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Abstract

Galerkin spectral method based on Chebyshev polynomials has been widely used to
numerically solve the boundary value problem and initial boundary value problem of
partial differential equation. However detailed introduction of the method and its
application have been rarely seen in Chinese Journals. In this paper, we present the
detailed implementation procedure of Chebyshev Galerkin spectral method by means
of solving the boundary value problem of Helmholtz equation, initial boundary value
problem of time-dependent Schrodinger equation and initial boundary value problem
of wave equation, respectively. Our algorithm is built on: First we assume that the
unknown function can be approximated by the expansion of Chebyshev polynomials;
next we plug this expansion into the differential equation; then we use the weak formu-
lation of the equation and make it zero, and obtain the discrete system which satisfied
the coefficients of approximation expansion of unknown function; finally solving the
discrete system gives us the approximated value of unknown function. Galerkin spec-
tral method based on Chebyshev polynomials has the merit of high-order accuracy,
and simple implement procedure. Our numerical algorithm and numerical examples

have shown all of these merits of the Chebyshev spectral collocation method.
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Tk, BEE

B 53 7 AR ) B RRATT AR AS 2 SR A, 18D PN A0 25 3 R i TR 4 20 T RE RO B VH BT v, 9 e PR 2 43
Wy BRRTTIE. WU EREE. 1T VR DR R B S KRR RO B2 K ORTE, R TS T R IR AH OG5 SR
2% Gottlieb/E# (1977) i ARG VLR B M A [1]; Canuto 55 A (1988) 7EH L0k i
TNEAERAR 1IN [2]; Funaro (1992, 1997)7EARA L 2 43 SRR 1 IC B 15 72 2R A B L
e B B D7 VEAE SRR 5 2 T R SR I RE A (3, 4]; FRAHN (1998) 7E H AR & th VR AR T 3
JIEFEAR T S5 ER HT I AR [5]; Peyret (2002) fEHHIRIA T R ARA 0] AR5 1 AR 1% 7772 [6];
fxiLShen MTang (2006), Shen, Tang FlWang (2011)%% AN7EIHLTESC L (it 7 K E AN 751k
A e A PR SR A N 7 R ML S 73 B B 22 43 i B (7, 8).

75 E AR FESCHR Y, VEA 2R Galerkin B J7 325 3K fif i 15k 73 7 R 0 B0 #2  SCHRAR /b, 45352
BEAR G TZTTE. RN, AR 3R EAA a0 R B 7T IR 1 Galerkindl 77k FMESE(2013) 45
PO B ¥R A 55 UL L [ Petrov-Galerkin % J5 1% [9]; SR 4E%5(2020, 2021)% il 78 3 & K
FChebyshev Galerkintl% 772 3K i 7 e A4V e SL 8O 2 A1 =B sk 23 77 #2 [10, 11). 5 553
55(2021) %5 H—3 Galerkin B 2 AEFRIETE B S MR [ 0] R R Wie Sl 40T [12].

ASCHET B A5, VEARA 48 401 T3 T Chebyshev 2 37154 i Galerkinit 7 R 4 BIHLE
W TTelmholtz 7 FEL A R, 1 24 P 8RR O WAL (8 . %0745 i T A 5 — e B
B TTRL, B REAE I LT BRI, BB R RO R R, SR BERON % — KB
AL ERGESCILIR, JefBUE 7R A KB S 85 T 46 F Chebyshev % S T SORIBIE, 2405
F R R B M FR T SUR N TR o, B R8T SR G 1 B8 SO, T 5
SRR PR 34 ) RO 2107 AL, S8 SR A FRALA B S0 R B o K.

AR SHE IR s 2 BB B I BRI I, A4 Galerkinit 7 05
PR, {E553 5P, 4MBIVEAIS 50 T Helmholtz 7 BRI, 0 S 1 7 R V018 1
B3 T Chebyshev £ TR ) Galerkini¥ 7 i SR, AE554 TP, JEIE U ARSI T, i
ST AT A T T IR R4, —fHelmboltz rRUA MR, — . 4 ernizkes
A T ROV, S RS 1 AR (O R RO BRI S5 M. (ES5 .2 of,
118845 T FF U B SCETT PRR E.

