ka)
2
θ (t−ka)

1
2−θ

, C4 = C(R, δ, ‖g‖, L) .

y² é�§ (2.1)¦± ∂tuk

d

dt
E(u, ∂tu) + γ‖∂tu‖2Vθ −

1

2
ε′(t)‖∂tu‖2 = 0, (3.6)

Ù¥

E(u, ∂tu) =
1

2
(‖u‖2V2

+ ε(t)‖∂tu‖2) +

∫
Ω

F (u)dx− 〈g, u〉.

ò (3.6)3 [s, t]þÈ©�� (3.2). d5 1, HölderØ�ª, YoungØ�ª±9 PoincaréØ�ª��∫
Ω

F (u)dx > −η
2
‖u‖2 − C > − η

2λ1

‖u‖2V2
− C(η). (3.7)

〈g, u〉 6 1

4δ2
‖g‖2 +

δ2

λ1

‖u‖2V2
. (3.8)
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¤±k

E(u, ∂tu) =
1

2
(ε(t)‖∂tu‖2 + ‖u‖2V2

) +

∫
Ω

F (u)dx− 〈g, u〉

>
1

2
(ε(t)‖∂tu‖2 + (1− η

λ1

)‖u‖2V2
)− 〈g, u〉 − C(η)

> d‖(u, ∂tu)‖2Ht − C(δ, ‖g‖), (3.9)

Ù¥ d = min{ 1
2
, 1

2
− η+2δ2

2λ1
}.é (3.6)l τ � tÈ©��

E(u(t), ∂tu(t)) + γ

∫ t

τ

‖∂tu(s)‖2Vθds−
1

2

∫ t

τ

ε′(s)‖∂tu(s)‖2ds = E(u(τ), ∂tu(τ)). (3.10)

d ε(t)�4~5��

E(u(t), ∂tu(t)) 6 E(u(τ), ∂tu(τ)).

Kk

‖(u, ∂tu)‖2Xt 6 C(R, δ, ‖g‖). (3.11)

Ï� γ > 0,2(Ü (3.11),k ∫ t

τ

‖∂tu(s)‖2Vθds 6 C(R, δ, ‖g‖). (3.12)

P C0 = C(R, δ, ‖g‖),2(Ü (3.11)Ú (3.12)�� (3.1).

(ii)� u, v��§ (2.1)éAuÐ� (u0, u1), (v0, v1)�),K z = u− v÷veª

ε(t)∂2
t z +Az + γA

θ
2 ∂tz + f(u)− f(v) = 0. (3.13)

ò (3.13)� 2A−
θ
2 ∂tz + 2δz�SÈk

d

dt
H1(z, ∂tz) + 2δ‖z‖2V2

+ [2γ − 2δε(t)]‖∂tz‖2 − ε′(t)‖∂tz‖2V−θ
− 2δε′(t)〈∂tz, z〉

= −〈f(u)− f(v), 2A−
θ
2 ∂tz + 2δz〉, (3.14)

Ù¥

H1(z, ∂tz) = ε(t)‖∂tz‖2V−θ
+ 2δε(t)〈∂tz, z〉+ ‖z‖2V2−θ

+ γδ‖z‖2Vθ .

Ï� V2−θ ↪→ Vθ,¤±

|ε(t)〈∂tz, z〉| 6 ε(t)‖A− θ4 ∂tz‖ · ‖A
θ
4 z‖

6
ε(t)

2
‖∂tz‖2V−θ

+
L

2
‖z‖2V2−θ

,

� δ¿©��,

H1(z, ∂tz) ∼ ε(t)‖∂tz‖2V−θ
+ ‖z‖2V2−θ

. (3.15)
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� N = 4�,é 1 < r < ∞,k V2 ↪→ Lr;� N > 5�,é 0 < δ � 1,k 2N
N−2(2−δ) <

2N
N−4

,,k

V2 ↪→ L
2N
N−4 ;Ï� 1 6 p < pθ = N+2θ

N−4
,¤±k N(p−1)

θ+2−δ < 2N
N−4

,?
k V2 ↪→ L
N(p−1)
θ+2−δ .d HölderØ�

ª, YoungØ�ª±9¥�½n��

|〈f(u)− f(v), 2A−
θ
2 ∂tz + 2δz〉|

6C
∫

Ω

(1 + |u|p−1 + |v|p−1)|z|(|A− θ2 ∂tz|+ δ|z|)dx

6C(1 + ‖u‖p−1
N(p−1)
θ+2−δ

+ ‖v‖p−1
N(p−1)
θ+2−δ

)‖z‖ 2N
N−2(2−δ)

(‖A− θ2 ∂tz‖ 2N
N−2θ

+ δ‖z‖ 2N
N−2θ

)

6C(1 + ‖u‖p−1
V2

+ ‖v‖p−1
V2

)‖z‖V2−δ(‖A−
θ
2 ∂tz‖Vθ + δ‖z‖Vθ)

6C0‖z‖V2
(‖∂tz‖+ δ‖z‖V2

)

6δ‖∂tz‖2 +
δ

8
‖z‖2V2

+ C0, (3.16)

Ù¥^�
 θ+2−δ
N

+ N−2(2−δ)
2N

+ N−2θ
2N

= 1, 2− δ < 2, θ < 2.¤±é¿©�� b > 0,ò (3.16)�\

(3.14)��

d

dt
H1(z, ∂tz) + bH1(z, ∂tz)

