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Abstract

Boussinesq type equations are an important class of nonlinear dispersive shallow water wave eq-
uations, it has been widely studied to model the propagation phenomena of small amplitude shal-
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low water waves. In this work, we consider a Boussinesq system with four parameters: abcd Bous-
sinesq system, and design a high order central discontinuous Galerkin-finite element methods for
solving this system. In our numerical approach, we first reformulate the abcd Boussinesq system
into a coupled system of conservation law and elliptic equations. Then we propose a family of high
order numerical methods which discretize the conservation law with central local discontinuous
Galerkin methods and the elliptic equations with continuous finite element methods. Different types
of numerical tests are provided to illustrate the accuracy and effectiveness of the proposed schemes.

Keywords

Nonlinear Shallow Water Equations, Boussinesq System, Central Discontinuous Galerkin Methods,
Finite Element Methods

Copyright © 2023 by author(s) and Hans Publishers Inc.
This work is licensed under the Creative Commons Attribution International License (CC BY 4.0).
http://creativecommons.org/licenses/by/4.0/

1. 5|

Boussinesq 77 ##4& — 8 H B AR A w73 7 12, e T i R K A IR M HE T A —.
T KR Boussinesq LML, #¥)7& i1 Boussinesq [117F 1871 442 H, MRkH R AHESH T84
Boussinesq fE. BhjE, AFEZEAYN) Boussinesq A FEAHZk#EHEH, #i4n “good” Boussinesq 5 FE[2]5
improved Boussinesq 77 #£[3]. E.%| 2002 4, Bona %¢ A [4]42 ! T — N3 — 4k [¥) Boussinesq 772, Bl abcd
Boussinesq £ 4t :

][l

A +Uu, + (77U )x + auxxx - bnxxt = 0'

2

1

u, +17, +(U?J + €17, —du,,, =0, @

ZH, pRpKMEBERDS LM ENEERZ, u RRAKF AR ER#EE, a, b, ¢, d &N
MNEE, WU TRX AN

1, 1 1
a+b:5(0 —5], c+d=5(1—¢92)20, 0<[01] . @

U2 a, b, ¢ d A FEBUEXSREA R FE KBS, Bl Ma=b=c=0,d=1/3K Q)
X} A £ i [1) Boussinesq 72, a=c=0,b=d =1/6 I #H M HAE B A 1) Benjamin-Bona-Mahony (BBM)
JitE, a=c=1/6,b=d =0t &5 1) Korteweg-de Vries (KdV) 7 HE.

H 1< T Boussinesq 2R 7 M EUE 7775 O 453 TIRMFIM KR . #4140 Peregrine 55 A [5]4E 1966 4
BF X 22 Ji ) Boussinesq 7 A2t 7 — M RZ Ml 75 . Bona 48 A\ [6]7E 2007 4k H iy A JA v A
IR Galerkin J7EEBUE KA T #E ) KAdV-KAV %%, 2019 4, Burtea f1 Courtés [7]3<F abcd
Boussinesq R4tHEH T — M BB A BRAFT57, FRUER T 7RI R 77 )b ) — B sk B FN
22 0) 5 1) A B S . 2022 4, Jiawei Sun, Shusen Xie 5 Yulong Xing [8]41 % abcd Boussinesq
RGRIE T —A 5 W Galerkin J7i%, @I IERAFMEE@ES, T UAN2%a, b, ¢, d AR
BRI, Gl T — AR e RR 2T, JREE— R EUE SRR TR R . SR BUE TR
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43K fift abcd Boussinesq 48— M@ F| L RPN : —. abced Boussinesq %é}i%*&*ﬁﬁ"ﬁ’]ﬂkéﬁﬁ{)ﬁ
W HREA, BE . RS Fﬁuﬁﬁﬁmﬂﬂ PR PR B0 77 2% 25 BB SR A T 53 77 R 4
T AR R T B A T T A R 5 DA BT I ) AR 7 ) AR B TR A L *1‘?527’37%115;}2
FRAZ AR 7 T FR LI — A A