2. GalerkiniZ /55 KB D FIEERNTFE

AR B P 7 FE A 1) Galerkinii 5 v2: SR A B A i FE 5 00 7 FE W) I AE 1) @R
HIGalerkinii /52 >R i S A 7.
2.1. Galerkinif /5% K f#i21{& o] @R

5 R SR oy Ty REAL AR 17 i

Lu=f, z€ Q=/(a,b), (2.1)
B.u=0 z=a, Byu=0 z=1, (2.2)
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KBy = u(x)2—RHEE, f=f)eCRERE. BINEEEL B, B ¥Rt mE 1
e B ).
4 Galerkinis 5 ¥ 3R A 123048 1) L — i TP R an R
—. WEAEMRIRIEE R ), = ¢n(2),n=0,1,2,--- N, EN¥HLAAEE22), B

58k MR LR B g, n =0,1,2,- -, NEIFR, Hifl:

N

n=0
¥ EREIFAMRNZN T Luy = fy2H, BN,
(LuNuwl)w:(fNulbl)w l:0717"'7N7
éﬂlﬁ’]?\ﬁ\m){ﬁ(u 0)w = [qul@)v(z)w(@)de, w = w(z)ER—BERE, o =P(z), =
0, 1, oo, N BRI R 2
B0 R LA, BRI TAE,,n=0,1,--- , NEARETT R4
HVUL. B TR RS B8, n = 0,1, | N AHREAET R,

FhP KRR, n=0,1,--- N RABERHF Ruy () ZF, AV B AR AR E I —A
T AL
Remark 2.1. i@ %, KKKLLHHS, = ¢,(v),n = 0,1,2,---  NEMRKH Y, = y(z), | =
0,1,--- N HAARE. HANFXAR—Ei, XN L@ LT %A Petro-Galerkin % 75 ik,
Remark 2.2. XKL HHKo, = ¢,(x),n =0,1,2,--- N BFKE—ELRKHIP,(z)}2,F
3], ZEXHEINXTRE LI w=w() EX:

(PP = [ PP @ulz)de =5, —{ .
Q2 1% 7.

Remark 2.3. v R 1 &K XRE L H P, (2),n = 0,1,2,- - N LA FA(2.2), AT @k
F X

=Y (@)
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RNFLE I E(2.1)-(2.2) 29, B R 8o, 4y, -, anTiL TR
N
Zﬂn(L¢na¢z)w:(fa¢z>77f:0,1727 7N_2 (23>
n=0
B_uy(a) =0, Biuy(b)=0. (2.4)

LR LRy A (2.3)-(2.4) A 13 R Hdig, Ay, - - ,ﬁN Ber, Mg (2.3), AR I A b
Ti#N-—1,NZWOL EXMI7EXFRANTau 37775, & liﬂLanczos?l%SﬂﬁEHj Taui /7 7% 1)

BB R Z EGottlieb. Orszag (1977)18H Canuto (1988)3‘55’]%43% ZMIRZE RS e AESE BRI
2, NG I AR B R A 5y 77 R A )

2.2. Galerkini /5% K ¥ B {E (o]

U RIRATTZ FE A 0y J7 REATTIAE 17

u=Lu+f, ze€ Q=(a,b), (2.5)
B u=0 z=a, Biu=0 z=1, (2.6)
u(z,0) =g(z), ze€ . (2.7)

RBEBAVMBGEL, BRI NHAF T, = u(e, ) ARFREL HR Ay 2 SR
IR T3 ) — BT B R U R
Bl IR MG, n = 0,1,2,--- | N, R ENTH LD T KA

B ¢,=0 z=a, By¢,=0 x=b, n=0,1,---,N.
B0, FIHREEE G, = ¢n(x),n=0,1,2,--- , NEFF, 5:
N
u(x,t) = uy(z,t) = Zan(t)%(w),