6 [2− 2δε(t)]‖∂tz‖2 + [ε′(t) + bε(t)]‖∂tz‖2V−θ
+ δ‖∂tz‖2 + b‖z‖2V2−θ

+ 2δ‖z‖2V2
+ bδ‖z‖2Vθ + 2δε′(t)〈∂tz, z〉+ 2δbε(t)〈∂tz, z〉+

δ

8
‖z‖2V2

+ C0. (3.17)




|2δε′(t)〈∂tz, z〉| 6 2δL‖∂tz‖‖z‖

6 2δL‖∂tz‖2 +
δL

2
‖z‖2V2

. (3.18)

|2δbε(t)〈∂tz, z〉| 6 δbL(‖∂tz‖2 + ‖z‖2V2
). (3.19)

(Ü (3.17)-(3.19),� C1 = max{2γ + bδL+ δ, L+ bL}, C2 = max{ 17δ
8

+ δL
2

+ δbL, bδγ, b},Kk

|(2γ − 2δε(t))|‖∂tz‖2 + |(ε′(t) + bε(t))|‖∂tz‖2V−θ
+ (2δL+ δbL)‖∂tz‖2 + δ‖∂tz‖2

6 (2γ + bδL+ δ)‖∂tz‖2 + (L+ bL)‖∂tz‖2V−θ

6 C1‖∂tz‖2. (3.20)

2δ‖z‖2V2
+ bδγ‖z‖2Vθ + b‖z‖2V2−θ

+
δL

2
‖z‖2V2

+ δbL‖z‖2V2
+
δ

8
‖z‖2V2

6 (
17δ

8
+
δL

2
+ δbL)‖z‖2V2

+ bδγ‖z‖2Vθ + b‖z‖2V2−θ

6 C2‖z‖2V2
. (3.21)
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ò (3.20)-(3.21)�\ (3.17)�

d

dt
H1(z, ∂tz) + bH1(z, ∂tz) 6 C3(‖∂tz‖2 + ‖z‖2V2

), (3.22)

Ù¥ C3 = max{C1, C2}.é (3.22)3 [τ, t]þ$^ GronwallÚn�� (3.4).

(iii)ò�§ (2.1)'u t¦�,�� v = ∂tu÷v�§

ε(t)∂2
t v + ε′(t)∂tv +Av + γA

θ
2 ∂tv + f ′(u)v = 0. (3.23)

^ A−
θ
2 ∂tv + δv� (3.23)�^��

d

dt
H2(v, ∂tv) + δ‖v‖2V2

+
1

2
ε′(t)‖∂tv‖2V−θ

+ [γ − δε(t)]‖∂tv‖2 + 〈f ′(u)v,A−
θ
2 ∂tv + δv〉

= 0, (3.24)

Ù¥

H2(v, ∂tv) =
1

2
[ε(t)‖∂tv‖2V−θ

+ ‖v‖2V2−θ
] + δε(t)〈∂tv, v〉+

1

2
δγ‖v‖2Vθ .

Ï� V2−θ ↪→ Vθ,¤±

|ε(t)〈∂tv, v〉| 6 ε(t)‖A− θ4 ∂tv‖ ‖A
θ
4 v‖

6
ε(t)

2
‖∂tv‖2V−θ

+
L

2
‖v‖2V2−θ

,

� δ¿©��,

H2(v, ∂tv) ∼ ε(t)‖∂tv‖2V−θ
+ ‖v‖2V2−θ

. (3.25)

� (3.16)��Oaq,k

|〈f ′(u)v,A−
θ
2 ∂tv + δv〉|

6C
∫

Ω

(1 + |u|p−1)|v|(|A− θ2 ∂tv|+ δ|v|)dx

6C(1 + ‖u‖p−1
N(p−1)
θ+2−δ

)‖v‖ 2N
N−2(2−δ)

(‖A− θ2 ∂tv‖ 2N
N−2θ

+ δ‖v‖ 2N
N−2θ

)

6C(1 + ‖u‖p−1
V2

)‖v‖V2−δ(‖A−
θ
2 ∂tv‖Vθ + δ‖v‖Vθ)

6C0‖v‖V2
(‖∂tv‖+ δ‖v‖V2

)

6δ‖∂tv‖2 +
δ

8
‖v‖2V2

+ C0. (3.26)
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ò (3.26)�\ (3.25)�

d

dt
H2(v, ∂tv) +

9

8
δ‖v‖2V2

+ [γ − δε(t) + δ]‖∂tv‖2

6 C0‖v‖2V2−θ
− 1

2
ε′(t)‖∂tv‖2V−θ

+ C0.

d ε(t)�4~5��,é¿©�� δÚ ν = min{ 9
8
δ, γ − δL+ δ},k

d

dt
H2(v, ∂tv) + ν(‖v‖2V2

+ ‖∂tv‖2) 6 C0H2(v, ∂tv) + C0. (3.27)

^ t
2
θ ¦± (3.27)��

d

dt
(t

2
θH2(v, ∂tv)) + νt

2
θ (‖v‖2V2

+ ‖∂tv‖2)

