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Abstract

Given an edge-coloring of a graph G, G is said to be rainbow if any two edges of G

receive different colors. Given two graphs G and H, the anti-Ramsey number of H in

G is defined to be the maximum number of colors in an edge-colored graph G which

contains no rainbow copies of H. The anti-Ramsey numbers for graphs, especially

matchings, have been studied in several graph classes. Gilboa and Roditty focused

on the anti-Ramsey number of graphs with small components, but the results of the

anti-Ramsey number of graphs with small components in plane graph are few. In this

paper, we continue the work in this direct and determine the anti-Ramsey number of

C3∪ tP2 in plane triangulations, then we can get 2n+3t−9 ≤ AR(Tn, C3∪ tP2) ≤ 2n+4t−5

for n ≥ 2t + 3, t ≥ 2.
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1. 0�

�½��>/Úã G, XJã G�z�^>þ�ôÚÑØ�Ó, @o¡ã G�çôã. éu�

½�ã GÚ H, >/Úã G¥�3çôfã H ���ôÚê, �� H 3ã G¥�çôê, P�

rb(G,H). Ó�/, éu�½�ã GÚ H, ¦�>/Úã G¥Ø�3?Ûçôfã H ���ôÚ

ê, �� H 3ã G¥� anti-Ramseyê, P� AR(G,H). ex(G,H)L«¦�ã G¥Ø�¹?Ûf

ã H ���>ê.

Anti-Ramseyê´d Erdős�< [1]uþ­V 70c�ÄgJÑ�, ¿�y²
ã3��ã¥

� anti-Ramseyê�ã� Turánê���'. @Ï�ïÄö�Ñ�Ä1ã´��ã��¹, ��


õ«ã3��ã¥� anti-Ramseyê��
(Ø, 'X: � [1–3], ´ [4], ì [5], �� [2, 6–8]�. �

©Ì��Ä�ëÏã�anti-Ramsey ê¯K. ���­��ùaã´��. Schiermeyer [5] ÚChen,

Li ÚTu [6] y²
��3��ã¥�anti-Ramsey ê. Haas and Young [7] y²
�{��3�
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�ã¥�anti-Ramsey ê. d� Jahanbekam ÚWest [9] �Ä��ã¥ t �>Ø���{���

anti-Ramseyê. ���­V±5, éu anti-Ramseyê�ïÄm©d��ã=��
AÏ�ãa,

'X: �Üã [10–14], ²¡ã [15–22], �ã [23–26]�. Cc5, é�ëÏã�ïÄÌ�8¥u��

3²¡ã±9�ã�ïÄ, 'u²¡n�¿©ã¥��� anti-Ramseyê�ïÄ(JXe. - Tn
L«d¤k n-º:�²¡n�¿©ã�¤�ãq. Äk Jendrol′ � [17]�Ñ
A½���3²¡

n�¿©ã¥� anti-Ramseyê�°(�, ¿�Ñ
��3²¡n�¿©ã¥� anti-Ramseyê�

þe.. du±þ½n��3²¡n�¿©ã¥� anti-Ramseyê�þ.Úe.�å��, ��

Qin� [21], Jendrol′� [16]Ú Chen� [15]3 [17]�Ä:þÅì �
��3²¡n�¿©ã¥�

anti-Ramseyê�þ.. �ª Qin� [22](½
��3²¡n�¿©ã¥� anti-Ramseyê�°(

�.

Ø��	, GilboaÚ Roditty [27]±9Bialostocki, GilboaÚ Roditty [28]��
NõÙ¦�ë

Ïã3��ã¥� anti-Ramseyê�(Ø. Ù¥ Bialostocki, GilboaÚ Roditty [28]��
��ã

¥¤k�õo^>�ã� anti-Ramseyê. GilboaÚ Roditty [27]����¹����ëÏã3�

�ã¥� anti-Ramseyê�(Ø, �)P3 ∪ tP2, P4 ∪ tP2 ÚC3 ∪ tP2. 
�¹����ëÏ3²¡n

�¿©ã� anti-Ramseyê�vk�'(J, Ïd�©3±þïÄ�Ä:þ, ïÄ C3 ∪ tP2 ù��

�ëÏ©|�¤�ã3²¡n�¿©ã¥� anti-Ramseyê.