rfuC AT Galerkin J7772:[9] [10] [11]/& —FhJE T Fh0 J7v[12] S5 1R WT Galerkin J7i%[13] [14] [15] R &
K — PR EUME TR T, TR E XAEWEES MG b, SRR PR AL B, AT G A
Galerkin 7772 BL1H 75 2w CHUE@E R in &, U eIRIEH T RRHE RGR I A . AT 1) IR AR 45
MW E5eH R LR abed Boussinesq R4 HUE SR T B SRR AL TR — MRS RE, (EF1ZHE
G RGNS A 0 I (R B DL R A B AR B PR TR A S AU %Fféﬂ% Hty R ERIE T Galerkin J5 2R i s
TEAT AR, f LA IR T R AR I 2 7 A, e Ja FRA Todd — R 9 R 5 S 3 O B2 A7 DBl i)
6 UF T3 H U 5 5 R RS B R A R

2. $IEFE
2.1. 25 abcd Boussinesq &%t
N7 14K abed Boussinesq £ 4t (1) 1 VR & I 18] 5 25 [0 S 800, SIS AN LA &=

{p:n_bnxx’ (3)
g=u-du,,
64 75 FRAEL (L) 7T DS

P, +(u+77u+auxx)x =0,

[ u? ] (4)
g, + 77+?+077XX =0.

BRI, T RRAH (4) Hhad B HLI AR S A T A B SO, TR TR @) — S A R A
FIIANEN AN T A&

®)

Zb, R T RAN M R
{pt + f,(n,u,w) =0,

g+ f, (77'U17)X =0,

2

e f (nuw)=u+nu+aw, f,(nul)= +u7+c;/m MR, R A E K f## abed Boussinesq & 4i(1)
SN T HUE R T FEA(3). (B)~ (6)-
2.2. Hul>EIHG Galerkin-BRITHE

(6)

ﬂ%%iﬁ{xj}jz%i+ﬁlziﬁ/%9=[xmm,xmax]E‘J*/I\IW%%MJ\, 5E S x 1=;(X +Xia) o 1 (x X 1j,

HE
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|1(xxmyNHHAP%E%LEE$§W~EW%G%?ML%%EW%,%XuFmﬂﬁﬁw
2J)j

PE = PCk = {v v|I eP (I J.),vj},

VP =pPi = {vv| ePk(I_lj,Vj},
HE J+E

We=wer =lwiw, € P (1,),¥ 9 L w LR

WP =WPk = {ww| eP[ JVJ}JFE_WZE éiﬁ@é‘ﬁl}o
1+f *2

NI, R gy AT Euler I TR]ES O iR OB 2, 5 TR 18 = B i 18] S AR 1) . T
L BAE TR0 KB ERE, BOEt=t, I ZIp"" 5u™ RORK, BAIFELITRA =t =t +AL #F
ZIIE ™t FIu™, XIAFS « Fom C B Do AT RHE, Rehiih s g™ Mume kA, LT

n™HP AU R A REAUTAS
SHln™ Hut, TR pMtC Mgt R HL T Galerkin T E A M B EO L, AIHT R

VEAE R ) B RO 2 HOTTRAL(S) (6), EIHR S, ", v, Wi, pMeRIgTte e VoK, fiifg
HEMAEMG, 2. 5. 7. 9. gV A

J, & six =] n"Cgdxen” [ J{X.l]—n””(x J{XHJ’ )
3 3 2 =

f,j 7" ydx =—f,]_ &Py dx+ &P [Xhl]z(xhl}é”p (leJz(x;lj ; ®)

I v"CZdx = j u™Pgdx+u™ [x ljf[xfl]—u””[x ng(xflj, 9)
J+E J+E J*E J*E

jlj w"C zdx = —Lj V"7 dx +v"P [XHlJf{XHlJ —y"P {leJf xj*l] , (10)
2 2

L, p"*C pdx = j (an”'D+(l—9n)p”'c)wdx+AtnLj fl(n”'D, "D w

u
—At{fl[n“'[’[x_ l],u””{x_ l],w”'D(x_ 1D¢)[x_‘lj (11)
el ol o ) |
J_E J—E J_E J_E

J'Ijq””'cgbdx:jI (6,a™° +(1—9n)q”’°)¢dx+Atnjlj f, ("%, u™®, ™" ), dx

i
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K G, = At fre[01], ¢ REH CFL 4 BT B B K — A B, 6 TAER IR o ,
o(x*)= limo(x+te) .

