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Abstract

In this paper, the existence, uniqueness of measure pseudo type solutions in the a-form
for partial functional differential equations with infinite delay are investigated. Here
we assume that the linear part generates a compact analytic semigroup on a Banach
space X, the delayed part is assumed to be continuous with respect to the fractional
power of the generator. Finally, an example of biomathematical model is presented to

illustrate the main findings.
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1. 5|5

FESCHR [1]H, BIEFT 140N BAT T 75 I ) O iz e B0 75 B2 (TRTC W PFDEs ) A I 1 A7 A1,

d
%u(t) = —Au(t) + L(uw) + f(t), t=>o, (1.1)

U, =@ € B.

Horh— A i 2 Hille-Yosida %1%, BRi#u, € B %€ X Hui(0) = u(t + ), 0 € (—o0,0], B M (—00,0]
R IR 2 X 1) B HUH BT Banach 25 10), H 2 5 SR EAN A H— e A BV E. L 9B WS 8] X
WA FENHE T, ORI A, eAh, #E— PR —A EX EA RN ERE(T (1)) >0, WIARHE 73
Hom A 3%, SR [2] BEFE T o SRR L B S

KA TC 55 W PFDEs £E4E) A2 A B A SIS A 2 R, B AT C & B3 1 24t
) — > B BT . kTR SN PFDEs HISCHRARS 2, B1nde [3] it sT 1 e, 18 [4-6]
HRETL TR IAE, [7,8] ™R T LB SN, (9, 10] BIEFT T 7 AR A0 RE O RS R A EE Oy LR B
SEE, T AR A I DU PR RN AR G VR A BUAE [11-13] A1 [12, 14, 15)H A BT iR, 7E3) 77 %10 i A 52 A
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JSAYE, BRI, LA, ORI, DAL B SIS R A 2 O I N R, (EAR D
A SCERX IX L B AT S8 — HoBiE Fe. S —J7 T, AERMER SR, RS SCBR— A A i) e i
B, AR HT RO T A 2 We AN SCHE R SCHR A BR Al b, R o Bom 7 B R R 2
FERIITVE, BEFT A (1.1) DRSO B AR R AFAE A ME — 1, Horb— A AR AR AT RS, ARG T BRI
Tiir, T AR A %, UMM RARYE BT S AR BB B UG, EA ST, JRATTHUR
FHZH] B i /L Hale FlKato 25 Hi 3 A A BEVEZAF [16)].

& EnR

iL(X, |- |) N—AEBanach Z/A], N, R, Rt FIC 4353/~ HARBEE, SE8sE, B maeside e
. AT NEX FHEHET, D(A) Flo(A) RRA 152 SORFE.
ENX2.1. Fif € C(R, X) NIRJE AR (BRI RE), #FEw € R — {0} X TFra 1t € R 1
Rf(E+w)=—f(t) (Bf(t+w) = f(1). BRERBETILNP,0pR, X) (BP, (R, X)).
2.1, BHf € Poop(R, X), WA f € Pa,(R, X).
EN2.2. [17] HFLERw k€ R, Ff € CR, X) H(w, k)-FE 3 5 % (5 Bloch- F& 3 5 %), 25 % T
Pt € R W2 f(t+w) = e f(t). BXERBINESICNP, (R, X).
22.2. Mk Nf BIFloquet %L, & f 2 (w, k)-EMRE Hwk = 27, W f Zw-FBEE; Hwk = 7,
W f w2 & A R 2K
ENX2.3. [18] MTFHAEMp € CR,X), Frf € C(R, X) NP R, #5THrEHt € R %
Lt +w) = p(t)f(t). BXEIMBIHRENEEICAP, )0 (R, X).
EM2.4. [19 B f € C(R, X) NHEFBAREL, &0 TAERe > 0, f£7El(e) > 0, EFETGNKEE
Ri(e) WX BB MR f(t+ 1) — f(O)]| <e X—Vt € R Glor. XM K
HEAILNAPR, X).
EX2.5. [20] Frf € C(R, X) NJLFHEFERE, EXTFENLEI(s, ) nens FEHE—DTEI(5,)nen
iRg(t) := lim f(t +s,) X TAERE € R WA H lim g(t —s,) = f() WHERE € R BOL &
KRBES 167'3AA(R X).

