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Abstract

Mean field type control studies the Pareto optimum computed by a central planner in a system
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with large number of agents, with each agent using a priori the same feedback control. This paper
studies the finite difference numerical approximation of a type of Mean field type control problem,
using algorithms based on the policy iteration method from optimal control problems. Under the
assumption of a short time horizon, convergence of the algorithm and the rate of convergence are
discussed. Some numerical examples are supplemented to show the efficacy of the algorithms. The
comparisons between Nash equilibrium and Pareto optimum, in terms of aggregate utility, are il-
lustrated by numerical examples.
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1. 51§

AR, BEE N TR RRHERRIRRE, X H a8 8 40 Rl Fge st i @,  AAT0 50 R 2 2 e
KRG 4T N AN ZE SRS, 32 H T35 2R (Mean Field Game, fiifk MFG)FIF-H43% 4% R 4t
(Mean Field Control, f&ifk MFC)JkHg FAMARMIHRFEMATS, ML RGEARRAAPIE . AT R
M, € X “Price of Anarchy” (fiifk POA) NN M T 4 Jm 2 5 f 4 R 8- 2 Al R LR

H 2006 4F Lasry Al Lions [1]. Huang %£[2] 1 K32 H~F¥351# 3R (1402~ PDE B LK, MFG 5 MFC
TN TASEME . ARl SR Sig[1]. Achdou Z5[3]\ PDE I FE Xt T 13745 i R 4k
ITERRIEAT, A T —26 71 PDE RAFEVERME—PESS S, FRiEd s p AU E LA T MFG Al
MFC. Carmona %5[4] MHEZE I M BEWE 9T T MFC BISRR IS, FFUERA T %52 PDE HIf# 2 MFG I fL4h
%5, Bensoussan Z5[5] &M HLEL T MFG 5 MFC [l . SCRR[6] [71h4H T FEIBEZE R84
PR ZE 7 S BB MR, $RH 7RI - SR REREUER I, IR HEUERCR AT T90E. Cacace %5 [8]XH
AR A) MFG 51N T ISR EAEE. Camilli Z5[91428] 7081 7 MFG g %A B L e 8
ARSI FE (it i . Cardaliaguet Z5[10]4M48 T MFG &4 POA I X, FHRANIETT T POA HyitE
ML . Carmona 55 [11]40 8 7% T AR AT & MFC 5 MFG (X a1, FH18 1 50 POA (1)

HE T BRI FERN S ) AR . H2 H AR 2 B0 ARE & R AE R 20 B e i B 1) 26 A T
T MFC R ER VR BIF F0 R0 73 6T 142 S 30 MR R0 FRD A o SR g AR B0 2 s 0 42 ) ) R0 v AL ) SR A8 1)
Jik, MY AT MFG [a] i, {H 2 SR AR R e BIAS 0] 73 B G it 2 1P 3 b 4 i 1) 7 H
T TR ZHE 78 o AV SC I 322 H AR 24t — P SR I AR SR Mg e A 1T 4y B e 25 R (Y MFC ) i, 76—
E RN, FRATUEBA BRI S T sk . FAME A IZE T POA, 1k 7 MFC Wi JL2K 54
X} POA 54 o

2. FEAR
2.1. MFG 5 MFC
SP4137 T 2 1) RS Eh DL R 7 R LA -
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—0u—vAu+H (m,Du)= f (x,m)
6tm—vAm—div(me(m,Du))=0 @)
m(x,0)=my(x),u(xT)=u;(x)
S48 B ] 1) S MFG RIS [A) 2 AR TE T, BRI R R A e 0% B 0 i 285 JHG SRS LU KAk AN A H
ai, (HA—MEEEELR A SRR IR R S R BT, FRATA BB FRATT R8P S5 RS 1 5 2
G3AT, ARIE1S B 5% R B S LA ], PR B I (E B e T B R B s ] . AT 1237 Graber
[12]3C &5 5 741, s A B iH R e ok Z)E MFC R 4t1) PDE.
SE$5137 2 (g4 ) 1) L (MFC) I H DA 7 FE A ik
—0,u—vAu+Du-q-L(m,q)-mL,(m,q)=0
0,m—vAm —div(mH , (m,Du))=0 )
m(x,0) =my (x).u(xT) =ty (x)
EHR MFC 5 MFG (AT LA 2R LM PDE ZI B i LM, {Hs2 MFC o u AMURMERI MM EREL ER
7R RALT HIB J7RE R4 K, B LAAT BLAI A HIB AH SR I8 T 1R i v o

2.2. B
T HEARATO G S I e 2 R H (m, p) il R
(HD) HXF p, m2Z&ELM. H, H,, H Hop 55T (p,m) e R xR™ [ J5# Lipschitz 45

. |p|
o H(m,p)=——"—+f
o H(mp)=p ()
(H2) H K T2 & p /& ™A% 1
beanms FdiiE H (m, p) B an .

