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Abstract

Model averaging, owing to its advantages of robustness and high predictive accuracy, finds exten-
sive application in contemporary statistics and econometrics. Multi-task Gaussian process regres-
sion, considering both the interdependencies among input variables and the correlations among
output variables, enables more precise predictions. Taking into account the inter-output correla-
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tions, this paper constructs a Multi-Task Gaussian Process Regression model (MGPR) followed by
model averaging and selection. Conversely, when disregarding inter-output correlations, sin-
gle-task Gaussian Process Regression (GPR) models are individually constructed, followed by the
same process of model averaging and selection. Numerical simulation results demonstrate that
when the output noise exhibits homoscedastic variance, MGPR’s model averaging exhibits lower
loss risk compared to GPR, with relatively higher computational efficiency. For the case of homos-
cedastic output noise, actual data on urbanization rates in China’s ethnic minority regions, non-
agricultural population ratios, and years of education are employed. In the case of heteroscedastic
output noise, real data on benzyl alcohol conversion rates and turnover frequencies are utilized,
both indicating that MGPR’s model averaging yields lower loss risk.
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ZATLS I AR BRI AL BE A AR B, PR B R AN T . o by 22 s B IR
A IR S, JRIR A SO ME S MR IR S B . SR, B — I AT 55 i AR A AR T 2 26 A e
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PEEIE I B/ ME Mallows HE ISR Af e AR I FARUE . IFIERAZETERA 2 1F R, R Se/Mk Mallows #i U
i 5 AL B B T B Ak« Shaobo Jin 1 Sebastian Ankargren [51EF FMA J5 9% 8 FH - 4 50 ) 45 1)
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S5 N[LBEASCHHE B 1 Wl 75 22 A AR G R AR B B 0L T, ALY S35 5 36 36 00) D7 200 A 3 RO A 2R 8 1 9
WKEEE . Zexun Chen 55 A [14]4¢ K mnid FE b anfr e B M S 4. Pengfei Wei 55 A\ [15]7E4E 14 F 48 ] SEME
IR FE Y, He T 2 A 554 th m g R 1) 3230 2% ) R g RGE v SEME . ChenZ 55 A[16]4¢H MV-TPR, Jf5
MV-GPR 1F L, U HIE T 2% FE BRI MV-TPR 45 2t . MickaB 28 A [17]42 H e & i 7 v F
TEEAR B S 5 22 A, s R ESEBIE R 3 AR Hansen 26 A [18]#2 H IMA Jik, @it
TR — M REAS 1922 XIRAE R B /MR Z2 [ 8. Tang Qinghu 25 A [191%¢H 1 P46 H AT 55 FH 55 ik 6

KRR T . 25 2 i, RAOINB ARG m i R AR 4%, S TR
R 0k 8 R GRS 35 75 s AE5E 3 74T, i BUE LA E MGPR & GPR, Jf- 73 7l A7 B -1 S s ¢,
5 ¥ CA B 073538 BB 7S RN T35 2 Hps 2 b DX B0 B B A R RN R I e b i s b s 28 4 i
T 3 [ R AE AT S

ASCAELL ESCERIGEER b, B RIS DL rh 24N AT 55 BT AR OGRS 2 5] N 2 AF 55 = i
WEFRENHA, SR ARSI o

2. SESBHIERBENE
21, BAESEHLIHER

WRf R X EEESEIEE, BARMERYERE X R, I ZRB(RFANK)
k:XxX > RHEFEESEHEQeR™, A f ~MGP(u,k, Q). FHHIEMIH, HEH1E ST &

TERLER R (R,
Y5E nORHREARIE {(x, v, )} % € R,y e R, JRATTBBAEALy:

f ~MGP(u,k',Q) @)

y;=f(x),i=1-n (2)

Kbk =k(x,x ) +6,07, H&i=ju, 6 =1, %6 =0, ExRehfs B MZHEHLGR A,
TE X, =Xy Xy ]| AT R £, =[ £, £, T ISR Y =[y] o yT | AT &, f00¢

BN

an K'(X,X) K'(X,,X)

