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Abstract

The optimal control of discrete-time time-varying Markov jump systems in infinite horizon is stu-
died. It is proved that the optimal control problem of any discrete time time-varying Markov jump
system can be determined by the solution of generalized algebraic Riccati equation. It is also
proved that the attainablility of the optimal control problem is a sufficient condition for the exis-
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tence of solutions of generalized algebraic Riccati equations. Finally, numerical examples are giv-
en to verify the correctness of the results.
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B AVATE A= BRI B A 2 —. BFAEGI RGN, & RGLELMER, ZIRIEFRERRK
REAE x(t) FAASE A& u(t) B0 IR E,  WHESRAS RGP RN — R S8 bR B e R F i i L,
FRA B 0 R[] Bt — R A4z il ) A RS 7E 1958 4F (1 Bellman, Glicksberg, Gross 5 AH5T
2. fESARL 2 b, R.E. Kalman &5 ki sl dar 7R R3], I HoK Riccati J7F2 51 A\ 42l
Hig, @7 T Rt BRI AT 8% [4] [5] [6] [7]. 275 SCHR[8]-[15] FH 4 £k 1 R 45 1) R B0A) R B0
I HWFIE VAT B2t R GERREE ] LU X Riccati J5 R A it sk 7R [16] [17] [18]. 7ESCHR[19]
W, 9T ORIE R M i ) R T R R AR E AR A E M, B X — e M

KX G ZHCHR20]AFZAAE T, ARSCH R T BARAESE IR IR AT F A7) (1 TG PR 3 25 B ] B AR
Markov Bt4F RGEHILEME IR B IEH], MR T 5 KKT @M &M R IRAAEH, HiEE 17
X Riccati 75 F2 [T fE 5 U R R Il R 38 e S P P A S 1 o BELRIE 2R 1 R A A 1) R 3 S 11
S REF T S Riceati 7 A2 /2 ATARIV, I HAFE S0 . 2ESCEREE 504 7 — LA OC I 8 ORI fE 2
SCEHTRR R LG B 5 A P S AR AL BT VR A, AR o B R S AT U

2. FEEA
ST Bt 7 (70 J5 15 S 2 0] — A S P s B 2 B 4l S 2 e S 0 R B B B AT

LA
BRIk
min f (x)
g(x)<0
et
/\EP:

9.()=(9:(2):8z (), 9w (x))
h(x) = (hy ()., (%), b (x))
2L L (ER ) TR T AT X, 41 =g, (X ) =0} . bRz R vy, (¢ )i e 1
Vhy (x), J =12, n ERRLHEMII, I X HOLAEN AL,
R 2 (EMEAFD): 417 ={ig,(x") =0} . WABEEII R Vg, (X )i e 1" AIVhy(x'), j=1.2,-,n #2E
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SRR, R Jy 1E T 4%
€3 (KKT ZH): BN gl x 2 e f R i me i, H B FRBR £ (x) BLA KRR %
9(%)=(9:(%), 92 (¥, G (¥)) D)= (0 (%), 0y (%), 0y (X)) 5 FERT X AEIRIESENTBAG, WIAPHE
AeR™A>0 K ueR" MYl KKT %, 15 5125 0kor:
V.L(X, A1) =0
ﬂTg(x*)zo
Hp BRI RSN £ (% Ap) = T (X)+ATg(x)+ 4"h(x)
FIEEL[12]: HEHFEQeR™", FiFEQ" e R™™ MM Q My SUHiAERE, W
QQ'Q=0Q,Q'QQ" =Q’
(QQ') =QQ".(Q'Q) =Q'Q
S 2 [12]: 45 WRRAERE Q.
(@) =(Q") .Q'e=QQ’
Q=0,%HAM Q' >0
513 3 (4F/RFN51HE) [13]: BLAATE SAERUNIERE QT =Q, N =NT, R=R", W A FZ SN
() Q-NR'N">0,R>0,N(1-RR")=0

an {Q E}zo
R N

1 >0

(1 { Q}

FIEE 4 [14]: AEHERE QK L, HMHAMHQ,K, L, HHAUHMQQILKK" =L i, 4EFETFEQXK =L
—AMEX, FEN, XL X =Q'LKT+Y —Q'QKK ", MY & —/Nid B4R R
3. R4k