PiPj ’

EEFIMq =H,(m,Du) i,
Hm(m,Du)z—Lm(m,q*) (3)

P9 Mk Cirant 5 [13]/) T-AF o EL AR LE W2 (Q) 4% 1] IRIAFLE ME— bk, WCPFE 3 — AN RIS K R 145
q=H, (M, p) BSr. 3 T0E2 i B SR SO RA, FRATTEH MFC R0 I T DU R PR S b AT 76
W3R S A AR S B B A A R M M B SR P B 7 0 0 2 B A B S — A 1 7
R>0, Q=T'x[0,T], T*MRFEHRY/Z® . B¥HFATHMIIES O T x[0T] >R it o <R

Hdivq(o) " <R.

Algorithm 1: B S AT 43 B W 55 05 10T 24 42 1) 2 5 110 S s AR B0 (P11
Data: I8 q ", KRB S A MmO Fu® 5, EEE Y, .
[1] for n=0,1,2,---,N do

[2]iH5 m™

o,m™ —yAm™ —div(m(")q("))=0, inQ @
m™ (x,0)=m, (x) in T°
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[Blitsu™
_@uw>_vAumy_£(n¢m DU ")
+q"Du z%( Du“1>d”)=o inQ (5)
u™ (x,T)=u () in T¢
L(m,p,g)=p-q-H(mp) (6)
[4] 557 S g

q(n+1) (X,t) = argmax,, {q . Du(”)(x,t)— L(m(”)7q)} inQ

BIWHR T A, BT, TR [ ST .

[5] end

A9 BB 45 B A B R SR — MO AR, q=H, (m, Du) SPEMAKE T mo b TR0 48
(IR q=H, (Du), Fiist m gARmUE I R YER, WU R u o m Bl AT LA AN
B, AEAE SR A B B 5 U 2 I S .

Algorithm 2 F S 7] 43 85 W 35 305 101 14 4261 2 5 1 S s s AR B0 (P12)

Data: w4 q" . KRB m® Fu® 5, EEE Y, s,

[1] for n=0,1,2,---,N

[2] 5 m™ ;
a,m" —yAm™ dIV( )q(”)):o, inQ
m™ (x,0)=m, (x) inT¢ )
KER T
q" (xt) argmax‘qu{q DG(”’l)(x,t)—L(m(”),q)} inQ (8)
[41iH 5 u®
0,0 -vAd™ +"Da" ~ L (m", ")
—mg«mmk¢”)=o inQ )
(% T) =1 (x) inT
[5] 7 VS 4 s g
q(“*l)(x,t):argmax‘q‘gR{q-Dl](”)(x,t)—L(m(”),q)} inQ (10)
FIWRSAF LB AE, R[S PPA .
[6] end

BAR, M H RA R SRR, WEEPI) 5 (PI2) . BEAREBIEQ)M(10)H L 2
EIH R, HE OFHITE@)MEG) ML RZEpmhiis B H &, B2 R ErHRa 2. g
sk, B ou™ 5 ou, Y g, m™ 5m Hq*:Hp(m,Du))Flljﬁ(m(”),Du(”’l),q(”))eL(m*,q*)o
FEPIL) RS, SERR EA Du<“>, LWEXA N TERE L, 524 H PR H K.
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2.3. WS o in

B 7 BT H AR R B (HL), (H2)4h, AT LA M k.
(1) HEr>d+2, meW?(T*), my2m>0H1[  m(x)dx=1H u eW?(T)
BATE LA T2 ]

Xy ={(u.m):u e C* Q)W (Q),me € (Q)ull sy +Iull +mle) <M+ fufy +[m) <mf @)
FA T (u,m)=(d,M) & X Xy, ERETFT, L
0, — eA — H, (m, Du) Dift = H , (m, Du)(Dm)h— 3 H , . (m, Du)(2,,u)h=0

[

~5,0 €Al + H, (m, Du) D - £(1#, Du,H, (m, Du)) - i, (i, Du,H, (m, Du)) =0 (12)
a(x,T)=0; (x), Mm(x,0)=my(x)
SERL 2.1 B2 ATHIHL), (H2)RL)RAL, B K i 2
K> max{%,2|mo|$g 2|u(T)|$3} (13)
"
M, =2(m 2 +Jur [ (14)

WIAEAE RN T S EXHMERINT (0T |, WSt 7 220

X, of(wm):ful) <k yK <m<k|

Hh AR U ST

SRR 2.2, B 2 HTfI(HL), (HRL)TI, MIAFAE 28N T W 2XHERIT (0T |, MFC &
Gi(L2)AME— IR (u”,m") €W, (Q)x W, (Q) .

