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Abstract

Many problems in engineering practice can ultimately be transformed into differential equations.
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Due to the complexity of some differential equations, solving these equations usually has some
difficulty. With the rapid development of computers, these equations can be numerically solved.
How to design efficient numerical solutions for differential equations is particularly important.
The numerical solution of differential equations usually includes finite difference, finite element,
finite volume, etc. In recent years, differential equation solving methods based on deep learning
have become very popular. This article explores the embedded Physics-Informed Neural Networks
(PINN) method. We use the traditional finite difference method and the PINN method to numeri-
cally solve the ordinary differential two-point boundary value problem and a kind of heat conduc-
tion equation in the partial differential equation, and compare the advantages and disadvantages
of the two numerical methods. From the numerical experiment results, it can be seen that PINN
has better accuracy and efficiency than the traditional finite difference method in solving differen-
tial equations.
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Figure 1. Plot of advantages and disadvantages of finite difference method
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Figure 2. Neural network architecture diagram
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Figure 3. Programming solution results for two-point boundary val-
ue problems
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Figure 4. Programming the two-point edge value problem solves the re-
sult detail plot
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Table 1. Training loss and test loss corresponding to the number of trainings

= L ONGROREB MENIGRK . Mikifk

Step Train loss Test loss

0 [2.78e-01, 3.95e-02] [2.76e-01, 3.95e-02]
1000 [9.28e—05, 4.41e—06] [8.98e-05, 4.41e—06]
2000 [1.36e—05, 7.99e—07] [1.32e-05, 7.99e-07]
3000 [7.51e-06, 5.29e—07] [7.28e-06, 5.29¢—07]
4000 [5.12e-06, 1.98e—07] [4.96e-06, 1.98e—07]
5000 [3.61e-06, 6.31e—08] [3.50e-06, 6.31e—08]
6000 [2.46e-06, 2.78e—08] [2.38e-06, 2.27e—08]
7000 [1.70e-06, 6.95e—09] [1.64e-06, 6.95—09]
8000 [1.26e-06, 3.64e—10] [1.21e-06, 3.64e—10]
9000 [1.39e-05, 4.03e—05] [1.35e-05, 4.03e—05]
10,000 [8.96e—07, 1.43e—08] [8.49e-07, 1.43e—08]
10,122 [6.43e-08, 1.27e-10] [6.10e-08, 1.27e-10]

MIXASRRATATLAE W BEE ISR E BIRss ., ARG MR35 S o i L mp e A
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Figure 5. Training and testing loss plots for PINN solving equations
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Figure 6. The graph of the predicted solution obtained by PINN, the exact solution of the equation, and the error between
them
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Figure 7. Plot of the analytical solution and exact solution obtained by finite
difference method att=0.1s
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ATTH 1] BECR S Ey 2500, 1 FRFE iy 1000, WIRECHE SR SEE Dy 1600, X FRATT AR A

BE4T 10,000 VR IZR A 3,
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SFN1x107°, B isARE 1000 YIZAEA, FHik
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Table 2. Training loss and test loss corresponding to the number of trainings

= 2. MZRORBX M BIIGRIRR . Mtk

Step Train loss Test loss

0 [7.11e+00, 3.42e-01, 1.43e+00] [7.11e+00, 3.42e-01, 1.43e+00]
1000 [6.59e—03, 1.26e-02, 3.96e—02] [6.59e—03, 1.26e-02, 3.96e—02]
2000 [3.80e—03, 5.79e—03, 1.06e—02] [3.80e—03, 5.79e—03, 1.06e—02]
3000 [1.63e—03, 1.88e—03, 1.02e—03] [1.63e—03, 1.88e—03, 1.02e—03]
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Continued
4000 [6.06e—04, 4.11e-04, 9.07e—05] [6.06e—04, 4.11e-04, 9.07e-05]
5000 [2.98e—04, 1.38e—04, 2.15e—05] [2.98e—04, 1.38e—04, 2.15e—05]
6000 [1.74e—04, 7.50e—05, 1.04e—05] [1.74e—04, 7.50e—05, 1.04e—05]
7000 [1.15e-04, 4.47e—05, 5.98e—06] [1.15e-04, 4.47e~05, 5.98e—06]
8000 [8.19e—05, 2.73e—05, 3.76e—06] [8.19e—05, 2.73e—05, 3.79e—06]
9000 [6.02e—05, 1.66e—05, 2.40e—06] [6.02e—05, 1.66e—05, 2.40e—06]
10,000 [4.96e-05, 1.04e—05, 1.51e—06] [4.96e-05, 1.04e—05, 1.51e—06]
11,000 [8.73e—07, 1.40e—07, 4.55¢-08] [8.73e—07, 1.40e—07, 4.55¢-08]
11,237 [5.97e—-07, 3.01e-08, 4.39e—09] [5.97e-07, 3.01e-08, 4.39e—09]
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Figure 8. Training and testing loss plots for PINN solving equations
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