6 C0t
2
θH2(v, ∂tv) + C0t

2
θ + Ct

2−θ
θ (ε(t)‖∂tv‖2V−θ

+ ‖v‖2V2−θ
), τ ∈ R. (3.28)

d V2 ↪→↪→ L2 ↪→ V−2Ú (3.1)��

‖f(u)‖V−2
6 C‖f(u)‖ 6 C(‖u‖+ ‖u‖pV2

) 6 C0. (3.29)

ε(t)‖∂tv‖V−2
= ε(t)‖∂2

t v‖V−2

6 ‖Au‖V−2
+ γ‖A θ

2 ∂tu‖V−2
+ ‖f(u)‖V−2

+ ‖g‖V−2

6 ‖u‖V2
+ γ‖∂tu‖V2θ−2

+ ‖f(u)‖V−2
+ ‖g‖

6 C0. (3.30)

(Ü (3.30)Ú��½n��

t
2−θ
θ ε(t)‖∂tv‖2V−θ

6 t
2−θ
θ ‖∂tv‖ε(t)‖∂tv‖θV−2

6
ν

2
t

2
θ ‖∂tv‖2 + C0,

t
2−θ
θ ‖v‖2V2−θ

6 t
2−θ
θ ‖v‖2−θV2

‖v‖ 6 ν

2
t

2
θ ‖v‖2V2

+ C0,

Ù¥^�
 2
θ
− 1 < 2

θ
.ò±þ(J�\ (3.28),¿|^ V2 ↪→↪→ L2�

d

dt
(t

2
θH2(v, ∂tv)) +

ν

2
t

2
θ (‖v‖2V2

+ ‖∂tv‖2) 6 C0t
2
θH2(v, ∂tv) + C0t

2
θ . (3.31)

^ e−C0(t−τ)¦± (3.31),¿3 [τ, t]þÈ©��

ε(t)‖∂tv‖2V−θ
+ ‖v‖2V2−θ

6
1

t
2
θ

eC0(t−τ). (3.32)
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é?¿� τ < a 6 t,� (3.31)¦± e−C0(t−a),¿3 [a, t]þÈ©��∫ t

a

(‖v‖2V2
+ ‖∂tv‖2)ds 6

2

ν

eC0(a−τ)eC0(t−a)

a
2
θ

.

^ e−C0(t−τ)¦± (3.31)¿3 [t, t+ 1]þÈ©k

H2(v(t+ 1), ∂tv(t+ 1))e−C0(t+1−τ) +
ν

2

∫ t+1

t

e−C0(s−τ)(‖v‖2V2
+ ‖∂tv‖2)ds

6 H2(v(t), ∂tv(t))e−C0(t−τ). (3.33)

Ïdk ∫ t+1

t

(‖v‖2V2
+ ‖∂tv‖2)ds 6

2

ν

eC0(t−τ)

t
2
θ

. (3.34)

(Ü (3.32)Ú (3.34)k

ε(t)‖∂tv‖2V−θ
+ ‖v‖2V2−θ

+

∫ t+1

t

(‖v‖2V2
+ ‖∂tv‖2)ds

6 (1 +
2

ν
)

1

t
2
θ

eC0(t−τ). (3.35)

^ Au� (2.1)�SÈ,��

γ

2

d

dt
‖u‖2V2+θ

+ ‖u‖2V4
= 〈g − f(u)− ε(t)∂2

t u,Au〉. (3.36)

Ï� p+ 1 < 2N+(2θ−4)
N−4

,¤±k V2 ↪→ Lp+1,2|^ YoungØ�ª, HölderØ�ªÚ��½n��

|〈f(u), Au〉| 6 ‖f(u)‖‖Au‖

6 C(1 + ‖u‖p−1
p+1)‖u‖p+1‖u‖V4

6 C0‖u‖V2
‖u‖V4

6 C0 +
1

4
‖u‖2V4

(3.37)

|〈g − ε(t)∂2
t u,Au〉| 6 (‖g‖+ ε(t)‖∂2

t u‖)‖u‖V4

6 C(‖g‖2 + L2‖∂2
t u‖2) +

1

4
‖u‖2V4

(3.38)

ò (3.37)-(3.38)�\ (3.36)��

γ
d

dt
‖u‖2V2+θ

+ ‖u‖2V4
6 2C0(‖g‖2 + L2‖∂2

t u‖2). (3.39)
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� a > 0, 0 < k < 1;½ a < 0, k > 1�,é?¿� τ < ka < a 6 t,é (3.39)¦± (t− ka)
1

2−θ ��

γ
d

dt
[(t− ka)

1
2−θ ‖u‖2V2+θ

] +
1

2
(t− ka)

1
2−θ ‖u‖2V4

6 C0(t− ka)
1

2−θ (‖g‖2 + L2‖∂2
t u‖2) +

1

2− θ
(t− ka)

θ−1
2−θ ‖u‖2V2+θ

. (3.40)

d��½nÚ YoungØ�ªk

1

2− θ
(t− ka)

θ−1
2−θ ‖u‖2V2+θ

6 C
1

2− θ
(t− ka)

θ−1
2−θ ‖u‖2−θV2

‖u‖θV4

6
1

8
(t− ka)

1
2−θ ‖u‖2V4

+ C‖u‖2V2
. (3.41)

¤±k

γ
d

dt
[(t− ka)

1
2−θ ‖u‖2V2+θ

] 6 2C0(t− ka)
1

2−θ (‖g‖2 + ‖u‖2V2
+ L2‖∂2

t u‖2). (3.42)

é (3.42)3 [ka, t]È©,2|^c¡®���(Jk

γ‖u‖2V2+θ
6

∫ t

ka

(‖u(s)‖2V2
+ L2‖∂2

t u(s)‖2)ds

6 2C0(t− ka)
1−θ
2−θ +

2

ν
h(t), (3.43)

Ù¥

h(t) =
eC0(ka−τ)eC0(t−ka)

(ka)
2
θ (t− ka)

1
2−θ

.