SEER 2.3 R ATHI(HL), (HRMOD) IR, RAEER 1.2.0 T o WAAAE T, <T W2 ER
IT e (0T, ] FIR A5 ANS, hFEASEPIEROARE (u, m®) , dedEI(L2) 107
(U, m") €W (Q)xW(Q) -

EH 2.1, E 22, EH 2.3 5% Lauriere, Song 5 Tang [13]# & 3.1, 3.2 f13.3, FAI/E
BEAE RN, AR DXHIAE 56T G B9 7 R T B

ML, (i, Du,H, (m,Du))

ETRB(HL), (H)MIL) AR 2 53X — IO R T B TR IR R ], FAE I IS (P12) YR
Sk 73 5 MACSIGE R HOIE 405
2.4, WISUREE 4T

AT FEAHE R 52 42500 F Lauriere, Song 5 Tang [13]9 5 4 5= T P51 ZE R S 45
BAIL BRI, BARPRERAA T RN SRS TAER A E . R, FRATH (u m)?FDq 7J|J
R T R (L.1) B AR 7 1) SR B sl . FRATUEBAZE T RO ATER R, 22 fu™ Al

| o ARSI

WZ‘I(Q)

n+1)

m( -m
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M 2.4 [FR(HY), (HOMODAH BAER 23 —FRT AR, At PRI T (0T, | 1
FEHIHHE . e (UL T LRI B b SR P P 1 (o, m®) ) 2 F 91 R 2 K

< C[ j (15)
w2 (Q) L'(@Q)

”m(ml) -m (n+1)

‘o + “div(q(””) _ q*)

_q*

q

F

n+1) *

1d
u™ —y* sCT“'(u(”)—u m™ —m
Wrz'l(Q)

s LN;J(QJ (16)

#ie 25 EMP=m" —m", U =u" U XFTA N0 WAL, S 2.4 AFEOEE T, AT
XFn>1HF AT

HU (n+1) um

Sb

1 d
| o <CT? Zr( +[m ] (17)
#1Q) w2(Q) w2(Q)

HEMAFAE £>1, JEURH n RS /AAT e (0T, [ 2RHERT e (0T, RATHHLILISES, 1,

LNr“(o) ’ ”M " LN?%Q) < Gj 7 (”U " LNr”(Q) +”M " WFJ(Q))
3. SEIE

FRAAE Lauriere 25 A FI[14] TAE LAY EXHET MG (SEm& AR T Bk, »F MFC &4;
FIN T B S A I (PIDAPI2) . FEXF MFC REUEFHIRZ ik, 4 BAR B EUE 5256 451+ A
G3HTe X T EUE SIS I EUR 5 Ui I, AR SCHURE R — S L i 1] K MFC A1 MG 1 SRS 15 AT VA TR
B R ZER . LT Carmona Z5[11], <iFiHH MFG 5 MFC 1 POA. JEB&ATATHL, HENERE A
F SRS A BT EAE MFC BRI 251 T 1) POA.

3.1 BEESH

PAVSe 2 Az LIzl R gt ot B B S HOE A, AR e A B AR S8 b IR T AR SC S BE .
kg B H E A

e

w2t w2t

“U (m)

1
L(m,Q)=Er(1+m)ﬂ|q|2+ f (m)
Hr f(m)=§m+7(1_e*10(*0-25)2) s

L, (m,q)=%rﬁ(l+ m)/H|q|2 +C

5
=
il
Pl

H (m,Du) = sup {q -Du —%r(1+ m)” |q|2 —f (m)}

qeRd

1

=w|DU|2— f(m)

o g, CONIEER. RIGIHERE RARIEERA, ForB e B TR P51 XK.
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FEVHEEN MFG RGN 1, MFC SR RFTHRACH A, 725 3, A RRPIRAR NS
IS95'%

g =9 (q;m):IE,“OT L(m,q)ds+g(X;,m(T ))}
I ='[0T [ L(m,q)mdsdx+ [ , g(x m(T))mAdx

(B RAE SRR B A, RABATRRT m (R EB I B g (X, ) U8 g(Xe,m(T)) 5. $5
A1 T A HUE 2 80 1 2 Gt bl ALY POA MRS 33 B2 X

POA = 21

mfg

it | POA MZ KT 1, Tl lidid 2 AR S50 M 8UE S5 Rk b 4518 O T #H T LA MFG 5 MFC
ARG FIBAT A BEREE E A AN 22 1 24 F 15 POA [R5, $R BI04k K IR 2 2 B 1k R 48 4% ) )
AR A2 BRI T, BATHEX B R A S U