�
�B, e>�Ñ�©�'�½ÂÚÎÒ. 3ã G¥, V (G)Ú E(G)©OL«ã G�º:8

Ú>8, V (G)¥����ã G�º:, E(G)����ã G�>. d	, |V (G)|Ú e(G)©OL«ã

G¥º:êÚ>ê. é?¿ u, v ∈ V (G), e ∈ E(G)¦� e = uv, K¡º: u� v´���, �¡ u

� v p��Ø, ¿�¡º: u (½ v)�> e´'é�. éu?¿: v ∈ V (G), �: v �'é�>�

ê8��: v3ã G�Ý, P� d(v). é��º:x ∈ V (G), ·�^NG(x) L«G ¥�x ����

º:¤|¤�º:8. éuã GÚ H, e÷v V (H) ⊆ V (G)Ú E(H) ⊆ E(G), K¡ H ´ã G�

��fã, P�H ⊆ G. e V (H) = V (G), K¡H �G�)¤fã. e3G¥¤kë�8Ü V (H)

¥ü�:�>ÑÑy38Ü E(H), K¡ H �ã G��Ñfã, P� G[V (H)]. éu V (G)�ü�

Ø���8Ü S Ú T , ^ eG(S, T )L« G¥3 S Ú T �m¤k>�ê8.

2. ²¡n�¿©ã¥ C3 ∪ P2 � Anti-Ramseyê

Äk, é C3kXe(J.

½n1. [5] é?¿�ê n ≥ 4, AR(Tn, C3) =
⌊
3n−4

2

⌋
− 1.

½n2. é?¿�ê n ≥ 6, AR(Tn, C3 ∪ P2) =
⌊
3n−4

2

⌋
− 1.

y²: �
y²e., ·�é��ã Tn ∈ Tn�>/Ú¦�ãTnØ�¹çô C3∪P2. �â½n 1, ã

Tn�3��Ø�¹çô C3�
(⌊

3n−4
2

⌋
− 1

)
->/Ú c. Ïdã Tn�>/Ú c�Ø�¹çô C3 ∪ P2.

l
k AR(Tn, C3 ∪ P2) ≥
⌊
3n−4

2

⌋
− 1.

�e5y²Ø�ª AR(Tn, C3 ∪ P2) ≤
⌊
3n−4

2

⌋
− 1. ·��I�y²?¿ã Tn ∈ Tn �?¿⌊

3n−4
2

⌋
- >/Ú�¹��çô C3 ∪ P2. �L5, b��3��ã Tn �

⌊
3n−4

2

⌋
- >/ÚØ�¹çô

C3 ∪ P2. �â½n 1, N´��d�ã Tn �¹��çôfã H � C3 Ó�. - V (H) = {v1, v2, v3},
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D = V (Tn) \ V (H). Ó�-ã G´ã Tn ���>ê�
⌊
3n−4

2

⌋
�çô)¤fã��¹fã H. é

z�º: v ∈ V (G), ^ d(v)L«ã G¥º: v�Ý. Ïdé?¿º: v, w ∈ Dk vw /∈ G. �e5

éº: v ∈ D�â d(v)©�¹?Ø.

�/ 1. �3��º: v ∈ D¦� d(v) = 3.

du
⌊
3n−4

2

⌋
≥ 8, Ïd�3��º: w ∈ D¦� d(w) ≥ 1. b� wv3 ∈ E(G). ·��±��

Tn[v1, v2, v] ∪ Tn[w, v3]´��çô C3 ∪ P2, gñ.

�/ 2. z�º: v ∈ DÑk d(v) ≤ 2.

�D ¥Ýê�2 �º:�ê�t. éuD ¥?¿ü�Ýê�2 �º: v Úw. ØJuy,

e- {v1v, v2v} ⊆ E(G). XJ wv3 ∈ E(G), @o�±N´é���çô C3 ∪ P2. Ïdk

{v1w, v2w} ⊆ E(G). l
�±b�D ¥?¿Ýê�2 �º:Ñ�v1, v2 ��. b�3D ¥�3

ü�Ýê�2 �º: v, w ¦�vw ∈ E(Tn). d�ã G[v1, v2, v3, v, w] X�ãã 1 ¤«. duã

Tn Ø�¹çô C3 ∪ P2, �Äfã Tn[v1, v2, v3] ∪ Tn[v, w], fã Tn[v2, v, w] ∪ Tn[v1, v3], ±9fã

Tn[v1, v, w] ∪ Tn[v2, v3], �±�� c(vw) ∈ {1, 2, 3} ∩ {1, 5, 7} ∩ {3, 4, 6} = ∅, gñ.