(@, t) ~ fu(z,t) an ) (@

N

g(ac) ~ gN(x) = Zgn¢n(x)

n=0

K LRI AN BT RE M u = Lu+ fSu(2,0) = g(z) 2, 15 F A E8O:

<86UZV_ LN”N"’fN > 0, VUZQM, ZZO,].,"',N,

(un(z,0) —gn(x),v), =0, Yo=1, [(=0,1,---,N,.
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T, R

=0 R B, MREECT 2, (1) (n=0,1,- -, N)RE R 77 R A YA i 8

VL. FAEAE % (BIINARZEMNER) KifS 2%, (t) (n=0,1,--- , N) HRIHE D J5
FELALAIME 7 L

BHL. BRI AL, (L) (n=0,1,--- , N) RABIEIT Ry (2, t) 2, FATHAE Rk
(7

7E b T AR 2 bR oy, (o) I G FE 2 H s 201 2R K R0 BR Bl 8 X35k, O] 1 8] 3 bR i (1%
B Ea = 0,0 = 2m; WRa # 0,b # 2m, ALf— LR PEAR #, R R Jn B& Bouft € S [a, b3
H[0,27]), FATAT LI bR Fsin (na) Bicos (na) Be ") (i2 = —1)ZEAF NFE RS 103K 5108 Blus
€ X [a, 0] E R EHEF e E,  SE AR e, R AR B ) 08 SO [a, b)38 (-1, 1)), P 2 I
., FlaiChebyshev 215, Legendre 2 W GF/E AL KA U1 A KN bR B w2 8 XIB0, +o00] LHY
e R A (R Ea = 0,b = +00), Al kB Hermit 2 T AE 25 B2 a0 2R R 50 B8 Bu & e X
[~ o0, +oo| LI AE A B B (A Ea = —o0, b = +00), FliEF Laguree® Wi /E N K%L 7E
T, AR AT ChebyshevZ TR ¥ Galerkin %77 0B Hid F2.

3. T ChebyshevZ N GalerkiniZ /574

3.1. fi#Helmholtz75#£AChebyshev-Galerkin 735£

A, A4k K — AEHelmholtzi21 8 i & ) Chebyshev-Galerkin J5 %
S & — Y Helmholtz J7 2 I 1) 5 1) >R it

au—u"=f in Q=1 ulg=0, (3.1)

KT = (-1,1)s
BE T, (z) Anik ChebyshevZ I, I HARE BRECAE Sy, Vv 7 hiloN

Sy = span{Ty(z),Ti(z),..., Tx(z)}, Vn ={ve€ Sy :v(£l) =0}

IRE, Vi = span{go(x), d1(x), ..., dn—2(x)}, XH oy (x) = Ti(x) — Thia(z).

F]H Chebyshev-Galerkin /7%, BE R Hu ~ uy = > U;¢;(z), ¥ ZARNE|—4EHelmholtz /7

7=0
BB Gouy —uf = £, Wa X 8,0,(x) — 3 8,00(x) = f(x). KREEBEM, BRAH.
j=0 j=0
LS R, R P AR
N-2 N-2
(Oézaj(ﬁ](l') - ajd);/(x)agbk(x))w = (f(l‘)7¢k:(l‘))w7 k:()al) )N_Q
j=0 j=0
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TRA
N—-2 N-2
o Ajbk]_’_ ajakj = (f(x)7¢k(x))w7 k:()vla 7N_2
7=0 7=0
X EAE R = w(x) = 1/V1— 22, ar; = —(87(2), ¢u(x))0 P Bbi; = (¢;(x), o1 ()., BT
Qps
i, j=k
bij = bj), = —I j=k-28j=k+2 (3.2)
0, HAREE
PR
o (k + 1) (k + 2), j=
=4 dm(k+1),  j=k+2k+4k+6, . (3.3)
0 J > k8 + k#F

EEP/%;E&CQZCNIQ,Ck::UH‘%:lSkSN—l.