WAE T B E— AWK G . RIE, TAIH UL M A Q Fong LA E, 2@l MFC K
PRI NS o IX FLFRATIAE 35 5 IR AT ot A BR 2 23 R E B B B R R T R o TR T BT TR ) B
s BATIR I B 2QRR A 7 ¥ R Ak B A 8] 17 7] ) KFP 7 R RIS [ 5 17 ) HIB 5 F2 o 7 B A St 72 AR R AT
FEZE (R AEF T 1 =200 (75 gk, AR _BAEA TN = 200 BT AR ERIGIE SRS e N fEG b
xtE A QY =(0,0)

TAVE BT —4ES25] . AT R BERTE R B[R] P ) A AR RSBy, FRAR IS 75 1T 7] 45 A I R
5 HFR B M EE B R IE TR Bk . B AMPIRSTEER — 4R T=R/Z . REBEIIHRAMT 0.8
Ak o FRATECHIUE FOREAA > A my NIEZ A, AN MFC J7 Rl A2 «

(18)

—0,U— VAU + 1 ﬁ|Du|2—
2r(1+m) 2

atm—vAm—div£ mDu ]:o

uy (X) _ (_e-w*(x-o.s)z + 1)9

m o
+ﬁ)ﬁ+1|DU|2=2§m+}’(l—elo( 025))

(I+m

(19)

~10%(x-0.2)°

m, (x)=-¢

A h AT FHSHRM f=05, r=1, v=005, £=0.1, y=1FT=1, ks Ex MFC
MG IEREIVEPIL) LR

TEE L, B LANEE R n, FATAER T MFC BUE IR MFG B RS0 A 25 1 43 A7
BEET I AR . RATAT AR 2, MRAE B F—A HAsfe3h, 1 MFC kB4 T ARkt 48
1M, F T3S AR N OB RAS, BRI R S AR 7E HAr o TEE 2 Hh, FRATER T 55~
UHCH 30 MIshaE . B MFC fl MFG Rk ZE . X BLEAMEH T (PIL)EE A I HEfE . 71X
FIRATER R, d i FRATT 0 P R SR IR A AR B B AR — B, ATEGAE T AT S BR T
T JLGEAHT B T B 2R Ge AR ALURS B2 IR T I8 31 R BRJE BASE, WS SIH BE 2 B 1

$2 R (18) TS AR rh S o b e R A AL 2 A, B 3 AT o SRS AN A U0 A 5 S B AT
3 POA:ijc B R T 1o XM BUE MR A FERE T PSR E A2 SRR IR S

mfg
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7 — t:0 7 T
t=0.2
61 — =04
— t=0.6
ST — =08
i

@) (b)

Figure 1. Numerical solutions of Algorithm (P11) of (19) at different times. (a) MFC; (b) MFG
E 1. BEPINB(19)AEER B THER. (a) MFC; (b) MFG

10! 1 — residual fp —— residual fp
o residual hjb 10° A ™~ residual hjb
10721
103 1
10 4
107 1
10° 1
-7
10 10 1
107 1 1010 4
10 4 10121
0 5 10 15 20 25 30 (I) 5 10 15 20 25 30
(a) (b)

Figure 2. Convergence of Algorithm (PI1) of (19). (a) Residual of MFC; (b) Residual of MFG
B 2. BIAPILAI(19)RIBELME. (a) MFC BI%Z; (b) MFG HI3RE

3.2. itE POA

Carmona S [11]7EXS FHA R /- A AR R IR A6 A T, i S ECR AT POA B . T FRATIEXS B
R B oy A Jey S 25 SRR ] T 288/, AT A IR 22 43925 3K HE S B B vsks R 5 e ol vl A
TSR HER ) POA. 1E&] 3~9 ., FAMEAFSEBEE FHEBARR I A1 o RIFEATAT LI
B 3 I MIEEE, BEEKRT 1o N THIIR™EN, THA 7 #R R T —4EsLF1(19), BrAk
AAUH, BANESEORFEE N HPIBRIME, SRS m AR E H 2 HA R POA Bl
f=05 (=01 v=008, r=1,
y=1 T=1 =10, 6=1