é (3.39)3 [a,t]þÈ©��∫ t

a

‖u‖2V4
ds 6

8γ

7
‖u(a)‖2V2+θ

+
8

7

∫ t

a

(‖u(s)‖2V2
+ L2‖∂2

t u(s)‖2)ds

6
16C0

7
(a− ka)

1−θ
2−θ +

8C4

7
(t− a) +

16

7ν
h(a) +

16

7ν

eC0(a−τ)eC0(t−a)

a
2
θ

, (3.44)

Ù¥ C4 = C(R, δ, ‖g‖, L).

é (3.39)3 [t, t+ 1]È©��∫ t+1

t

‖u(s)‖2V4
ds 6

16C0

7
(t− ka)

1−θ
2−θ +

8C4

7
+

16

7ν
h(t) +

16

7ν

eC0(t−τ)

t
2
θ

(3.45)

(Ü (3.43)-(3.45)��

‖u‖2V2+θ
+

∫ t+1

t

‖u(s)‖2V4
ds

6 (
2

γ
+

16

7
)C0(t− ka)

1−θ
2−θ + (

2

νγ
+

16

7ν
)h(t) +

16

7ν

eC0(t−τ)

t
2
θ

+
8

7
C4. (3.46)

(Ü (3.35)Ú (3.46)k (3.5)¤á.
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- zn = (un, ∂tun)´¯K (2.1)éA�Cq�§�),´� (3.1)é GalerkinCqS� zn �´

¤á�.Ïd,�3 (u, ∂tu) ∈ L∞([τ, T ];Ht), ∂tu ∈ L2([τ, T ];Vθ),

¦�

(un, ∂tun)f ∗Âñu (u, ∂tu)3 L∞([τ, T ];Ht)¥,

∂tunfÂñu ∂tu3 L2([τ, T ];Vθ)¥.

A^Ún 2.1��

un → u3 L2([τ, T ];V2), ∂tun → ∂tu3 L2([τ, T ];L2(Ω)),

(un, ∂tun)→ (u, ∂tu)3C([τ, T ];V2−δ×V−δ), (3.47)

f(un(t))→ f(u(t))3 L2¥fÂñ, t ∈ [τ, T ],

un(x, t)3 Ω× [τ, T ]¥A�??Âñu u(x, t).

d V2 ↪→ Lp+1Ú (2.5)��,é?¿� ζ ∈ C∞0 (Ω)∫ T

τ

〈f(un)− f(u), ζ〉dt

6 C

∫ T

τ

∫
Ω

(1 + |un|p−1 + |u|p−1)|un − u||ζ|dxdt

6 C

∫ T

τ

(1 + ‖un‖p−1
p+1 + ‖u‖p−1

p+1)‖un − u‖p+1|ζ|p+1dt

6 C

∫ T

τ

(1 + ‖un‖p−1
V2

+ ‖u‖p−1
V2

)‖un − u‖V2
‖ζ‖V2

dt

6 C0‖un − u‖L2([τ,T ];V2) → 0.

¤±�� z = (u, ∂tu)´÷v (3.1)�¯K (2.1)�f).

é?¿� t ∈ [τ, T ],d (3.2)Ú (3.47)��

lim
s→t

E(u(s), ∂tu(s)) = E(u(t), ∂tu(t)),

� x ∈ Ω�, u(x, s)→ u(x, t)(s→ t)A�??,

(u, ∂tu) ∈ C([τ, T ];V2−δ × V−δ) ∩ L∞([τ, T ];Ht).

d FatouÚnÚ5 1��

lim
s→t
〈g, u(s)〉 = 〈g, u(t)〉,

‖(u(t)), ∂tu(t)‖2Ht 6 lim inf
s→t

‖(u(s)), ∂tu(s)‖2Ht ,
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∫
Ω

(F (u(t)) +
η

2
|u(t)|2 + C)dx

6 lim inf
s→t

∫
Ω

(F (u(s)) +
η

2
|u(s)|2 + C)dx

6 lim inf
s→t

∫
Ω

F (u(s))dx+
η

2
‖u(t)‖2 + C|Ω|.

¤±k ∫
Ω

F (u(t))dx 6 lim inf
s→t

∫
Ω

F (u(s))dx. (3.48)

d±þ�Oª��

lim inf
s→t

(
1

2
ε(s)‖∂tu(s)‖2 +

1

2
‖u(s)‖2V2

) + lim inf
s→t

∫
Ω

F (u(s))dx

6 lim
s→t

(
1

2
ε(s)‖∂tu(s)‖2 +

1

2
‖u(s)‖2V2

+

∫
Ω

F (u(s))dx)

=
1

2
ε(t)‖∂tu(t)‖2 +

1

2
‖u(t)‖2V2

+

∫
Ω

F (u(t))dx

6 lim inf
s→t

(
1

2
ε(s)‖∂tu(s)‖2 +

1

2
‖u(s)‖2V2

) + lim inf
s→t

∫
Ω

F (u(s))dx.