F| H chebyshev-Gauss-quadrature’ s X, 8 fi, = (f(2), d(2))w Zf(xz)qﬁk(xl)wl, Hrr, =

cosmi/M,i = 0,..., M Achebyshev-Gauss-Lobatto i fi,wy = wyr = 7r/2M wp =1 /MAFTF1<i<
M —1. ﬁu%ﬁﬂ]ﬁmx

F= (vafh'" )fN—Q)T§
a = (607 ’1/1?1, e ’aN—Q)T;
B = (bxj)o<k,j<n—2: A = (arj)o<k,j<n-2,
WAFATATAS 00 B EE R R

(@B + A)i = F. (3.4)

Wt R bR R, RATEE R T R Ruy = Zg OQﬁnfﬁn(x) Z ) R A R TR
HU = (U, Ur,- -+ ,Un_2)T. I, FATHAFE] T 5 7] @8 —Fh Chebyshev-Galerkin i 1l

P15 18 — 4EHelmholtz 77 FEIZAE 1) 8 ) 5K AR

au—Au=f in Q=1I%u|lg=0. (3.5)
SINET R By € V3 15
a(uy, v)w — (Auy, v)w = (f,0)w, Yo € Vi, (3.6)

X HEAE R = w(r, 20) = T2, (1 —22) Y2 ABA(u,v), = [, uowdx.IEH, dx = daidz,. ]
SE BRHCTE (A

VI\Z/' = Spa’n{¢k($1)¢j(x2) : k?] = 07 17” : 7N_ 2}
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I BAEE AT
N—-2

U R UN = Z Ugjor (1) 95 (2),

k,j=0

BT T (3.6)H v = ¢y(21) b (22),1,m = 0,1, - - - , N—2, F1ET(3.6) 145 14 F FH chebyshev-

Gauss-quadrature A3, H

fri = (f (@1, 32), ¢u(@1)0;(22))0 = Z f(@1p, 22q) P1(T1p) i (T 20 )wplg-

P,q=0
Hzy, = cosmp/M,xa, = cosmq/M,p,q = 0, ..., M Hchebyshev-Gauss-Lobatto i fi,wy = Wy =
wy =Wy =7/)2M, wy =W = 7/MMNT1<i<M-—1.

HELAE ST T 7 F2(3.6) 8 Bl T gtk 7 F24H
aBUB + AUB + BUAT = G. (3.7)

KRR = (kg ko1 N—20 G = (fij)kjm01 N—2-
SRR L3R E A 7 FRLE B R AR U ) 700 -
(1) ek TR ELL SO A FEA, {E73A™'B = EAE™!.
(2) HHG* = E71ATIG.

(3) ﬂ?ﬁgﬁﬁiéﬂ(a&—i—l)Bvri—&sz = 4, }‘)\EP’?%EI‘:%IJ’U,L ﬁ%ﬁfﬁ%ﬁ@[\ = diag()\o, )\17 e ,)\N,Q).
vi = (Vio, ity 5 ViN—2)T, g = (Gios ity Gin—2)T, i = 0,1,--- N — 2. ATEERG =
(907917 to 7gN—2)T’ V= (UO9v17 to 7UN—2)T~

(4) BE1HU = BV, 2SR IT R i R 5

3.2. RN 1E )& Y Chebyshev-Galerkin/s i

EARTTZ A, 5B B — B i 8 5 FE W)L AE W) #E % E i B i 5 05 FE AT I AE 1) 8
#]Chebyshev-Galerkin /5 ¥2: 1 15 111 Fo

S BT 1) I BBl U AR

ou  Ou
DL RH . R 32 5 2% A
u(l,t) =0 (3.9
5106 %A
u(z,0) = f(x). (3.10)

$£F Chebyshev 2 T H: i 5 B 4
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d)n(x) = Tn(x) -1,

R TR (3.9). FATF R T s R Ruy (2, 1)
u(z, t)NuNxt)fZan ) (x Zan T,(x) —1).