Figure 1. G[v1, v2, v3, v, w], vw ∈ E(Tn)

ã 1. vw ∈ E(Tn)ãG[v1, v2, v3, v, w]

Ïd3D ¥é?¿ü�Ýê�2 �º: v, wÑkvw /∈ E(Tn). -¤k3D ¥÷vd(v) < 2 �

:|¤�º:8�V1. d�ãG−V1 X�ãã 2 ¤«. ØJuy, 3ãG−V1 ¥kt �o¡. d�d

uvw /∈ E(Tn), Ïd3ãG − V1 ¥�z�o¡S��k1 �Ýê�u2 �:. b��3º:x ∈ V1

3v1v2vwv1 �¤�o¡S�÷vd(x) = 1. Ø�b�v1x ∈ E(G). ØJuy, 3ãTn − v1v2 ¥¤k

>�ôÚþ�c(v1v2). ÏdfãTn[v1, x, w] ∪ Tn[v2, v3] ´��çôC3 ∪ P2, gñ. l
��é?¿

3o¡S�º:x ∈ V1 Ñkd(x) = 0.

Figure 2. G− V1

ã 2. G− V1

Ïd·��±��e(G) ≤ 3 + 2t + (n− 3− 2t) = n. � n = 2k�, k e(G) = b 3n−4
2
c = 3k − 2.

Ïd 3k − 2 ≤ n = 2k. l
k k ≤ 2, gñ. � n = 2k + 1 �, k e(G) =
⌊
3n−4

2

⌋
= 3k. Ïd
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3k ≤ n = 2k + 1. l
�±�� k ≤ 1, gñ. Ïdã Tn �?¿
⌊
3n−4

2

⌋
- >/Ú�¹��çô

C3 ∪ P2, = AR(Tn, C3 ∪ P2) ≤
⌊
3n−4

2

⌋
− 1.

nþ¤ã, ½n 2y²�..

3. ²¡n�¿©ã¥ C3 ∪ tP2 � Anti-Ramseyê

½n3. é?¿ n ≥ 2t + 3, t ≥ 2, AR(Tn, C3 ∪ tP2) ≥ 2n + 3t− 9.

y²: - P ´º:^S� v1, v2, · · ·, vt−2 ��^´. H ´ÏL� P O\ü��ë�º: x, y ¿

�r xÚ y ü�:� P þ�z�:�ë�²¡n�¿©ã, H ��	>�²¡± x, y, v1 ��>

.. Ïdk |H| = t. - TH ´ÏL� H �z�¡ F O\��#�º:,�òÙ�3 F ¥�¤k

º:�ë¤���²¡n�¿©ã. Ïd TH ´º:ê� t + (2t − 4) = 3t − 4�n�¿©ã. -

w´O\3 H 	L¡���#�º:. - T ´ÏL� TH ��¹ x, y, w�¡O\ n − (3t − 4)�

º:, Ù¥O\�º:� w1, w2, · · ·, wn−3t+4, ¦� {ww1, wn−3t+4x,wn−3t+4y} ⊆ E(T )�é¤k�

i ∈ {1, · · · , n − 3t + 3}ò wi � T ¥� x, y, wi+1 �ë¤��� n�º:�²¡n�¿©ã. �

t = 4� n = 12�ã T ��EX�ãã 3 ¤«.

Figure 3. The construction of T , t = 4 and n = 12

ã 3. � t = 4� n = 12�ã T ��E

w,, T ∈ Tn. - c´ T ���>/Ú, Äk�> ww1, ww2, · · ·, wn−3t+3wn−3t+4/Ú� 1, ,�

�¤k T ��e�>^� 1ØÓ�pØ�Ó�ôÚ/Ú. d��±N´uy T Ø�¹çô C3 ∪ tP2

� c�ôÚê´ (3n−6)− (n−3t+4)+1 = 2n+3t−9. Ïdy²
AR(Tn, C3∪ tP2) ≥ 2n+3t−9.

nþ¤ã, ½n 3y²�..

½n4. é?¿�ê n ≥ 2t + 3, t ≥ 2, AR(Tn, C3 ∪ tP2) ≤ 2n + 4t− 5.

y²: ·�ÏLé t?18B5y². � t = 2�, é?¿ n ≥ 7, y²Ø�ª AR(Tn, C3 ∪ 2P2) ≤
2n + 3. ·��Iy²?¿ã Tn ∈ Tn �?¿ (2n + 4)->/ÚÑ�¹��çô C3 ∪ 2P2. �L5,

·�b��3��ã Tn �(2n + 4)->/ÚØ�¹çô C3 ∪ 2P2. �â½n 2, �±N´��ã Tn
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�¹��d H1 Ú H2 Ø���¿|¤�çôfã H, Ù¥ H1 = C3 � H2 = P2. -ã G´ã Tn

���>ê� 2n + 4�çô)¤fã��¹fã H. - V (H1) = {v1, v2, v3}, V (H2) = {v4, v5}�
D = V (Tn) \ V (H). é?¿º: v ∈ V (G), ^ d(v)L«3ã G¥: v�Ý. w,, ã GØ�¹�ã

C3 ∪ 2P2Ó��fã. Ïdé?¿º: v, w ∈ Dk vw /∈ E(G). l
é?¿ v ∈ Dk0 ≤ d(v) ≤ 5.