M MGP[("{K'(XW K'(X*.X*J’QJ ©
Hofr K (X, X) A nxn B, 35 (i, ) AMTEER K (X, X)), =K (%% ) FLK(X,, X) & mxn Hif, 5
(i, J) MTEER K (X X), =K (XX, ) KX X, ) R mxm HEE, 38 (i, ) Mo
KXo X, ), =K (X Xy ) o BRUEE, HRARSAE S RRAL BRI S P40 A1, SETUIA 4509

p(f.1X,Y,X.)~ MGP(4,%,Q) > Hr

f=K(X,,X) K (X, %)Y &
T=K'(X,, X,)=K'(X,, X) K(X,X) K (X,,X) ()
Q=0 (6)
BeAh, IR T ZE IR B
E|f.|=a=K'(X., X) K'(X,X)"Y @)
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cov(vec( 7)) =E@Q =] K'(X.,X.) - K'(X..X) K'(X,X)" |[®Q ®)

2.2. %N

R BN T AT ERE, T ER kK ST EMEQ, (HRAESI T ZRR TR, I
BN, BN SRS TRA Ay B 2% SR e SCEUE r 2 IRV HE0 P AR AL 1 R B Bk, AT W7
ZEMEHGR T e M 2S5 M R B, BREE S R BIHI ) 5 25 4E B [E BT )7 22 5 . 54%41 GPR
—Hf, EABERN Z AT m I AR B R A TR R . A T Ce R TS A I, W
LR . A B YA matern. YIS ] LLETE ARD SE X:

kSEard :S? exp[_(X_X') ®27 (X_Xl)] (9)

S RIS B 0%, WIS R RUEIIRIE, © R KR, SRRt ()
RTINS KIERE, S50 R | MBI UE.

2.3. BEEWNA

SRt T N ZREE A THZ TS R S BT U7 200 R . 14t GP BRI R I F 2 5
2%, B EC KR TH(MLE) = K5 5 (MAP) AT S K R R EE SRR 2/ (MCMC), R AT JRATTH e (R
RE SR RPINEF USAT GPR, AT ZAMTHESHL (Al 5% R P TNEN TR AR S, H AW
JiiFlid MLE SRS THEAT. ik, AIE B MLE #7280t . 55400 GPR BAUHEL, 176
T ERE QRSN S Bk, KRASHOFETISE, BB of RTWITZS B Q.
BN QRFIEEHRE, WA N Q=00 Hif

¢, 0 - 0
O = ¢21 ¢22 0 (10)
¢d1 ¢dz ¢dd

J9 T R @ oMY, SR TEEBIRHIAIE, H4 ¢ =In(g,), i=12-d.
£ MV-GPR AL, Y ~ MGP(0,K ', Q) , Hhrlv K A7 W A I By ZE R, 7 Ky =K' (X%, %; ) »
B K =K +o?1 Jhrk K RS BT T7 26, A Ky =k(%,%) . WZRRISHERTAK =K, ,
HWZHENO={6,0,-}, FHit,
oK' K' K

— =, == 11
oc: " o6 06, D
:H: N 2 — nd d ' n 1 n-1 Iy T
HAUR R HT R A Lz?ln(Zn)+EIndet(K )+§Indet(Q)+Etr((K) Yoy )
FFHBAA bR B0 S BT A 1A
oL d NET | e
aanz—Etr((K) )—Etr(aK.Q ay.) (12)
oL d 20K, ) 1 oK
—=—tr| (K" O -=tr| o Qg —2 13
20 2{( )anzr[“K “Kaa] )
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oL -1 T 1 N1l T T
a—%zgtr[ﬂ (E;® +cDEji)J—Etr(aQ(K)1%(Eijc1> +<1>E,.i)) (14)
oL (10T 1 N
a—%:gtr[ﬂ (3,0 +®Jii)]—5tr(ag(}<) ag (3@ +<DJ“)) (15)

ﬁ\:':':' aK' :(K ')71Y ) O.’Q ZQ_lYT y Eij IEé d Xd E‘{jﬁi’ ‘]ii 5 Eij ﬁﬁﬁ*ﬁlﬁj, {Eﬁﬁléﬁiﬁ%j‘\j e(/7|i o JJ:[./U
K F LB v R s MU O USR8, R BISHfhih . Bl TRENLME S NAZ R, RS 7 22
HHEAbBESH T

2.4. {RBGER RARBIFNFGE

SRR, AR IR S A AR (B AR AE A DGk . 28 R AT 55 Z [V AN AFAEAR SC IR, ey
GPR [ R~y 25 84 AR 55 < (M (KIAROGERT , F2 MGPR (KA1, RATTARAS BN A LAY 1 71 55
RO S IRIHER A v, WA PR X PR AR R R AT L