VERX L AURAR T Mn = LT, TIAREMn = 0FF4, K2 Jgo(x) =

SR AT
- 8uN a’LLN
By(e) =5 =5,
LT EB o (x) € L2[-1,1], 2
1-— mQ

XEBATC MR E R Hw(z) =

KT (3.11), BAE

ZM,m Zs,man k=1,...,N,

n=1 n=1
/\I:':‘
M, 2/1(T( ) 1) (Do (@) — 1) —dz = 21 6
n = xr)— nlT) — €T = n
S Va2 ¢
2k = nitf, My, = 1,29k # niif, My, = 0.
M
2 ! dT,(r) 1
=— - k,n=1 N
Skn 7r/1(T;.c(‘r) 1) o 1_x2d:£, n .
i T nik ChebyshevZ TT,, (x) i & N IHITEZE
dT,(z) _ -« T (x)
e =2n Z . ,
p=0,p+n NTF
KRR Spn AT S N
2) 1 n—1 T ([L‘) 1
P
= - d
S 7T/1(Tk($) Dz Z ¢ V1—2a? v
p=0,p+n N T
n—1
=20 ) (dkp— o).
p=0,p-+n N T
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WRFE XM = (Min)kn=12,...855 = (Skn)kn=12,..550 = a(t) = (a1(t), as(t), ...,an(t))". ZFE
AR TR T RHaq (t), az(t), - -+ an () FIH R TTHEH.:
da

_ —1
o =M'sa, (3.12)
Mt = OB 264 AT MR AE(3.10) 158, &adith5H, v Hla, (0)i# 2 =X
a,(0) = 2 f(m)(Tn(x) —1) ! de, m=1,...,N. (3.13)
™ J_1 1— 22
£ I 18] 77 7] 3 i Crank-Nicolson 77 % 3K i# 55 T & #lai (1), as(t), - - -, an (£) B H 73 77 12 H W E 17
(3.12)-(3.13), 133 REAEA [F] I 2 3T UE.
[FIFE S5 FE U B B 2ot e 5O 2
ou 0%u

DYSSub i I8

u(—=1,t) = u(l,t) =0,

5916 %M u(z, 0) = f(x).
AR DL b

bn(2) = To(z) — Trya(z),n > 0.

X HLIR B R AR /R T SRR A, AR 6, (£1) = 0.
FATFHIL AU T B IT

F H SRR I

ou 0%u
Ru(@,t) = 5 = G

TR H (), tHFZER L TR

/ 11 R (2, 1) e () ——

Vv1— 2

de =0, Yk=0,...,N—2.

XFERATHAF 2] T Chebyshev-Galerkin /7%

Zb,m Za;mant Vk=0,1,...,N — 2, (3.15)

X B By, (158 XUL(3.2) B R ag,, 38 SCIL(3.3).
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R FEHARR] T W N E s TR
da

_ _p-1
— =-B'4a, (3.16)
KHa = a(t), FFHAWGEFKAM
1
1
a,(0) = . f(x)¢n(x)\/17_7x2dx, Yn=0,1,...,N —2.. (3.17)

[FIRE, FEI 877 38 d Crank-Nicolson 77 % R 2 T R ¥ao (1), ar(t), - - -, an—o(t) KR TTREA
FIME I (3.16)-(3.17), 192 R EAEA [ 2 R M.

4. TEHER

BI1. JAISeT 1 — YR L IR ILE 17

{ —Uyy +ou=f(x) —1l<az<l
u(—=1)=0, u(l)=0

Hy = u(x)RARFERE. f(z) =01 —2%) +2,0=1. WHEF —#EHu(r) =1 — 22 K 1ER
TR —dEHelmhotzi 04 n) @11 2 Z5 43 H7.