—EHAT p™CRIQUC, BT A i S IR T R AR T R ()R E 5 ATumC R TR
P, U e WS AR TAERE My, 7 WO A

IQUH+1'CWdX + bJ‘Q(nnﬂ,c )X v, dx = JQ p"Cydx (13)
oo eocs af o), e . 0
BREWCS, WO WO AR [ B4 A4 A T SR s B ), i, 4m, u B AE
#& Dirichlet 8R!, H
WO ={we W w5 pu BRI R A

W ek :{wewc’k :Wﬁéﬁiiﬂﬁ%ﬁ} ;

X, u AR AL SRR, A
WOk =W = fwe W sw(Xpn ) = W( X )} 5
i, u AT A& Neumann %Eﬁ(g—gzz—::o)ﬂﬂ‘, f
Wc,k ZWC,k :WC* .
2.3. EMEEERG A
LR A T FRRMTTE, AR T R AT RRRLI (R S 807, SR T 3R 1S TR) 1 5 B A
PASARFFRUE L IR e P, AR SR PRS0 Ao SR FH DR 355 51 2 A5 € (Strong stability preserving (SSP))
(1) =¥ Runge-Kutta B (8] B ECTVE[16], 12075125 AT LS F ) 1 BR B [A) B 50 0 — /N M 20 & . i,
TREITHE
u =F(u), (15)
K, F(u) 2 NEREEE T, ATELRA R = TVD Runge-Kutta i [ 2587 i
u =u" + AtF (u”),
@_3,n 10 &
u _4u +4(u +AtF(u ))

T +E(u(2) +AtF (u(z))).
3 3

3. BEHESH
Ry, AR — RS ABUE S 25 BA0E e th BUE T RO B DL T S . el it DA
Z¥a, b, ¢, d WAFEME, WHF7CHCIEE Galerkin-f FRIC 7k MITHERS B, AR5 B i B0 PRI [R) Py
(AR U « PIRSL I8 PO 300 T iR A 55 Lo )T Galerkin- A BRG T E M AT SE0E . THEE R, FRAVEAH =M
TVD Runge-Kutta i [A] 2 #7572 2 B HUN (8] A2 &, I (a2 KRAsh & R e
Cg min(AXx,)

7 )

n
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MR AN, BAVE T K At=Cy min(AX) . &L, BAUEH(k =1)2M 210
PARe(k =2) k2RIl — 8ok, T k=1/1%, BC,=0.03, k=2KHC,=0015.

3.1 FHEMN—

SIS ac -, bel, c=—2, d=l, MM JTERALIERRA[T]
30 15 5 2

n(x,t):gsechz[%\g[ —ZO—T[tJJ
u(x,t):%sech{;\ﬁ( —20—itD

B X BN @ =[0,40], BT AT =0.8. pAlufE Ll L2 L7 SHE LR RIS EA
R 1 B 2 B, WS DU 520 K K ST, FFR 0L T Galerkin #7872
i AT AR (K + 1) B SGEFE

(16)

Table1. L', L*, L errorsand orders of accuracy of »