�k

ε(t)‖∂tu(t)‖2 = lim inf
s→t

ε(s)‖∂tu(s)‖2, (3.49)

‖u(t)‖2V2
= lim inf

s→t
‖u(s)‖2V2

. (3.50)

(Ü (3.49), (3.50),�mHt���à5Ú (u, ∂tu) ∈ Cw([τ, T ];Ht),�� (u, ∂tu) ∈ C([τ, T ];

Ht).

4. �m�6áÂ8

½n 4.1 �^� (C1)-(C3) ¤á, é?¿� τ < T, ¯K (2.1) �)ëY�6Ð�. =XJ

z1 = (u1, ∂tu1), z2 = (u2, ∂tu2)´¯K (2.1)'uÐ� ‖z1(τ)‖Hτ 6 R, ‖z2(τ)‖Hτ 6 R�),ùp�

R > 0´��~ê,K

‖z1(t)− z2(t)‖2Ht 6 eC0(t−τ)‖z1(τ)− ‖z2(τ)‖2Hτ , ∀t ∈ [τ, T ]. (4.1)

y² � z̄(t) = {ū(t), ∂tū(t)} = z1(t)− z2(t),K z̄(t)÷v�§

ε(t)∂2
t ū(t) +Aū+ γA

θ
2 ∂tū(t) + f(u1)− f(u2) = 0. (4.2)

^ 2∂tū(t)� (4.2)�SÈ,��
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d

dt
H3(ū, ∂tū(t)) + 2γ‖∂tū(t)‖2Vθ = −2〈f(u1)− f(u2), ∂tū(t)〉+ ε′(t)‖∂tū(t)‖2, (4.3)

Ù¥

H3(ū, ∂tū(t)) = ε(t)‖∂tū(t)‖2 + ‖ū‖2V2
.

d ε(t)�4~5��

d

dt
H3(ū, ∂tū(t)) + 2γ‖∂tū(t)‖2Vθ 6 −2〈f(u1)− f(u2), ∂tū(t)〉. (4.4)

| − 2〈f(u1)− f(u2), ∂tū(t)〉| 6C
∫

Ω

(1 + |u1|p−1 + |u2|p−1)|ū||∂tū(t)|dx

6C(1 + ‖u1‖p−1
N(p−1)
θ+2−δ

+ ‖u2‖p−1
N(p−1)
θ+2−δ

)‖ū‖ 2N
N−2(2−δ)

‖∂tū(t)‖ 2N
N−2θ

6C(1 + ‖u1‖p−1
V2

+ ‖u2‖p−1
V2

)‖ū‖V2−δ‖∂tū(t)‖Vθ

6C0‖ū‖V2−δ‖∂tū(t)‖Vθ

6C0‖ū‖2V2
+ γ‖∂tū(t)‖2Vθ . (4.5)

ò (4.5)�\ (4.4)��

d

dt
H3(ū, ∂tū(t)) + γ‖∂tū(t)‖2Vθ 6 C0(‖ū‖2V2

+ ε(t)‖∂tū(t)‖2)

?
k
d

dt
H3(ū, ∂tū(t)) 6 C0H3(ū, ∂tū(t)). (4.6)

� (4.6)¦± e−C0(t−τ),¿3 [τ, t]þÈ©��

‖z1(t)− z2(t)‖2Ht 6 eC0(t−τ)‖z1(τ)− ‖z2(τ)‖2Hτ .

d½n 3.1, 4.1��,� 1 6 p < pθ �,·��±½Â¯K (2.1)�L§ U(t, τ) : Hτ → Ht,

U(t, τ)(u0, u1) = (u(t), ∂tu(t)), t > τ,

Ù¥ u(t)´¯K (2.1)�éuÐ� (u0, u1) ∈ Hτ ���),¿�TL§dHτ N\Ht´ëY�.

½n 4.2 XJ^� (C1)-(C3)¤á,P Bt(R) = {z ∈ Ht : ‖z‖Ht 6 R}, @o�3 R0 > 0,¦�

B = {Bt(R0)}t∈R´L§ {U(t, τ)}��m�6áÂ8,�é S0 > R0,÷v

sup
zτ∈Bτ (R0)

{‖U(t, τ)zτ‖Ht +

∫ +∞

τ

‖∂tu(y)‖dy} 6 S0. (4.7)

y² d½n 4.19© [7], [13],´y (4.7)¤á.
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5. �m�6áÚf

5.1. k��O

�
��¯K (2.1)�L§ U(t, τ)�ìC;5,·�k?1±e�O.

� (ui(t), ∂tui(t)), i = 1, 2´�§ (2.1)'uÐ� (ui(τ), ∂tui(τ)) ∈ Bτ (R0)�),P

w(t) = u1(t)− u2(t).K w(t)÷v
ε(t)∂2

tw +Aw + γA
θ
2 ∂tw + f(u1)− f(u2) = 0, x ∈ Ω, t > τ,

w(x, t) = 0, x ∈ ∂Ω, t > τ,

w(x, τ) = u1(τ)− u2(τ), ∂tw(x, τ) = ∂tu1(τ)− ∂tu2(τ), x ∈ Ω.