�e5éº: v ∈ D�â d(v)?1©�¹?Ø.

�/ 1. �3��º: v ∈ D¦� d(v) = 5.

d� {vv1, vv2, vv3, vv4, vv5} ⊆ E(G). XJ�3º: w ∈ D \ {v}Ú i ∈ {1, · · · , 5}¦�wvi ∈
E(G), @o�±N´é���çô C3 ∪ 2P2. Ïd�±��é?¿º: w ∈ D \ {v}Ñk d(w) = 0.

l
2n + 4 = e(G) = e(G[V (H)]) + eG(V (H), D) ≤ e(T5) + 5 = 14. �±�� n ≤ 5, gñ.

�/ 2. �3��º: v ∈ D¦� d(v) = 4.

b� {vv1, vv2, vv3, vv5} ⊆ E(G). XJ�3º: w ∈ D \ {v} Ú i ∈ {1, · · · , 4} ¦�wvi ∈
E(G), @oN´é���çô C3 ∪ 2P2. Ïd�±��é?¿ w ∈ D \ {v} Ñk d(w) ≤ 1. l


2n + 4 = e(G) = e(G[V (H)]) + eG(V (H), D) ≤ e(T5) + (n− 6) + 4 = n + 7. �±�� n ≤ 3, g

ñ.

b� {vv1, vv2, vv4, vv5} ⊆ E(G). XJ�3º: w ∈ D \ {v}Ú i ∈ {3, 4, 5}¦�wvi ∈ E(G),

@oN´é���çô C3 ∪ 2P2. XJ�3º: w ∈ D \ {v}¦� wv1 ∈ E(G), @o·��±u

y G[v, v4, v5] ∪ G[w, v1] ∪ G[v2, v3]´��çô C3 ∪ 2P2, gñ. XJ�3º: w ∈ D \ {v}¦�
wv2 ∈ E(G), @o�±uy G[v, v4, v5] ∪G[w, v2] ∪G[v1, v3]´��çô C3 ∪ 2P2, gñ. Ïd�±

��é?¿º: w ∈ D \ {v}Ñk d(w) = 0. l
2n + 4 = e(G) = e(G[V (H)]) + eG(V (H), D) ≤
e(T5) + 4 = 13. �±�� n < 4, gñ.

�/ 3. �3��º: v ∈ D¦� d(v) = 3.

b� {vv1, vv2, vv3} ⊆ E(G). XJ�3º: w ∈ D \ {v} Ú i ∈ {1, 2, 3}¦� wvi ∈ E(G), @

oN´é���çô C3 ∪ 2P2, gñ. Ïd�±��é?¿º: w ∈ D \ {v}Ñk d(w) ≤ 2. l


2n + 4 = e(G) = e(G[V (H)]) + eG(V (H), D) ≤ e(T5) + 2(n− 6) + 3 = 2n, gñ.

b� {vv2, vv4, vv5} ⊆ E(G). XJ�3º: w ∈ D \ {v}Ú i ∈ {1, · · · , 5}¦� wvi ∈ E(G),

@oN´é���çô C3 ∪ 2P2. Ïd�±��é?¿º: w ∈ D \ {v} Ñk d(w) = 0. l


2n + 4 = e(G) = e(G[V (H)]) + eG(V (H), D) ≤ e(T5) + 3 = 12. �±�� n ≤ 4, gñ.

b� {vv1, vv2, vv5} ⊆ E(G). XJ�3º: w ∈ D \ {v} Ú i ∈ {3, 4} ¦� wvi ∈ E(G),

@oN´é���çô C3 ∪ 2P2. b��3º: w ∈ D \ {v} ¦� {wv1, wv2, wv5} ⊆ E(G).

�Äfã Tn[v1, v2, v3] ∪ Tn[v, v4] ∪ Tn[w, v5], fã Tn[v, v4, v5] ∪ Tn[v2, v3] ∪ Tn[w, v1], ±9fã

Tn[v, v4, v5]∪Tn[v1, v3]∪Tn[w, v2],�±�� c(vv4) ∈ {v1v2, v1v3, v2v3, wv5}∩{v4v5, vv5, v2v3, wv1}∩
{v4v5, vv5, v1v3, wv2} = ∅,gñ. Ïdé?¿º:w ∈ D \ {v}Ñk d(w) ≤ 2. l
2n+4 = e(G) =

e(G[V (H)]) + eG(V (H), D) ≤ e(T5) + 2(n− 6) + 3 = 2n, gñ.
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�/ 4. z�º: v ∈ D Ñk d(v) ≤ 2.

d� 2n + 4 = e(G) = e(G[V (H)]) + eG(V (H), D) ≤ e(T5) + 2(n− 5) = 2n− 1, gñ. Ïdé

?¿ n ≥ 7, AR(Tn, C3 ∪ 2P2) ≤ 2n + 3. � t = 2�½n 4y²�..