N, FRATA IR e i U5k, i A 1A O, SN R Dy R R R S, B E O
S S ek 5, U0 O i 39T s e, 2 D Bloch- Ji 391 ek 25, 002 O AL J4 R L ()”Jf”fﬂ%ﬂﬁﬂl%léﬁﬂ
DPED TP ~F R 2

L FKRR FfLebesgue o 1, M RIREL LATAEHLSW NEMEIENEL HES: S THE
fla,b e R (a <b), Hu(R) = oo Flu([a,b]) < oo
EX2.6. By, ve M. FHifie

. 1 -
Tg&wﬂ—ﬂTDA?W“ﬂwMWﬂ_

MIFREREf € O(R, X) F(p, v)-HFH). XERBIEAILHNER, X, pw, v).

EMN2.7. Wp,v e M. B f e C(R,X) Fl £y S Jil 1 ok £ (B 2 O J& 3 ek %, 902 Dy Bloch- &
S0 bR K, RO AL ) R B, 0 Oy R T R ORI D LR B ST R ), A R BT RN f =
g+, Hg e Poap(R, X) (8¢P, (R, X), P, (R, X), Pw7p(t)(R,X), AP(R, X), AAR, X)) Ho €
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E5

ER, X, p,v). XRRBMELSICAMPP,,,(R, X, pu,v) (MPP,(R, X, u,v), MPP, (R, X, 1, ),
MPP, ,iy(R, X, pi,v), MPAP(R, X, y1,v), MPAA(R, X, u,v)).
2.3, W EME L, AR B AE R RO
(i) MPP,,,(R, X, p,v) C MPP,(R, X, p,v) C MPP, (R, X, pu,v) C MPP, ,y(R, X, u,v).
(1) MPP,.,(R, X, pu,v) C MPAP(R, X, pu,v) C MPAA(R, X, p1,v).
(iii)) MPP,(R, X, u,v) C MPAPR, X, p,v), MPP,(R, X, u,v) C MPAA(R, X, j1, V).

AE NS

AR, X) = {P.op(R, X), P,(R, X), P, s (R, X), P, ,(y(R, X), AP(R, X), AA(R, X )},
P(R7X7,U’7V) = {MPPwap(RaXhu“aV)aMPPUJ(RaXa,uaV)aMPPw,k(RaX),uaV)aMPPw,p(t)(RaX7M7V)7
MPAPR, X, p,v), MPAA(R, X, u,v)},

MfePRX,pv) BHACEWLES WTLAENS =g+ ¢, Hhge AR, X), p € ER, X, p,v). K
G —FRP(R, X, g, v) HLIHI T oK A W0 2 £ 284 o 2L

B RGP (R, X, 1, v) (0%, ¥ et F I
(M) STFRERT € R, 7£4E8 > 0 FIH S IX AT 145

HAeLHANT =0, WH p({a+71a€ A}) < Bu(4)

(Ms) p,v e M thlpsup ([[ ;ﬂ; < 00

5 [21] MUERASEAL, FATAT LIS 2
S1382.1. &pu,v e M HE(M;), MER, X, p,v) PR, X, p,v) Z-FHREG, BN A HE A
iR AR —h.
31382.2. Kpu,v € M iHR(M,) Fo(My), MP(R, X, u,v) £ EHFELK| - | T A Banach =],
51382.3. Kpu,v € M BiHE (M), (M), 5f € ER, X, u,v), G € L' (R, B(X)), MER, X, u,v)
EEBRf G o
(f=G)(t) = Gs)f(t—s)ds e ER, X, u,v), teER.

— o0

JER. H51HE2.1 AR, XTHERs c RAf(-—s) € ER, X, p,v), IRIEFubini EH, £

([ITTD/ (7 * ODldu(t)
< /TT/ TGOS )dsdn(r)
g/_wm/_m (¢ = 9)ldu(t)ds
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FRYEG € LY(R, B(X)) LA

0= O - laute) < s BT
[-T,7]

T%mmwG(sﬂwﬂ s €R,

HLebesgue #ZHIISGEERf(- — 5) € ER, X, p, v), 1FE]

R EO]

Jm [T /[T’T] £t = 5)ldu(t)ds = 0.

Fiblf « G € ER, X, p,v). B

3. FELFiL

K4y, TAVEHE LA T T HHPFDEs BIP (R, X, w, v) i FAACE 1A 0E — 11 7] 4L

d
{ Zu(t) = —Au(t) + L(w) + £(0) t20 (3.1)

U, = @ € B.