(5.1)

� (5.1)��mü>¦± w,¿3 [τ, T ]× ΩþÈ©��∫
Ω

ε(T )∂tw(T )w(T )dx−
∫

Ω

ε(τ)∂tw(τ)w(τ)dx−
∫ T

τ

∫
Ω

ε′(s)∂tw(s)w(s)dxds

−
∫ T

τ

∫
Ω

ε(s)|∂tw(s)|2dxds+

∫ T

τ

∫
Ω

|A 1
2w(s)|2dxds+

γ

2

∫
Ω

|A θ
4w(T )|2dx

+

∫ T

τ

∫
Ω

(f(u1)− f(u2))w(s)dxds− γ

2

∫
Ω

|A θ
4w(τ)|2dx = 0. (5.2)

^ wt¦± (5.1),¿3 [s, T ]× ΩþÈ©,k

1

2

∫
Ω

ε(T )|∂tw(T )|2dx− 1

2

∫
Ω

ε(s)|∂tw(s)|2dx+
1

2

∫
Ω

|A 1
2w(T )|dx− 1

2

∫
Ω

|A 1
2w(s)|dx

+ γ

∫ T

s

∫
Ω

|A θ
4 ∂tw(t)|2dxdt− 1

2

∫ T

s

∫
Ω

ε′(t)|∂tw(t)|2dxdt

+

∫ T

s

∫
Ω

(f(u1)− f(u2))∂tw(t)dxdt = 0. (5.3)

- Gw(t) = 1
2

∫
Ω

(ε(t)|∂tw(t)|2 + |A 1
2w(t)|)dx, Kd (5.3)��

Gw(T )−Gw(s) +

∫ T

s

∫
Ω

(f(u1)− f(u2))∂tw(t)dxds− 1

2

∫ T

s

∫
Ω

ε′(t)|∂tw(t)|2dxdt

+ γ

∫ T

s

∫
Ω

|A θ
4 ∂tw(t)|2dxdt = 0. (5.4)

d ε(t)�4~¼ê�� ε′(t) 6 0,?
k

1

2

∫ T

s

∫
Ω

ε′(t)|∂tw(t)|2dxdt

6 Gw(s)−
∫ T

s

∫
Ω

(f(u1)− f(u2))∂tw(t)dxdt− γ
∫ T

s

∫
Ω

|A θ
4 ∂tw(t)|2dxdt.
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 ε(t)|∂tw(t)|2 6 1
2
Lε′(t)|∂tw(t)|2,¤±k∫ T

s

∫
Ω

ε(t)|∂tw(t)|2dxdt

6 LGw(s)− L
∫ T

s

∫
Ω

(f(u1)− f(u2))∂tw(t)dxdt− Lγ
∫ T

s

∫
Ω

|A θ
4 ∂tw(t)|2dxdt. (5.5)

é (5.4)'u s3 [τ, T ]× ΩþÈ©,��

Gw(T )(T − τ)− 1

2

∫ T

τ

∫ T

s

∫
Ω

ε′(t)|∂tw(t)|2dxdtds

=

∫ T

τ

Gw(s)ds−
∫ T

τ

∫ T

s

∫
Ω

(f(u1)− f(u2))∂tw(t)dxdtds

− γ
∫ T

τ

∫ T

s

∫
Ω

|A θ
4 ∂tw(t)|2dxdtds. (5.6)

(Ü (5.5)Ú (5.2)k∫ T

τ

Gw(s)ds =
1

2

∫ T

τ

∫
Ω

ε(s)|∂tw(s)|2dxds+
1

2

∫ T

τ

∫
Ω

|A 1
2w(s)|2dxds

=

∫ T

τ

∫
Ω

ε(s)|∂tw(s)|2dxds+
1

2

∫
Ω

ε(τ)∂tw(τ)w(τ)dx+
γ

4

∫
Ω

|A θ
4w(τ)|2dx

− 1

2

∫
Ω

ε(T )∂tw(T )w(T )dx+
1

2

∫ T

τ

∫
Ω

ε′(s)∂tw(s)w(s)dxds

− 1

2

∫ T

τ

∫
Ω

(f(u1)− f(u2))w(s)dxds− γ

4

∫
Ω

|A θ
4w(T )|2dx

6 LGw(τ)− L
∫ T

τ

∫
Ω

(f(u1)− f(u2))∂tw(s)dxds

− Lγ
∫ T

τ

∫
Ω

|A θ
4 ∂tw(s)|2dxds+

1

2

∫
Ω

ε(τ)∂tw(τ)w(τ)dx− γ

4

∫
Ω

|A θ
4w(T )|2dx

+
γ

4

∫
Ω

|A θ
4w(τ)|2dx− 1

2

∫ T

τ

∫
Ω

(f(u1)− f(u2))w(s)dxds

+
1

2

∫ T

τ

∫
Ω

L∂tw(s)w(s)dxds− 1

2

∫
Ω

ε(T )∂tw(T )w(T )dx. (5.7)

ò (5.7)�\ (5.6),2d ε(t)�4~5��
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Gw(T ) 6
L

T − τ
Gw(τ) +

1

2(T − τ)

∫
Ω

ε(τ)∂tw(τ)w(τ)dx+
γ

4(T − τ)

∫
Ω

|A θ
4w(τ)|2dx

− L

(T − τ)

∫ T

τ

∫
Ω

(f(u1)− f(u2))∂tw(s)dxds− γL

(T − τ)