FlLopmLl, L L iREMMER AW

n
" iRz W Sipy L2 iRz Wesipy L" R WSk
k=1
40 2.72E-2 1.12E-2 1.01E-2
80 6.62E-3 2.04 2.77E-3 2.02 2.96E-3 177
160 1.65E-3 2.00 6.92E—4 2.00 7.69E—4 1.94
320 4.13E-4 2.00 1.73E—4 2.00 1.94E—4 1.99
k=2
40 2.16E-3 1.01E-3 7.79E—4
80 2.63E-4 3.04 1.28E-4 2.98 1.14E-4 2.78
160 3.26E-5 3.01 1.61E-5 2.99 1.47E-5 2.95
320 4.16E-6 297 2.02E-6 3.00 1.83E-6 3.01
Table2. L', L*, L* errorsand orders of accuracy of u
T2 UL, LB, L7 iREFNFE RN AN 2
u
N X
L iR 2 W SR L iR WeSipy L™ 2 WSk
k=1
40 2.51E2 1.03E—2 9.29E-3
80 5.95E-3 2.08 2.49E-3 2.05 2.70E-3 1.78
160 1.48E-3 2.01 6.16E—4 2.01 6.97E—4 1.95
320 3.69E—4 2.01 1.54E-4 2.00 1.76E—4 1.99
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Continued
k=2
40 2.07E-3 9.64E—4 7.60E—4
80 2.49E—4 3.05 1.21E-4 2.99 1.08E—4 2.82
160 3.07E-5 3.02 1.52E-5 2.99 1.38E-5 2.96
320 3.92E—6 2.97 1.90E-6 3.00 1.72E-6 3.01

32. BEMAZ

ﬂw/r%za:%, b=0, c=
AL TR

, d=0, UBLAFA) abed Boussinesq R 4HEL NHEA I KdV-KdV 5

ol

n(x,t):—1+§sech2£\/§(x—20—\/§t)}

u(x,t):%sechz[\/g(x—m—ﬁt)}

WX Q=[0,40], THEIEIAT =0.01. n Al u 7EL. L L™ i SCR iz Al i
T3 ine 3 AN 4 PR, [RIRE R ] LU H 6T 25 ) k K22 S AL, BRATI4 HA Fg o [] 7 Galerkin-
A PRTCTT R BA F A (K +1) Bl sios L .

(17)

Table3. L', L*, L” errorsand orders of accuracy of 7
£=3 gL, Ly L iRERHENAWESN 5

n
" Lg% Ein 12155 e Sk L e Sk
k=1
40 1.76E-1 8.76E—2 1.11E-1
80 6.60E—2 1.41 4.26E-2 1.04 6.65E—2 0.74
160 1.38E-2 2.26 9.60E—3 2.15 1.67E-2 1.99
320 3.36E-3 2.03 2.35E-3 2.03 4.39E-3 1.93
k=2
40 6.45E-2 4.50E-2 4.50E-2
80 9.04E-3 2.84 6.25E-3 2.85 8.24E-3 2.45
160 1.20E-3 2.92 8.59E—4 2.86 1.34E-3 2.62
320 1.47E-4 3.02 1.14E—4 2.92 1.74E—4 2.94
Table 4. L', L2, L” errors and orders of accuracy of u
FaugyLl, L L iREF0HER AU ST B
N u
' L igs ek L2 g & {1y L” iR i S5
k=1
40 2.47E-1 1.24E-1 1.57E-1
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Continued
80 9.32E—2 1.41 6.02E—2 1.04 9.40E—2 0.74
160 1.94E-2 2.26 1.35E-2 2.15 2.35E-2 2.00
320 4.74E-3 2.04 3.31E-3 2.03 6.15E-3 1.94
k=2
40 9.06E—2 6.35E-2 6.37E-2
80 1.23E-2 2.83 8.79E-3 2.85 1.11E-2 2.51
160 1.69E-3 2.92 1.21E-3 2.86 1.87E-3 2.58
320 2.07E—4 3.03 1.60E—4 2.92 2.45E—4 2.93
33 BEMRK=
WA~ 24%a=0, b :% , C= —% , d =% , it abed Boussinesq % 45 B HE R fiE N
n(x,t) =-1,
1 (18)
u(x,t)=1+6sech? (—(x -20 —3t)j,
J2

HARIUT L X3 Q@ =[0,40], IHEIBAIAT =001 n /1 u fEL. LB, L™ 080 CFIRZE AL
ST o 5 AIH 6 fran, MR AT DL O T4 6] K 2 IR EL,  Frés i G A i Galerkin-
A WRICTHELE n EIRRFFHLERERE, 72 u LI B A RAIUK (k +1) BrifcSod i .