AT FEE R DL BN U A R 4

K(t+1)= A (L6)X(0) + XA (L6)X(D)o(t) + By (1.6)u(t)

+Y B, (18)u(t)o(t)+ o(t)

k=1

(2-1)

a X (T)+a,%, (T)++a,x,(T)<§&

Hh A (4,6,) R A (L6,)€R" ) By (1.6) 1B, (1,6,) B AHIELMMIMIE, xeR RGN,
UeR™ RGN, x, € R REAENRAEMWWERG, {o(1)]_ 5 XI5 & BEEE (Q,.7,7)

BRI BN . o(t) A, te{t,t,+1- T-1},N; {01 T}. %
N Z(aij)rxn,§=(§1,§2.“'.§r)T Horbra 2 HHL
RGE(Q2-1) TR R IR FRbR A
T (tor XUt ), u( u(T -1))
=t x ! ) \(x(t)) (2-2)
{_to t [ )][u(t)J” (T)MX(T)}
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V)=, 0t () @9
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RiBE 1. TS TE, BLAE H DU RS
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2) MTAERM20, R=(p(i,])), & PERIHIBENIERE, HTAERE VI, e Ix Tk
0<p(i,j)<1
N
> p(ik)=1 (2-4)
k=1
N
2. pi(k.j)>0

B 2: {oo(t)] s A5 & BRI (O, 7, 7) L GEMSr NS R, SHME AP (1) = %,
HIE AR, FLEAT DR R

E [a)(t)} =0,
E| o(s)(@(1)" |- (2-5)
[ (w(1)) |-
Horpr
el

B 3: X TERL20, o-REA 5o R GRMEMTE, Hh, Z=c{o(s),0<s<t},
g =0{3(S),0S5St} .

SEX 4: TPRBEHLZNE R B(2-1) (2-2). (2-3)R3&EEM, #AFTALEM (t,% ) e Ny xR",
V(to’xo)>_

%XS:%@%m&@:&ﬁ%@n\@a\@a%ﬁﬁm,%W?E%%mmgemxw,ﬁﬁ
—AFINU(t) t=ty,ty + 1, T =1 HRGHRIAEH], RV (t,%) = T (to X5 (ty +1),-+,u(T =1)) -

H®Eid 1 E%Wkﬂ%ﬁ_&@ﬁQD (2-2)v (2-3)I)— Az R AR, WA AAAE—A
RARENME RS LR A LR B

u(t)=K(t,6)x(t), teN;

Soh, K (1) AR
4. XERR

TEWFFER R, RGE(2-1)s (2-2) (2-3)HsR LAz i) @il v] LLEIE ) X Riccati #2773 A2 FIMERE R -
4.1. BEHEZRM RS Riccati 512

EH 1 WERAZ(2-1). (2-2)- (2-3)HIRMAZH] H B ATIERK, u(t)=K(t,6)x(t), te Ny, THIE
ML (U™ (1), %7 (1)) RARZR-D) (2-2). (-3)JRFBm MM, W T X Riccati 7772(GDRE)f fi#
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(P(K),u).0<ueR teN, :
P(t)= (Ao(t 6, ) [P t+1 }((9) A (1,6,)
+ (Ak ) [P t+1 ](@)A((t,gt)JrQ(t,@t) 2-7)

k=1

~(T(1.6))" (W (t.6)) T (t.6)
T(66)=(8,(t.6)) EQM[P(t+1)](6)x A (1.6

(2-8)
+Z( B, (1.6)) E()[P(t+1)](4)A (.6)
W (t,6,)=(B,(t.4)) E(t)[P(t+1)](6)xB,(t.6,)
(2-9)
%( B, (1.6,)) E()[P(t+1)](8)B, (t.6)+R(t.6)
W(t,6,)20
#:%E;;n} (2-10)
Ak,

U (0=~ (£6)) T (L) +Y (£6)-(W (L)) W (£6)Y (.6) [x(t) -
u'(t)eR™ teN; )
V(5.6) = 2Tr{V (10 EO[P+1)](6)} + CP(0.6) %~ Tr (M} @12