LA P A YRS TR v N PR 2 PR DA R LR G BB R e S MRS AR 1 23 ) D 325, AR SO 1 W FE 0 W 25
A28 Jo e 7 IAE MGPR f GPR N RITIINEE R, 58 1 LA BERL ik 5 S R 270k«

Aice: AIC, =nlog(a2)+2n(k, + p+1)/(n—k, - p-2) (16)

Hiol =%(Y ~-F 8, )'C”l(Y - Fm,ém) » PASEMKRBAKISEAE, C AR 255
IS P 7 AR . HAT B/ AICe PRI HORVE N R R AR AL

2) w, =exp(-AIC,/2) iexp(—AICi /2)» ¥t AIC, =nlog (62 ) +2(k, + p+1) 17)

(3) w, =exp(-BIC,/2) iexp(—BlCi/z) , HeBIC, = nlog(&nﬁ)+ log(n)(k, + p+1) (18)

(4) MMA: S [ 5 22 28k (B YA 700 8 L (B 7R 4 D92 . MM D7 kit /v Mallows #E 45 2]

ER
w=argminC, (w) (19)
C, (w)=[Aw)y[ +205%tr(P(w)) (20)

Sk A =1 <R AW)=WA  B= X, (X(X, )X, B K AT
(5) MMMA:
w=argminC, (w) (21)
C,(w)= {Vec(Y ) —Vec(ﬁ(w))}’ c {Vec(Y ) —Vec(,[z(w))} (22)
Horpr CHR IR 2 AT 55 MR 2 1T 25 e T P2 V1 45 380 1 6 Wl 7 25 6 R
(6) IMA:  {ER:J7 215 T T th AP35 7%
w=argminCV, (w) (23)
(24)

M
JLBG(W)ZZW"‘U’“, é‘m:y_am’ éZ(él,éz,---,éM), /%\szxm[(xm)

m=1
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a1
W=¢UW)WJ(ﬁﬁ@m¢m%i4ﬁ%ﬁ%,éﬁﬁﬁ%qs@—wf,ﬂﬁﬁzm@oﬁ¢,

n

0" = (P00, 07 ) ar R EEARBR S | AL (%, y,) BN e v B0 07 A, A

" =P"y.,
(7) MT-IMA: 4 IMA ¥ JE B 24155 EIRBALS-35 773
w=argminC, (w) (25)
C,(w)= {Vec(Y ) —Vec(ﬁ(w))}’ c? {Vec(Y ) —Vec(l](w))} (26)

Stetr G 17 MMMA SR —FE. 0(w) 9 IMA Jrid S5 BT BT A SR f
9T VAR, BT R

Risk = %(y -9y (27)
Horpry SRASE, Y R AEST i B2 18] 345 21 A i 12 A R AT AR - 2o R A R 3o 8 I ) TR
3. HERH

L R ] g 22, S e TR AR DG, RIS A MGPR, 3 o $i (A48, bL 45 BB B 7 aicc. MMM,
S-AIC. S-BIC XPUFh 7k T WG . TEANE (&4 B FUAH R, M8 GPR R, JEITHUEMK
UL 8 B ELLE aicc,. MMA. S-AIC. S-BIC X TUFF 7L N B4 & K. % MGPR 5 GPR BT AN AR
RSP 15 R s 38 07 9% 49 21 B30 % R 130 AT LR ¢ o
3.1 BHEE

W R RS [E] 5 ZE R, N T TR 2 AT 45 BT S AR TN RS B X AN S R RE . BRATTE AR A — A
O R R AR . XA CURN R B AL A 58 AR 12 4E(p = 12)A9% AN ZS18][0,1]" iy, BRI p N AN Ae B
Xy, Xy, ey Xg XTSI GG 45 R IR WSS, G AN EENRECONE, WEANMERE NSk &
HHRMERAR R, HERMRIER LR ER:

y; (X) = 0.4x, +0.3x, + 0.2, +0.1x, + 0.05%; +0.01x; + & (x), =12 (28)
[ £(1),2(2)]~ MGP(0,ks, Q) . kg KIS EN:
[zi 82 ] =[1.001,1.001,1.001,1.001,1.001,1.001,1.001,1.001,1.001,1.001,1.001,1.001,0.1] .