Table5. L', L2,

L” errors and orders of accuracy of 7

FE oML, P L7 IREMMERMAIBENE

n
" L g% L2 g2 S L iR % /iy
k=1
40 1.0E-16 1.0E-16 1.0E-16
80 1.0E-16 1.0E-16 1.0E-16
160 1.0E-16 1.0E-16 1.0E-16
320 1.0E-16 1.0E-16 1.0E-16
k=2
40 1.35E-13 3.54E-14 2.63E-14
80 2.02E-14 3.98E-15 1.78E—15
160 2.49E-13 4.22E-14 8.44E-15
320 3.48E-13 7.18E-14 3.15E-14
Table 6. L', L?>, L”errorsand orders of accuracy of u
FTOUuML., L\ L7 iREMNER SN2
Nx
Uiz WS LRz et L™ Rz W Skpy
k=1
40 1.02 4.78E-1 3.72E-1
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Continued
80 2.65E-1 1.94 145E-1 1.72 1.67E-1 1.2
160 731E-2 1.86 3.94E-2 1.88 5.14E-2 1.7
320 1.86E—2 197 1.01E-2 1.96 1.37E-2 191
k=2
40 9.25E-2 6.10E—2 6.45E-2
80 121E-2 2.93 7.35E-3 3.05 8.43E-3 2.94
160 1.47E-3 3.04 9.33E-4 2.98 1.10E-3 2.94
320 1.82E—4 3.01 1.17E-4 3.00 1.37E-4 3.01

3.4. HIRATEFRE

R—ANE R, WYNSHa=0, b=
(f) BBM Jr 22, FFHA LU R AT AR 7]

ni(x,t):Esech (T( igtD—ﬁsech (T(X+5tjj
u+(x,t):xgsechz[%(xigtn.

n(x,0)=n,(x=x,,0)+7_(x-x_,0),
u(x,0)=u, (x-x,,0)+u_(x-x_,0),

b x, =47, WHEKEIOY Q=[-14,14], THERECAT =450 5 M u LEBRRHT A [F] Z20 50 B0 A 151
1 iR

R d:%, Bkt abed Boussinesq % ZiBAL A8 A

ol

(19)

IR AN

(20)

t=0.0 t=0.0 t=1.5 t=1.5

(a) (b)
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t=3.25 t=3.25 t=4.4 t=4.4
4 . 8 : : : . : 50 ‘ ‘ ? i i 20 ‘ ‘ ? ‘
2 6 1 15
0
0 4r 1 101
2 2
-50 5
= 4 S0 = S5 0
ey 1 2t ] 1007 sl
8 4t 10
-150 f
10 -6r 15
12 8 : -200 20
10 -5 0 5 10 10 -5 0 5 10 10 -5 0 5 10 10 5 0 5 10
X X X X
(© (d)

Figure 1. The numerical solutions of 7 and u at different times (before the blow-up)

1. n 0 u BRI FEZ B B E R
3.5. ALK AYI m wildE
BRI, S R, BB - -, b=, c=_§, d=%, VB 2y

30 15
n(x,0)=n,(x)+n_(x),

u(x,0)=u, (x)+u_(x), (21)
Horp
1 ) 5
7.(x) =ﬁ560h (\/%(x— x+)J, "

()= o[£ o) |

X, =47 o WEKEBOY Q=[-14,14], » M u fER AR AT J5 AR 2080 BE w5l 2 Bros.