Table 1. Error of Chebyshev-Galerkin method for the boundary value problem of Helmhotz equation in 1D
= 1. RffE—4EHelmhotziZ & 7 # 1) Chebyshev-Galerkin 77 ¥ 5% 2 43 ¥

N 8 16 32 64
error 3.331e-16 3.331e-16 5.551e-16 3.331e-16

2. e YRR R AR, 58

—Ugy —Uyy +ou=f —1<z<l -1<y<l,

u=0 HJr=—1Hoe=18y=-18Hy=1,

IR, X fEu = u(x, y) RARHEE, f(r,y) =2(—22+1) +2(—y?+ 1) +o(1 —2?)(1—y?), 0 = 1.
WA — i u(z, y) = (1 — 2?)(1 — y?). & 28R T KM 4EHelmhotziZ {8 1] B (1) = 22 70 A

Table 2. Error of Chebyshev-Galerkin method for the boundary value problem of Helmhotz equation in 2D
= 2. KfE_4EHelmhotziZ {5 i # 1] Chebyshev-Galerkin /7 V%1% 22 43 H

N, =N, 8 16 32 64
error 2.220¢-16 7.771e-16 6.661¢-16 3.331e-16

BI3. S BT 1 — BBl i AR
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ou  Ou

ot oz’
DL RH . B 32 5 2% A

u(l,t) =0
5106 %A

u(z,0) = e 99",

b 6] R T R HER R (@, ¢) = e 0@ IR H Me — 1, u(z,t) — 0. % 3115 Chebyshev-Galerkin
TR B R (o, 0)FEE = 1 BT ROEAAR 576 = 1IN 0T RHERIR 2 2. W3R B E AT LULE
Hi 4 F f) Chebyshev-Galerkin /5 1 B A Wk £ .

Table 3. Error of Chebyshev-Galerkin method for the first-order linear wave equation

= 3. fR— M 30 5 FE ) Chebyshev-Galerkin /775 1# 22 407, 1X B8] 25K H)0.01

N, 32 64 128 256
error 7.341e-4 7.304e-4 7.435e-4 3.331e-16

Bla. FIFEE R R ) B R ME H g S 5 TR IR fid
ou 0O%u

Er
LA L TR AF

u(—1,t) =u(1,t) =0,

5186 5% u(x,0) = cos T, MR A IR HER Fu(x, t) = eI cos R AT EECE W ARG
IR (2, t) FEE = T s U S 76t = IR SHER M . 2. IR 42 25 5 n] DL H AT
fJChebyshev-Galerkin /5 2 th A HE k5 £ .

Table 4. Error of Chebyshev-Galerkin method for the second-order linear heat conduction equation

= 4. R LML S 7R Chebyshev-Galerkin /7 1= Z 40 4T, X B []25KH0.01

Ny =N, 32 64 128 256
error 1.062e-5 1.062e-5 1.062e-5 1.062e-5

5. &51p

ARSI 3 7 R —4E. —4EHelmholtz /7 FEIAME I R, —4E. 45 St i e 12 7 B B9 0)
IHAH 1) @SSR RN 4425 T Chebyshev 2 T 1 Galerkin i /5 1 SEHLEFE. 2T Chebyshev 2 T2
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Tk, BEE

FIGalerkinil J7 i R ARG R v, IR SCBLE RE () B0 2 D0 . AR SCER Y T Galerkind 5 i SVA VEAH L
2. T BB TS A RAEE R P 58 5 B Matlab e 45 21 (AT 585 15 & B R R EA R AURD).
W B R IZ I E WA TR R X g sl AN BEE RN TR RE RS R, L i) N % P B
HIFENUEIE R s A 2R k. F3 46, T HARIRIE AL 2 W (B WiLegendre 2 WA, JacobianZ
T AGAE ) () Galerkintl 75 32 OHE S A RO, AT/ A 17T DU it e 2R IE L 2 it
KIGalerkin®l 75 3%, I FRE 2 W2 2570 07 R 1) 8 A BB SR 2 vhe RS SR, K98 ey #y i 3
T-Chebyshev 2 Wi Galerkintl 7o, LA HT I SE N 5 A% B or J7 REIAAR 1) K% Bl O e )34
BT R 2 s R 18 A0 AR 43 25 T Chebyshev 2 TR () Galerkinii ok, DA S H B 55 K 2% (1)
B A B T 2 [13].
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