- t ≥ 3. �e5y²é?¿ n ≥ 2t + 3 k AR(Tn, C3 ∪ tP2) ≤ 2n + 4t − 5. ·��I

�y²?¿ã Tn ∈ Tn �?¿ (2n + 4t − 4)->/ÚÑ�¹��çô C3 ∪ tP2. �L5, ·�

b��3��ãTn � (2n + 4t − 4)->/Ú¦�ã Tn Ø�¹çô C3 ∪ tP2. �â8Bb�,

�±N´��ã Tn �¹��d H1 Ú H2 Ø���¿|¤�çôfã H, Ù¥ H1 = C3 �

H2 = (t − 1)P2. -ã G ´ã Tn ���>ê� 2n + 4t − 4 �çô)¤fã��¹fã H.

w,, ã G Ø�¹� C3 ∪ tP2 Ó��fã. - E(H2) = {uiwi ∈ E(G) : i ∈ {1, · · · , t − 1}},
V (H2) = {u1, · · ·, ut−1, w1, · · ·, wt−1}, V (H1) = {v1, v2, v3}, ±9 R = V (G) \ V (H). éz�

i ∈ {1, · · · , t − 1}, ·��±b� |NG(ui) ∩ R| ≤ |NG(wi) ∩ R|. Ï�ã G Ø�¹ C3 ∪ tP2, ¤

±ã G[R] vk>. Ó�éz� i ∈ {1, · · · , t − 1}, k|NG(ui) ∩ R| = 0 ½ö |NG(ui) ∩ R| = 1

� NG(ui) ∩ R = NG(wi) ∩ R. ·��±b�é¤k� 0 ≤ i ≤ l �> u1w1, · · ·, ulwl ÷v

|NG(ui) ∩ R| = 1, é¤k� j ∈ {l + 1, · · ·, t − 1} k |NG(uj) ∩ R| = 0, Ù¥ 0 ≤ l ≤ t − 1.

Ïd eG({u1, · · ·, ul, w1, · · ·, wl}, R) = 2l. - L = {v1, v2, v3, wl+1, · · ·, wt−1}. � l = t − 1 �,

eG(L,R) = 2(n− 2t+ 2)− 4 ≤ 2n− 2t− 2l− 2. � l ≤ t− 2�, du G[L∪R]−E(G[L])´��º

:ê� n− t− l + 1�²¡�Üã, ¤±k eG(L,R) ≤ 2(n− t− l + 1)− 4 = 2n− 2t− 2l− 2. du

ã G´²¡ã, ·�k e(G[V (H)]) ≤ 3(2t + 1)− 6 = 6t− 3. Ïde(G) = e(G[V (H)]) + eG({u1, · ·
·, ul, w1, · · ·, wl}, R) + eG(L,R) ≤ (6t− 3) + 2l + (2n− 2t− 2l − 2) = 2n + 4t− 5, gñ. l
y²


 AR(Tn, C3 ∪ tP2) ≤ 2n + 4t− 5.

nþ¤ã, ½n 4y²�..

4. o(

lGilboaÚ Roditty [27]����¹����ëÏã3��ã¥� anti-Ramseyê�(Ø¥¼

�éu, ¿ÀJ²¡n�¿©ã�1ã, ïÄ
�¹����ëÏã C3 ∪ tP2 3²¡n�¿©ã¥

� anti-Ramseyê, �Ø©Ì�ÏL�E4�/Ú��²¡n�¿©ã¥ C3 ∪ tP2 � anti-Ramsey

ê�e., �X$^�y{, ÏLïÄã�(��ª��gñ, l
y²þ.. ù�ïÄ��8�U

YïÄÙ¦�¹����ëÏã3²¡n�¿©ã¥� anti-RamseyêJø
g´. du²¡ã(

�'�E,, 3é(�?1©Û�¬k�½�JÝ, 8�Ì��ïÄ��´I�Øä ��Ø©Ø

�Ó�þ.Úe., ±9éÙ¦�¹����ëÏã3²¡n�¿©ã� anti-Ramseyê?1ïÄ.
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