∫ T

τ

∫
Ω

|A θ
4 ∂tw(s)|2dxds

− 1

(T − τ)

∫ T

τ

∫ T

s

∫
Ω

(f(u1)− f(u2))∂tw(t)dxdtds− γ

4(T − τ)

∫
Ω

|A θ
4w(T )|2dx

+
γ

2(T − τ)

∫ T

τ

∫
Ω

L∂tw(s)w(s)dxds− γ

(T − τ)

∫ T

τ

∫ T

s

∫
Ω

|A θ
4 ∂tw(t)|2dxdtds

− 1

2(T − τ)

∫
Ω

ε(T )∂tw(T )w(T )dx− 1

2(T − τ)

∫ T

τ

∫
Ω

(f(u1)− f(u2))w(s)dxds

-

CM = LGw(τ) +
1

2

∫
Ω

ε(τ)∂tw(τ)w(τ)dx+
γ

4

∫
Ω

|A θ
4w(τ)|2dx. (5.8)

ΦT
τ ((u1(τ), ∂tu1(τ)), (u2(τ), ∂tu2(τ))) =

3∑
i=1

Ii. (5.9)

Ù¥

I1 = − 1

2(T − τ)

∫
Ω

ε(T )∂tw(T )w(T )dx+
1

2(T − τ)

∫ T

τ

∫
Ω

L∂tw(s)w(s)dxds,

I2 =
1

(T − τ)
[−L

∫ T

τ

∫
Ω

(f(u1)− f(u2))∂tw(s)dxds− 1

2

∫ T

τ

∫
Ω

(f(u1)− f(u2))w(s)dxds

−
∫ T

τ

∫ T

s

∫
Ω

(f(u1)− f(u2))∂tw(t)dxdtds],

I3 =− γ

(T − τ)

∫ T

τ

∫ T

s

∫
Ω

|A θ
4 ∂tw(t)|2dxdtds− γ

4(T − τ)

∫
Ω

|A θ
4w(T )|2dx

− γL

(T − τ)

∫ T

τ

∫
Ω

|A θ
4 ∂tw(s)|2dxds.

d (5.8), (5.9)��

Gw(T ) 6
1

(T − τ)
CM + ΦT

τ ((u1(τ), ∂tu1(τ)), (u2(τ), ∂tu2(τ)))

5.2. ìC;5

e¡·�ò|^Â ¼ê��{5y²�§ (2.1)éA�L§´ìC;�.
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½n 5.1 XJ^� (C1)-(C3)¤á,é?¿�½� t ∈ R,k.S� {xn}∞n=1 ∈ Hτn ,�?¿S�

{τn}∞n=1 ∈ [−∞, t)(n→∞, τn → −∞)�,KS� {U(t, τn)xn}∞n=1kÂñf�.

y² � (un(t), ∂tun(t))´¯K (2.1)'uÐ� (ui(τ), ∂tui(τ))�),d½n 3.1�� ‖un‖2V2
+

ε(ξ)‖∂tun‖2´k.�,� ‖un‖2V2
´k.�;d^� (C1)��,é ξ ∈ [τ, T ], ε(ξ)

´k.�,¤± ‖∂tun‖2´k..�â Banach−Alaoglu½n,½n 3.1,Ún 2.1k±e(J:

un → u3 L∞([τ, T ];V2)¥f ∗Âñ, (5.10)

∂tun → ut3 L2([τ, T ];Vθ)¥fÂñ, (5.11)

∂tun → ut3L∞([τ, T ];L2)¥f ∗Âñ, (5.12)

un → u3L2([τ, T ];V2), (5.13)

∂tun → ∂tu3 L2([τ, T ];L2), (5.14)

un → u3L2([τ, T ];V2θ), (5.15)

Ù¥^�
 θ < 2θ < 2.

é?¿� ε > 0Ú�½� T > τ,¦ T − τ v
�,Kk

1

T − τ
CM < ε.

d½n 2.1��,·��Iy²é?¿�½� T , ΦT
τ ∈ C(Bτ (R0))¤á=�. �d,·�Å�?n

(5.9).

Äk,d½n 4.2Ú (5.10) - (5.13)��

lim
n→∞

lim
m→∞

∫
Ω

|A θ
4 (un − um)|2dx = 0. (5.16)

lim
n→∞

lim
m→∞

∫ T

τ

∫
Ω

|A θ
4 (∂tun − ∂tum)|2dxds = 0. (5.17)

Ï� V2 ↪→ Lp+1,2(Ü (5.10)Ú (5.13)��

lim
n→∞

lim
m→∞

∫
Ω

ε(t)(∂tun − ∂tum)(un − um)dx

6 C lim
n→∞

lim
m→∞

L‖∂tun − ∂tum‖V2
‖un − um‖V2

6 C lim
n→∞

lim
m→∞

L‖∂tun + ∂tum‖V2
‖un − um‖V2

= 0. (5.18)

lim
n→∞

lim
m→∞

∫ T

τ

∫
Ω

L(∂tun − ∂tum)(un − um)dxds

6 C lim
n→∞

lim
m→∞

(

∫ T

τ

‖∂tun − ∂tum‖2ds)
1
2 (

∫ T

τ

‖un − um‖2ds)
1
2 = 0. (5.19)
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lim
n→∞

lim
m→∞

∫ T

τ

∫
Ω

(f(un)− f(um))(un − um)dxds

6 C lim
n→∞

lim
m→∞

∫ T

τ

∫
Ω

(1 + |un|p−1 + |um|p−1)|un − um|2dxds

6 C lim
n→∞

lim
m→∞

∫ T

τ

(1 + ‖un‖p−1
p+1 + ‖um‖p−1

p+1)‖un − um‖2p+1ds

6 C lim
n→∞

lim
m→∞

∫ T

τ

(1 + ‖un‖p−1
V2

+ ‖um‖p−1
V2

)‖un − um‖2V2
ds

6 C0 lim
n→∞

lim
m→∞

∫ T

τ

‖un − um‖2V2
ds = 0. (5.20)