Heof Nlo,+oo) M BIXHIESLEE, —A X EABRBIER(T(¢)s0, WF0<a <1, A
FoRA WDBRET. L g AETANRB, MBUEEX HiHa FLME T, KB, &N

Bo={peB:p(0) € D(A*), 0<0 H A% e B},
X T € Bo 23 olla = |4, A% 5N
(A%p)(0) = A%(p(0)), 6 <0.
B8, € By 5E X Mui(0) = u(t +0), 3410 < 0.
N TRESE(3.1), BRI R RE:
(Hy) —A: D(A) — X #&Banach Z[HX FNEEE(T ()0 KT/ NEFE TG, 413
IT(t)z| < Me*t|z|, t>0, z€X,

FopM > 1 Hw e ROR%— B, RATITLUERO € p(A), B, 45— A+ 61 EHH#Hl—A
(490 € p(—A + 1),

(H,) Mo e BHAp B, Hh A0 & LH(A9)(0) = A= (p(6)), WHTHO < 0 O

(Hs) T(t) /£ X KW, XHAt > 0 BOr.
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EAR, R (H,) HO < o < 1 B, IATATDUE XX & MHEF A,
A% = —— /OO t*1T(t)dt,
0

HAT F#IRGamma K%L -
INGY! :/ t* e dt.
0

SHFOBRETA MESEHTA, HF0 <o <1, BATE W FHERR:
S13E3.1. [22] %0 < a < 1 H(H;) sz, N

(i) £EH x|, = |A“x],z € D(A*) T, D(A®) A Banach = W8. FX¥, &M HA X, &7 Banach
= (D(A%), | |a)-
(i6) T(£) : X — D(A®) sAH A8t > 0 .
(iii) MPA Mz € D(A®) Bt >0, HT(H) A% = A°T(t)x.
(iv) MPTA &9t >0, AT (t) £X AR, B

|A°T(t)] < Myt~ “e**, x€X,t>0, (3.2)

HAFM, >0 REFH, we R LE(H,) &%,
(v) A= RX EAREMEF, BD(A")=Im(A~).
BTk, AN [16] HE RGN EEB F1A A E L. REB 2R (—oo, 0] B £ X
AR 91 2 ) L35 2 G AR A 3
(A) FFAEIEH N, [0, 400) LJREAH FREM () CLIEALE0, +oo) EELLREK (), 5
(—o0,a] = X fE[o,a] EL:Ha, € B, o < a AL, WX TEFANIL € [0,a], B:
(Z> Tt € Ba
(i1) fEX[E[o,a] b, t — 2 KT - || EEE,
(i4i) Nlz| < |z < K(t —0) sup |z(s)|+ M(t — 0)||zs].

o<s<t
(B) B /£Banach 7% [d].

M AR LAAF 2
SIEE3.2. [23] & Coy ABH K XLIFYFEL HH A (—00,0] BRATFIX 89 =], BRCS) H[—a,0] F
B S X AT R LRI — 5, WNACY, — B.
WE3.1. [2] Bik(H,), (Hy) A, B # 2N (A)-(B), NB, # &t FAEZ(A)-(B):

(A) #x: (—00,a] = Xo #£[o,a] LS A, € By, 0 <a, WM FHAHMEC [0,d], H:
(Z) Tt S Ba,
(i) R [o,a] £, t =z, 2F| o £,
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(i1i) N|z|lo < ||ze]la < K(t—0) sup |z(s)|a + M(t — 0)||Zs]a-

- o<s<t

(B) B, & Banach % 4.
ENX3.1. [2] FREHu : (—o0,a] — X, N(3.1) MR, £

(i) u fE[o, a] Fi%ESE.
(i) u(t) = T(t — a)p(0) + [LT(t — 8)[L(us) + f(s)]ds Xt € [0, a] FR.
(iid) uy = .
EHE3.1. [15] BAR(Hy), (Ha) Az, M3 TFope B, £t >0, (3.1) AAE—GH.
Xt >0, AEB, L XHEFU®R):
Ut)(p) = uwl:,0,,0),

Hrfu(-,0,0,0) 2(3.1) Hf =0,0 =0 B
WEL3.2. [15] (U(t))i>0 HAB, Lt9RELHE T ¥ AALFT DA TRAA,.