04 t=0.0 04 t=0.0
035 1 03 r

031 1 02
0251 1 0.1r

= 02 1 =5 0F
0.15 1 01f
01F / g 0.2

0.05 -03r

@
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t=3.0 t=3.0 t=6.0 t=6.0
04 — ; . ——— 04 —
035f 03
03 02t
025¢ 01f
s 02 =] 0F T N ——_
0151 01
01f 02t
0.05f 03}
0 . . : 0.4 L - -0.4
-10 0 10 -10 0 5 10 10 5 0 5 10 10 -5 0 5 10
X X X X
(b)
t=9.0 t=9.0
0.4 T T T T T T T T
035
03r
025
s 02 >
015}
01 Ff
0.05 \
0 : . : . -0.4
10 -5 0 5 10 10 -5 0 5 10
X X X X
(d) (e)

Figure 2. The numerical solutions of 7 and u at different times (head-on collision)
2. n #u AL EHMHER ETEFZIEER

4, &5ig

ALV T —ANBUE R A% abed Boussinesq 5 450 WClUE ¥, %05 151 Seilid 5 A AR Bk
HEAIOBEL, AR5 F LRI Galerkin-f5 BR 7GR BISUE B 07 FRdL, e @it — B Hs
BLGIRATE T %07 10 B RS PRI AT St . AR T A TAE, AT LA okt 1 3 7 93 50 2 2 1)
JEe bk B K R (BB A o
E&InE

BT E E RSREHAR I H (KIQN202200725) .

SE

[1] Boussinesq, J. (1871) Théorie de I’intumescence liquide appelée onde solitaire ou de translation se propageant dans un
canal rectangulaire. Comptes Rendus de I’Acadmie de Sciences, 72, 755-759.

DOI: 10.12677/aam.2023.1210422 4298 IR Esid


https://doi.org/10.12677/aam.2023.1210422

2o, AT

[2]

(3]

[4]

(5]
(6]

[7]
(8]
[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

Cheng, K., Feng, W., Gottlieb, W. and Wang, C. (2014) A Fourier Pseudospectral Method for the “Good’” Boussinesq
Equation with Second-Order Temporal Accuracy. Numerical Methods for Partial Differential Equations, 31, 202-224.
https://doi.org/10.1002/num.21899

Li, X., Sun, W., Xing, Y. and Chou, C.-S. (2020) Energy Conserving Local Discontinuous Galerkin Methods for the
Improved Boussinesq Equation. Journal of Computational Physics, 401, Article ID: 109002.
https://doi.org/10.1016/j.jcp.2019.109002

Bona, J.L., Chen, M. and Saut, J.-C. (2002) Boussinesq Equations and Other Systems for Small-Amplitude Long
Waves in Nonlinear Dispersive Media. I: Derivation and Linear Theory. Journal of Nonlinear Science, 12, 283-318.
https://doi.org/10.1007/s00332-002-0466-4

Peregrine, D.H. (1966) Calculations of the Development of an Undular Bore. Journal of Fluid Mechanics, 25, 321-330.
https://doi.org/10.1017/S0022112066001678

Bona, J.L., Dougalis, V.A. and Mitsotakis, D.E. (2007) Numerical Solutions of KdV-KdV Systems of Boussinesgequ-
ations: 1. The Numerical Scheme and Generalized Solitary Waves. Mathmatics and Computers in Simulation, 74, 214-228.
https://doi.org/10.1016/j.matcom.2006.10.004

Burtea, C. and Courtés, C. (2019) Discrete Energy Estimates for the abcd-Systems. Communications in Mathematical
Sciences, 17, 243-298. https://doi.org/10.4310/CMS.2019.v17.n1.a10

Sun, J., Xie, S. and Xing, Y. (2022) Local Discontinuous Galerkin Methods for the abcd Nonlinear Boussinesq System.
Communications on Applied Mathematics and Computation, 4, 381-416. https://doi.org/10.1007/s42967-021-00119-4

Liu, Y., Shu, C.-W., Tadmor, E. and Zhang, M. (2007) Central Discontinuous Galerkin Methods on Overlapping Cells
with a Nonoscillatory Hierarchical Reconstruction. SIAM Journal on Numerical Analysis, 45, 2442-2467.
https://doi.org/10.1137/060666974