BT R R SEE BT R SEE, 7R 3 h g g AR KIS, POA A8/, 7EIE 4 Y (K,
POA k. FATKIBIEK 5 o2 r KIS, POA /N,

e 6 W2y A5 K, POA AR/, 7EF 7 W24 T A5 KHF, POA 48 K. 7EE 8 F124 9 &2 ki, POA
AN FEE 9 H2Y v ARREE, POA ZZ/N, FATEEAREE NIIEL R, HEIEBIMILAR . X5 Carmona
ZE[11]6F POA 2 (¥4 ST LAAH B AGHIE, FRAIAE T RS/, R &4, Wt THEAHES
Hor POA 5 1 # x& BL i BRAELZ 7 TRl AN ]
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B8 B
(a) (b)
Figure 3. The change of POA with f after changing some parameters. (a) y = 2.2; 6 = 0.01; (b) {=0.2
3. LIS HE, POARESHIE. (@)y=2.2; =0.01; (b) =02
1.0018
1.008
1.0016
1.0014 1.006
. 1.0012 .
1.004
1.0010
1.002
1.0008
0.00 0.05 0.10 (Li!’) ll.’le) 0.1 0.2 0.3 0.4 0.5
¢
(@) (b)
Figure 4. The change of POA with {"after changing some parameters. (a) Default Parameters; (b) v=0.07, T=0.3
4, WEEIHESHIE, POAM (T, (a) BRIASE; (b)v=0.07, T=0.3
1.014
1.004 4
1.012
1.003 1.010
< < 1.008
i 1.002 4 €
1.006
1.004
1.001 4
1.002 L
1.000 4 —v 1.000 \
0 20 40 60 80 100 0 20 40 60 80 100

@)

(b)

Figure 5. The change of POA with r after changing some parameters. (a) {=0.5,=2,y=1.8,T=0.5,6=0.01; (b) {=0.6,
p=18,y=18,T=04,6=0.01

5. A SHIG, POABEr BT L. () =05, =2, y=1.8, T=05, #=0.01; (b) (=06, =18, y=18,
T=04, §=0.01
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1.0040
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1.0035
1.0030
1.004
< < 10025
1.003 1.0020
1.0015
1.002
1.0010
2 4 6 8 10 12 0 1 2 3 1 i
v Y
(a) (b)
Figure 6. The change of POA with y after changing some parameters. (a) {=0.2, $=0.8,v=0.06, T = 0.8, 8 =0.01; (b) v =
0.07, » = 100

El 6. WETEHSHIE, POARE y Tk, (@) =02, =08, v=0.06, T=08, #=0.01; (b)v=0.07, »=100

1.006
1.007
1.005 1.006 4
1.004 1.005
1.004
< 1.003 <
& &
1003
1.002
1.002
1.001
1.001
1.000 1.000 4
0.00 025 0.50 075 1.00 125 150 175 2.00 0 2 1 6 s 10
T T
@ (b)

Figure 7. The change of POA with T after changing some parameters. (a) {= 0.2; (b) v = 0.06
7. IS HE, POAKE T, (3) (=0.2; (b)v=0.06

1.0035
1.005
1.0030
1.004 4
< < 1.0025
: 1.003 :
1.0020
1.002
1.0015
1.001
0 10 20 30 40 50 0 20 40 60 80 100
4 4
(@) (b)
Figure 8. The change of POA with 0 after changing some parameters. (a) = 0.05, v=0.06, y =1.8; (b) #=0.1, v=0.07, y =
2.2

E 8. MIIHSHIE, POARE O HIZ L. (a) f=0.05, v=0.06, y=18; (b)4=0.1, v=0.07, y=22
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Figure 9. The change of POA with v after changing some parameters. (8) =1, T=0.5,y=5; (b) {=0.2
E 9. sEHIeHE, POARE v BITK. @)p=1, T=05, y=5; (b)¢{=02

4.

& 4

e EA

ARSI T N B — FER TP B4t 1) 4810 ) - IE ) 0 75 R 2 IR 0 BB 507 1%

A5 A SRR B T e A ] il R rh R SRR IAARTT i e, PRI B S R R A, TRLIM 2 A 1 TR JU P 35
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