MtoeB, t>0HO <0, TATELEHTTW(1):

#(0), R t+6>0,
(W (t)¢](0) =
dt+0) WMHE t+6<0,
MW (t) S22 T R fE 5
d
$u(t) =0,
Ug = P.

WWo(t) = W(t)|5, HHB = {¢ € B: ¢(0) = 0}, FHRBB i /A B

(C) # (Pn)n>0 B W HCauchy 51 FH: HIE(—o0,0] FEUWSIFp, My € B H| e, — ¢l — 0.
EN3.2. B iR AT(A), (B), (C) B4t — +oo B|[Wo(t)|| — 0, MFRH K ZEIRicIZ 2.
N33, #o(Ay) ViR = 0, MFRLEEWU()) im0 XU,
EHE3.2. (2] BA%(Hy)-(Hs) M. BAREB A RBATILE W L E B U)o ARG, 12 4B,
T A BAANU-FRERFRES foU A fo, IFEU LRFGEBHRL - ANBALLEALE
F Ny, 0 #H 2

@ ella < Noe™*[[pllas  t20,p0 €8,
lUO¢lla < Noellella,  t<0,0 €U,

L b S AU 9 HIARNE RALE Z W] Ao RAEZ 2 1]
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M¥n>w, ze X, EXWTFHX B EIB Mkt o,

n(nf + 1)R(n, A)z, —% <0<0,
(©"2)(0) = )
0, 0<——,
n

HHR(n,—A) = (nI + A7t KTz e X, RO "z € Cyo((—0,0], X,) 7E[-1,0] WH L,
merz € B,. M4, XTre X,

n

19" x||o < K(1)M,I(1 - a)|z|. (3.3)

FAARIE A2 WSCHER [2).

FHOOURH 14 O 25 44, FRATTAS BN 0T 2 2.
EIE3.3. 2] BAX(H,)-(H3) M. BRIEAB ARBITICE B LFHU))>0 AREE. Ef ER
AR, M(3.1) AR LAE—A Ty, AT REKX:

t —+o0o

uy = lim Ut — s)II*(O" f(s))ds — lim U*(t —s)II*(O" f(s))ds teR, (3.4)

n—-+4oo oo n——4oo t

HbUs(t), U (t) 2 HAUL) S FoU LagIkd), 115, II* 25 HB, 2S foU L&945%.

EIE3.4. BIX(M,), (M), (Hy)-(Hs) i EHf € PR, X,p,v). BARIEB H XAl 2 8] LF
BU()) im0 A HE. 1)(3.1) HR—Mu e PR, X, 1, v), L#(3.4) X4

IEA. MRAEERES.3, (3.1) A ME—F R Hu 1FRENH(3.4) 4, K

up = (L) () — (T ) (1),

Hr
©n@ = im [ w- oo )
400
(T“f)(t) = lim U (t — s)II* (" f(s))ds.

n—-4oo ¢

WAf € PR, X, p,v), NTTHTHLf = g+ ¢, Htg € AR, X), ¢ € ER, X, p,v), W(T*f)(t) =
]:1(t) -l-fg(t), Hr

t

Fit)= lm [ (- (@ g()ds

Fo(t) = lim U (t — s)IT* (O™ p(s))ds.

n—-+o0o o

(1) F1 € AR, B,).
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Xﬂ‘ﬂ:g € Pw,p(t)(R7X)> KX&M‘EE@
Fi(t+w) = lim U(t — s)IT°(O"g(s + w))ds = p(t)Fi(t),

n—-+oo o

I)_I\UJ:I S Pw,p(t)(RwBa)- ;7‘31ua(ja %g S Pwap(RvX)v g S Pw<R7X)7 g S Pw,k(RaX)7 %%Uﬂu?%“
iu‘/_"l S Pwap(R7 Ba); fl c Pw(Ra Ba)7 Fl € Pw,k(R7Ba)~

$tFg e AP(R, X), MR H3.2, FEIEHHM > 0 WL

t

[F1(t+7) = Fi(7)]la < lim Noe™ @I (0"(g(s +7) = g(s)))|ads < Me,

n—-+oo o

N, € AP(R, By). FMILEHH T AAR, X) AL
FiE, #g € A(R, X), THEF, € AR, B.,).