UEM]: X TEERte N, £ X(1,6)= E[[x(t)x(t)q{%_i}j » Hobu(t)=K(,0)x(t), te N, , ML
PE R ) (2-1) s (2-2)~ (2-3) AT ARE AL A T R e e A il .
It (t). Uty +1).+-,u ()
=E{é(32tiﬂ<iiff;} o RS
SE{(x() +(K(60) (x(0)(L(L.6)) X(O)+(x(0)" LK (1.6)x(1)
+(K(1.4)) (x()' R(t@)x(t)K(t,mquT(T)Mx(T)}

:ZTV{Q(L@)X(t)+(K(t,t9t))T(L(t,:9t))TK(t,@t)x(t)+(K(t,0t))T(|_(t’9t)) X ()

t=ty

(2-13)

+L(L6)K (1.6) X (1) + lim MX ()}

T—o

StFﬁi@ﬁEj
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X(to):

E[xoxg] =X, Xq

Tr(X(T)NTN)<Trs,s =E[ & |

P

teNt

min f[ X (t),K(t,6,)]

-1

stH[X(t),K(t,6,)]=0
g(X(T))<0

Hr, K(L6,).K(2,6,), - K(T -1,6,) JfE i .
f[x K(t.6,)]= J(t XoiU(ty),u(ty +1),+,u(T -1))

HX (1)

} X(t+1)=

g’(x(T)) Tr(x(T)NTN) TrS

HRAE KKT S22, SRt 1 H B0
LIX(1).K(t.6),P(t+1.6,),

= f[X(t), K(t,@t)]+§:;Tr{

U]

(t+16,)H[ X (), K(t.6) ]} + g (X (T))

RLIX(1),K(1,6,),P(t+1,6,), 1] FHI X () HEATR T, HAE KKT 52245

oL X (1),

K(t.6).P(t+16).4]

WA THE G 5 X (0)=0, WA

oX (1)

TrMAX (T)=TrAX (T)P(T,6,)+Tr(AX (T)N'N)=0

B

P(T.6)=M+uN'N

y\:l:'jy To>w,

ST AX(T) 5 AX () MRS, A
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P(t,6,)=Q(t.6)+(K (te))T[R(t,@) (B (t.6)) E(t)[ P(t+2)](6)B, (t.6,)
+3(B.(14) K(LA)EQP-D](@)8 (t,@)}K(t,@t)
+[(L00) +(A(10) EO[P(-1](0)8: (1)
+H<< VEOP-2]0)8 (.0) K (10)
+(K(46)) [L(t6)+(B,(t.6)) EQ[P(t+1)](6)A (t.4)
+kZ;(( ) E( [Pt+1](€)ﬂ(t,9t)}
+ALE)EM[P(E+1)](6) (A (t4))
+ZB (t.6)EM)[P(t+1)](6)(B,(1.6))
FIEE, X K(t,6,) KA1
| R(16)+(B,(1.6)) EQ[P(t+1)](6)8 (1.6)

(8, (10)) K(.0)EO[P-D](0) B (14) K (1.6)
(

(2-18)

=1

+(L(10))"+(A (1)) EQ[PE+D](8)B,(.0)
V3 (A (16)) EO[P(+1)])(4)B, (16)=0

k=1

(2-19)

W (t,6)=R(t.6)+(B,(t.4)) E [Pt+1](9) 2 (1.6,
+3(B(16)) K (1) EM[P(+D](0) B (16)

T(6)=(L(t6)) +(A(t6)) E [P”l](@)B(tﬂt)
+Zr:(Ak 6,)) E()[P(t+1)](4

k=1

(2-20)

(2-21)

Lifr RiR(2-20). (2-21)MI55(2-18). (2-19)A 7T 5 fi:
P(t)=Q(t.6)+(K(t.6)) W (t.6)K(t.6)+T (1.8)K(18)
+(K(16)) (T(18)) +A (LG)EM[P+D)](G)(AA)) (2-22
+§Bk(t,Ht)E(t)[P(Hl)](Ht)(Bk(t,Ht))T
W (t,6,)K (t.6)+T(.6)=0 (2-23)

MRS 4 713 W (,6,)K(4,6,)+T (4,6,)=0HMEK(t,6,), 23 HAY
W (t,60)(W(t.6)) K(t.6)=-T(t.6), MK R K (1,6,) Zmu