(Ü (5.16) - (5.17),±9 (5.18) - (5.19),k

lim
n→∞

lim
m→∞

I1 = 0, (5.21)

lim
n→∞

lim
m→∞

I3 = 0. (5.22)

Ùg,Ï�∫ T

τ

∫
Ω

(f(un)− f(um))(∂tun − ∂tum)dxds

=

∫ T

τ

∫
Ω

f(un)∂tundxds−
∫ T

τ

∫
Ω

f(un)∂tumdxds−
∫ T

τ

∫
Ω

f(um)∂tundxds

+

∫ T

τ

∫
Ω

f(um)∂tumdxds

=

∫
Ω

F (un(T ))dx−
∫

Ω

F (un(τ))dx−
∫ T

τ

∫
Ω

f(un)∂tumdxds−
∫ T

τ

∫
Ω

f(um)∂tundxds

+

∫
Ω

F (um(T ))dx−
∫

Ω

F (um(τ))dx. (5.23)

d (2.5)Ú V2 ↪→ Lp+1,��

|
∫

Ω

(F (un(t))− F (u(t)))dx| 6
∫

Ω

|(F (un(t))− F (u(t)))|dx

6
∫

Ω

|f(u(t) + λ(un(t)− u(t)))||un(t)− u(t)|dx

6 C

∫
Ω

(1 + |un(t)|p−1 + |u(t)|p−1)|un(t)− u(t)|2dx

6 C(1 + ‖un(t)‖p−1
p+1 + ‖u(t)‖p−1

p+1)‖un(t)− u(t)‖2p+1

6 C(1 + ‖un(t)‖p−1
V2

+ ‖u(t)‖p−1
V2

)‖un(t)− u(t)‖2V2

6 C0ε. (5.24)
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d (5.14)��,� n→∞, m→∞�k

lim
n→∞

lim
m→∞

∫ T

τ

〈f(un), ∂tum〉ds

= lim
n→∞

∫ T

τ

〈f(un), ∂tu〉ds

=

∫ T

τ

〈f(u), ∂tu〉ds

=

∫
Ω

F (u(T ))dx−
∫

Ω

F (u(τ))dx. (5.25)

aq/,k

lim
n→∞

lim
m→∞

∫ T

τ

〈f(um), ∂tun〉ds =

∫
Ω

F (u(T ))dx−
∫

Ω

F (u(τ))dx. (5.26)

(Ü (5.23) - (5.26)��

lim
n→∞

lim
m→∞

∫ T

τ

∫
Ω

(f(un)− f(um))(∂tun − ∂tum)dxds = 0 (5.27)

é?¿�½� T , |
∫ T
s

∫
Ω

(f(un) − f(um))(∂tun − ∂tum)dxdt|´k.�,?
d Lebesgue��Âñ

½n��

lim
n→∞

lim
m→∞

∫ T

τ

∫ T

s

∫
Ω

(f(un)− f(um))(∂tun − ∂tum)dxdtds

=

∫ T

τ

( lim
n→∞

lim
m→∞

∫ T

s

∫
Ω

(f(un)− f(um))(∂tun − ∂tum)dxdt)ds

=

∫ T

τ

0ds = 0. (5.28)

(Ü (5.27)Ú (5.28)��

lim
n→∞

lim
m→∞

I2 = 0. (5.29)

nþ�� ΦT
τ ∈ C(Bτ (R0)).

½n 5.2 XJ^� (C1)-(C3)¤á,@o¯K (2.1)éA�L§ U(t, τ) : Hτ → Ht k��ØC
��m�6áÚf A = {At}t∈R.

y² d½n 2.1,½n 3.1,½n 4.1,½n 5.1´y.

6. (Ø�Ð"

�©31 3Ü©y�
¯K (2.1))��35,1 4Ü©�Ñ
)���5ÚL§ {U(t, τ)}�
�m�6áÂ8,2(Ü1 5Ü©y�� {U(t, τ)}�ìC;5Ò�Ñ
�m�6áÚf��35.

©Ù¥Ì�^�
Uþ�OÚÂ ¼ê��{,�3��L§�ÑÑ5Ú;5.du ε(·)´�6u
�m t�¼ê,ùéL§;5��O¬�5��þ�(J,^Â ¼ê��{éÐ/)û
ù�J
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K,�3äN�A^¥Â ¼ê��E´E,�¡��.d©Ù�?Ø
 f(u)3g�.^�e�.

)���mÄåÆ1�,38��ïÄ¥�±�Ä)3�.½ö��.�¹e�5�.

Ä7�8

I[g,�ÆÄ7�8(1OÒ: 12061062; 11961059).
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