(1) Fa € E(R, By, 1, V).
Hi(H,) F1(3.3) AI15, FEHBEK > 0 2
1F(t)]la < B / €0t o(s)|ds. (3.5)
SE M BRELG - Mt > 0 NG (t) = e=9, 4t < 0 BFG(t) = 0, fTbA
t +oo +o0
—o(t—s) ds = =25\ p(t — 5)lds = G t — s)|ds.
/_of o(s)ds / e |o(t — )| ds / (8)[ip(t — 5)|ds

—0o0

BTt = [p(t)] € ER,R, 1, v), IRHEZ 2.3 FWFH — [1 e 2= |o(s)|ds € E(R,R, i, v), HHE(3.5)
W11Fy € E(R, Ba, . v), LD f € P(R, Ba, pv). KM, BATATf € P(R, Bo, pr,v). EEAHL.

|
4. ¥
G R AR [2,3,10], BRI BA IG5 I 20 7 R

0 "0 0 "0
au(t,x) = ijz_l pr (aij<x>8xju(t’ 17)) —aou(t,z) + ¢ ; Gxiu(t —r,x)

+ [0 BOu(t+0,2)d0 + Ot,x) t>0, xEQ, (4.1)
u(t,z) =0 t>o, x €09,
u(o+6,x) = ¢o(0, ) —00<6<0,z €,

Hrbo € R, ag,r Me HIEHE, Q AR WA FIHEHBEAGRIFLAOQ, 61 (—o0,0] — R AIE
BREL, O @ [o,+00) x Q — R NELRE, a; € L=®(Q) BN HFE) > 0 X € Q6 € R?
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ﬁ'il ai;&i&; > nlEl*.

)=

WX =L*Q), e N&EHETFA: DA) CX - X:

51384.1. [22] —A X LRBHFEH(T()s AT DAERL. I, Ho(—A) 2 &k
Ho(—A)={\,:neN}, L. <A1 <\, << A <0
S134.2. [24] |V| A0 - |y £D(A%) L¥H. wIb, £MA

VIV < [9lly < fr max Jai;|i< VY],
<ij<n

APV A THEME.
Fy >0, &YX

B=C,={peC((—00,0],X): egrinooewap(ﬁ) £ X FAFAE}

X T ey, EXTH o] = sup e"?p(0).
<0
21384.3. [29] B %2 (A), (B), (C) B Rl i,
ENEMHTL: By — X:

n a 0
L(¢p) =— —
(6) = —a0t(0) + 3 (r) + | _s@oom.
#EBy FRESER ]y = supe?’|A2p(6)].
<0
A B
(A)) e 28 e L2(R7).
(A2) [°1B(6)]dO < aq.

SI3E4.4. [2] RK(A) Rz, L REB, BAFEX 69A REEHET.
FEXf:R—= X Af(t)(z)=0(z), HtteRzeQ H

u(t)(z) = u(t, x) t>o,x€Q,

0(0)(x) = po(0,x) 0<0,2z €,
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W (4.1) RTEHRIE NN T R o T R A

d
u(t) = —Au(t) + L(u) + f(t),  t>0, (4.2)
Uy = P-

Hlp e By, MR HE3.1, W (4.2) 1E(—o0, +00) L AFAEME— I f#u.

BU®)) >0 2&(4.2) 1EBy LRIEFEE, HA, 2HTTT/NERIG. RIEU (L))o XUHITE, AT
CIRYESE|
SIH4.5. [2) % (A), (Ay) Rz, WA Fe < L/, Ho(Ay) C {AeC: Re(N) <0}

Wu = v & HRadon-Nikodym S¥H

et, t<0,
p(t) =

1, t>0.

t [25] AT, p, v € MO (M) AI(My), TG 2334, 7] LA 3

E4.1. EALBRT, B35S € PR, X, u,v), W(41) AE—8HFMue PR, X1, pu,v).
241 AR S BRAEFERAE UL T PFDEs W B Oy AU A7 e ME— 1, @it 5]
NMEE, &7 —RMEEO R %, uEB T MR S R B A e &0, XA, W, WA,
JUFESE, AR, LT B spEEah 1= ik T 7 ai— a7, Mg g5 B . ([
W Ah—T5H, FATREER], EKIF(Hs) b, EORMITERT (1) ££X ERER, X2 —
SR &AL, BARRLH R AE TI0AE, Q0] 25 el gk 58 25 1 (H) 2 BRI —AN i,
BATVE J5 BT 5277 [l

B2 3CHR
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