Liu, Y., Shu, C.-W., Tadmor, E. and Zhang, M. (2008) L2 Stability Analysis of the Central Discontinuous Glerkin
Method and a Comparison between the Central and Regular Discontinuous Galerkin Methods. ESAIM: Mathematical
Modelling and Numerical Analysis, 42, 593-607. https://doi.org/10.1051/m2an:2008018

Liu, Y., Shu, C.-W., Tadmor, E. and Zhang, M. (2011) Central Local Discontinuous Galerkin Methods on Overlapping
Cells for Diffusion Equations. ESAIM: Mathematical Modelling and Numerical Analysis, 45, 1009-1032.
https://doi.org/10.1051/m2an/2011007

Liu, Y. (2005) Central Schemes on Overlapping Cells. Journal of Computational Physics, 209, 82-104.
https://doi.org/10.1016/j.jcp.2005.03.014

Cockburn, B. and Shu, C.-W. (1989) TVB Runge-Kutta Local Projection Discontinuous Galerkin Finiteelement Me-
thod for Conservation Laws Il: General Framework. Mathematics of Computation, 52, 411-435.
https://doi.org/10.1090/S0025-5718-1989-0983311-4

Cockburn, B., Hou, S. and Shu, C.-W. (1990) The Runge-Kutta Local Projection Discontinuous Galerkin Finiteelement
Method for Conservation Laws IV: The Multidimensional Case. Mathematics of Computation, 54, 545-581.
https://doi.org/10.1090/S0025-5718-1990-1010597-0

Shu, C.-W. (2016) Discontinuous Galerkin Methods for Time-Dependent Convection Dominated Problems: Basics,
Recent Developments and Comparison with Other Methods. In: Barrenechea, G., Brezzi, F., et al., Eds., Building Bridges:
Connections and Challenges in Modern Approaches to Numerical Partial Differential Equations, Springer, Berlin,
369-397. https://doi.org/10.1007/978-3-319-41640-3_12

Gottlieb, S., Shu, C.-W. and Tadmor, E. (2001) Strong Stability-Preserving High-Order Time Discretization Methods.
SIAM Review, 43, 89-112. https://doi.org/10.1137/S003614450036757X

Chen, M. (1998) Exact Traveling-Wave Solutions to Bidirectional Wave Equations. International Journal of Theoreti-
cal Physics, 37, 1547-1567. https://doi.org/10.1023/A:1026667903256

DOI: 10.12677/aam.2023.1210422 4299 AR A

il


https://doi.org/10.12677/aam.2023.1210422
https://doi.org/10.1002/num.21899
https://doi.org/10.1016/j.jcp.2019.109002
https://doi.org/10.1007/s00332-002-0466-4
https://doi.org/10.1017/S0022112066001678
https://doi.org/10.1016/j.matcom.2006.10.004
https://doi.org/10.4310/CMS.2019.v17.n1.a10
https://doi.org/10.1007/s42967-021-00119-4
https://doi.org/10.1137/060666974
https://doi.org/10.1051/m2an:2008018
https://doi.org/10.1051/m2an/2011007
https://doi.org/10.1016/j.jcp.2005.03.014
https://doi.org/10.1090/S0025-5718-1989-0983311-4
https://doi.org/10.1090/S0025-5718-1990-1010597-0
https://doi.org/10.1007/978-3-319-41640-3_12
https://doi.org/10.1137/S003614450036757X
https://doi.org/10.1023/A:1026667903256

	abcd Boussinesq系统的高阶中心间断Galerkin-有限元方法
	摘  要
	关键词
	High Order Central Discontinuous Galerkin-Finite Element Methods for the abcd Boussinesq System
	Abstract
	Keywords
	1. 引言
	2. 数值方法
	2.1. 改写abcd Boussinesq系统
	2.2. 中心间断Galerkin-有限元方法
	2.3. 高阶时间离散方法

	3. 数值算例
	3.1. 精度测试一
	3.2. 精度测试二
	3.3. 精度测试三
	3.4. 有限时间爆破
	3.5. 孤立波的迎面碰撞

	4. 结论
	基金项目
	参考文献