K(t.6)=-(W(t.8)) T(t.6)+Y (t.6)-(W(t.6)) W(t8)Y(.6) (2-24)
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B K(t,6,) WA (2-22) W73 LL T X Riccati J57%:
P(1)=Q(t.6)+ A (t.6)E(M)[P(t+1)](6)(A(t.6))

T

+§Bk (t.6)E(t)[P(t+1)](4)(Bc(1.6.)) (2-25)
HT(66) (W(t6)) T(14)
B (2-7) .
W (t,6,)=R(t.6)+(B,(t.6)) E®)[P(t+1)](4)B,(t.4)
‘ (2-26)
+2(B(44)) K(L0)E([P(t+1)](8)B, (10)
1A (2-9)3
T(L6)=(L(1.6)) +(A(t6)) EMO[P(t+1)](6)8 (10
‘ ; (2-27)
+k§(Ak(t,9t)) E(t)[P(t+1)](6,)B,(t.6,)
Bl M(2-10) =K.
_Tr{P(T.6)-M|
"= Tr{N"N}
HA%:
K(t.6)=~(W(t.6)) T(t.6)+Y(t6)-(W(t8)) W(t6)Y (8) (2-28)
HITu(t)=K(t,6)x(t), te Ny, A
(0 =[-W (£0)) T(00) Y (£0)~(W (10)) W ()Y (1) [x() 020)
u'(t)eR™ teN,
B M(2-11) 38,
B P(1+1,60,) & — A RHFRHIE, # P(t+1,60,) ARXFRIERE, WIEL:
F”>(t+1,a):P(t+1’9‘)+gp(t+l’9‘))T
BAR, P(t+1,6,) th— AN FRAFE .
TlE[( (t+1) [p (t+1))(6)x(t+2) - (x(v) EO[P©)](6)x(0)] o
—E[(x(T 1(6)x(T)=(x(0)) E()[P(0)](6)x(0)
1 55(2-30) AR TEAF 21 -
Z; | (x(t+1) E(1) [Pt+11(9)x(t+1)—(x(t))TE(t)[P(t)](ﬁ[)x(t)}
[( (1) EOLPT)](E)x(T)+(x(0)) EW[P(©)](6)x(0)] 23D
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R 265(2-31) A5 55 (2-2) AR, 15+

3ty % ( (T 1))
T 3 X X ) +x X

-E “0 J [ ] ’ t)j (T)™m (T)}

+ e[ (x(t+1) [Pt+1J< DX+~ (x(v) EQ[PO](@)x0) |

~E (x(1)" E(O[P(T)](6)x(T)~(x(0)" P(0.6,)x(0)|
-S|+ (1)) T(16)x (>)TW(t,@>(u(t>+(w<t,@))+T(t,@)x(t))}

= (2-32)
* 2TV OEM[P+Y]@) ]+ €| (x(T)) (M -P(T.0))x(T) |

+(x(0))" P(0,6,)x(0)

BER, AZUEMIW (t,6,)>0,te Ny o W (t,6,) A RIRHLE o« » 2 v, i a B RS HE— RFE
i, JFHA:
(va)Tva =1
W (t,6,)v, =-av,

IHEERI S0, BIEHIA:
W ra) T x(t).t=k
u(t){ﬂaﬁva(W(t,a))*T<t,a>x<t>,t—k
FHRL Y H AR BRECA -
Ity %30 (L), (t, +1),---,0(T -1))
—ZE{( (040 (0.0) T (1)x(0) W (1.0 {u(0)+ (W 1.0) T (00 x()|

t=ty

STV (OE@[P(E+D)]()]+ E[(x(T))" (M -P(T.6))x(T)]

t=ty

+(x(o))T P(0,6,)x(0)
(5|a|2vaj W (t,6,) 5|a|2va+tzt‘;Tr[ ()E(t)[P(t+1)](@)]
+E[(x(T)) (M~P(T.0))x(T) [+ T [V (E[P(t+1)](2)] (2-33)

+E[(x(T) (M=P(T.6)x(T )]+<x<o>> P(0.6,)x(0)

HE0M, Tty %3 0(ty), 0 (ty +1),-++,0(T =1)) > o0 » G REERIFE(2-1). (2-2). (2-3)F
J&, HW(t,6,)= 0L .
R4 P(T,6,)=M +uN"N "%
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V(%) =3ty XUty ), u(ty +1),--,u(T -1))
:Tz_lTr[V (t)E(t)[P(t+1)](9t)}—yTrS +(x(0))T P(0,6,)x(0)

t=tg

(2-34)

WOEHE 1 IEH e B,
4.2. Riccati FFEHIHE XM RHR

EHL 2: WRRG(2-1) (2-2)s (2-3)HIImAMAZH] F B ATIERK], u(t)=K(t,6,)x(t),te Ny » T0HIEN
(U (t),x (1) RRZR-D). (2-2)- -J)FEEAM, W T X Riccati 77 F2(GDRE) i fi#
(P k), /J) 0<peRteN;:

P(t)=(A(1.6)) (LG)EM[P(t+1)](6)A (16
+kZ; A(1.6)) E(D[P(t+1)](6) A (1.6)+Q(L.6) (2-35)

(A
~(T(L6)) (W (1.6)) T(1.4)
T(L6)= (Boaet))TE(t)[P(Hl)J( ) A (4.6)

> Y (B, (1.6)) EM[P(t+1)](6) A (1.6)+(L(LA)) (2-30)
t.6)=(B,(1.6)) E(W)[P(t+1)](4)B,(t.6)
+3(8.(4) [P +1)](0)8. (16) R (1) e
W (t,6)>0
Tr{P(T,6)-M}
a Tr{N"N}
A,
w'(6)=] -(W(t.6)) T (16) |x(t)
u(t)e R™" te Ny
V(%,6)=2Tr{V (L8 )E(O)[P(t+1)](8)f+ X P(0.6,)% - uTr {M} (2-38)
EH: AR ET AR, RG0(2-1). (2-2) (2-3)FTA RifF) X Riccati/y 2 (2-23), HHw (t,6,)>0,
HA:
[R(L6)+(B, (1.6)) EQO[P(t+2)](8)B, (1.6)
+Z;(Bk(t,¢9t)) K(t0)E(t)[P(t+1)](6t)Bk(t,b?t)}K(t,Ht)
k=t (2-39)

+(L(t.6)) +(A(t4)) EM[P(t+1)]B,(1.4)
+3(A(6) EO[P(+1)](0)8, (1) =0
BIl: W (L6)K(66)+T (4,6)=0, BITW(t6)>0, MHFEW(tE)) , i

=N
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K(t.6,)=-(W(t.6))"T(t6)

[
U ()= K (6.6)x(t)=-(W (1.6)) T (1.6)x(t)
R4 B 1 AT 45

3 (to X030 (t), (8 +2),:+-, (<))

- S (a0 0.0)) T(A)0) W) )+ (W 1)) T (1) x()}
XTIV OEO[PED)@)]+ E[ M) (M -P(T.a))x(T)|
+(x(0))" P(0.6,)x(0)

B -4 RN (2-42)3, HT — o0 W15
V (%,6,) = ;;Tr[ (1) P( t+1}(@)]—ﬂ¢r{m}
+(x(0)) P(0.6,)x(0)
RS FH 2 {F B 58 e
5. B{EEH)

FRARG(2-1). (2-2)s J)MHFHRIER, UN=LZ={1 r=18, R REA:
1

SR IES P
s a-(

sl
L(0)=(0 0),R(0)=-13

vo-(2 Jeo-(3 o

a11=a22=0,a12:a21=0

X

(2-40)

(2-41)

(2-42)

(2-43)

512982:1
Y=(0 0)
MR 4E e B 1 v A
-65 -64 2 0
P(O)z(—64 —52J’P( ) (0 2]
H(0)=(8 8),G(0)=1
u=1
u=(8 8)x(t)
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6. it

ARSOHRS 1 R 18] JC PRI S A2 455 7 Markov B2 R SR 2 P — i Lz ) il LA A6 ) X Riccat
JIRERI AT g . ARSI T BT R R S, T8I S Riceati J R A AT AT LU A AT SO B AR
LR E VR, A 51 AR S B S REAL AT IR 7 12RO S A 8] T BRI g A2 4 55 7 Markov #5732
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