1
0.25
B p=12, FEAES SN N=120, 140, 160, 180 MIkEA X, FRAUER B LA ZIREN] . BN m M
RUALEHT m AN R,

585 FH 45 2R IR K 15 8 22 AT 55 v 30 el RE A TR S 1 5 1) ~F SR R B ATL = A R B G I T 12
TR RS RN, TS FE i . MIAREE G 2 TF B £ 1000 MEAS . EH 500 REL, 1
TR Risk. Risk /MRS, FRATIAA MGPR #EAT Y- 15 LU FAAMT 45 B GPR EATAE Y P FEH A
3.2. MILEER

{iH aicc.. MMMA. MMA. S-AIC. S-BIC 7L T4, 1HELEHE N % 1~4:

Eg{i (fﬂ,m&ﬁw\w%%@ﬁiﬁﬁiwﬁmmm¢,@ﬁﬁT%jﬁ%ﬁE&%
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Table 1. Risk of model averaging and selection (x10)
F 1. RBVEH RIREF AR SR KU (x10)

n=120 Task One of MGPR  Task Two of MGPR Task One of GPR Task Two of GPR
aicc 1.6157 1.6182 1.3762 1.2084

S-AlIC 1.1796 1.1489 1.3755 1.2074

S-BIC 1.1794 1.1485 1.3707 1.1991

MMMA (The first two)

MMA (The latter two) 1.1800 1.1582 1.3864 1.2186

Table 2. Risk of model averaging and selection (x10)

= 2. EEIPHY KR AR KU (x10)

n =140 Task One of MGPR  Task Two of MGPR Task One of GPR Task Two of GPR
aicc 1.6833 1.6760 1.5795 1.4261
S-AIC 1.1571 1.1022 1.5795 1.4259
S-BIC 1.1563 1.1022 1.5758 1.4210
MMMA (The first two) 1.1470 1.0928 15072 1.4382

MMA (The latter two)

Table 3. Risk of model averaging and selection (x10)

= 3. {REPH RIRFRYIRE K (x10)

n =160 Task One of MGPR  Task Two of MGPR Task One of GPR Task Two of GPR
aicc 1.6978 1.7062 1.4574 1.4631

S-AlIC 1.2131 1.2891 1.4570 1.4636

S-BIC 1.2130 1.2888 1.4532 1.4559

MMMA (The first two)

MMA (The latter two) 1.2237 1.2925 1.4684 1.4758

Table 4. Risk of model averaging and selection (x10)

= 4. EEIPHY KRR KU (x10)

n =180 Task One of MGPR  Task Two of MGPR Task One of GPR Task Two of GPR
aicc 1.7306 1.7482 1.5996 1.3543

S-AlIC 1.2769 1.2111 1.6003 1.3546

S-BIC 1.2774 1.2120 1.5941 1.3530

MMMA (The first two)

MMA (The latter two) 1.2768 1.2161 1.6146 1.3707

(1) ¥ MGPR 5 GPR 7 Hll i AT A3 AR e 56, v LS BIZ5 0 ARFEARE R NEZ D, EW
Pl Ol HR A RE A8 EAT LU PR B3 0 vE R, 2 AT S [ A S SR I AR T B M55 20 Al o (Rt
ATLAMR 5, fECAFEBNL R AIMAECHERIRTHE T, P25 IS5 AIAR DGR, AT DA g il 45
FHIHER T o

(2) B EIRFTAERTLASFH, B8 MGPR, FEFTHBLRY % £ KA 1415 21 Risk #, KB 1E
WK, S-AIC 5 S-BIC 45 4k KU+ 743230

(3) TEWI/MES 7 ik GPR J&, FRHHTHALGESE RSB RIM A S, rTLASH MMA 7572
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IR B T HARBR P77k, KRN MMA J7i5oR 25 IR N A B 2 (A (AR S, T AR S -
JrEE BRI N AR ] (AR CE, IR, B A AR 5 18] (AR S T DL R AR S0 (453 2 DU o

3.3. BEJEEE
RALEARFREA R T, 29 AT S MGPR % GPR, 7531 (5 A5 70 58 B _E SR 42 51 1 b

AU R34 753, TR H AR 55 (R T s, o BL B R EE R 500 Wk, A5 BN R T
DRI IR] o R DA _EAS RIS SRR S (R BEAT LA, 13 B4 R MK 5:

Table 5. Time spent (minute)

R 5. FEEEE(S)

n aicc of aicc of S-AIC of S-AIC of S-BIC of S-BIC of MMMA of MMA of

MGPR GPR MGPR GPR MGPR GPR MGPR GPR
120 34.71 39.99 41.34 45.48 42.18 43.00 39.12 39.78
140 43.38 46.59 48.82 52.88 52.46 52.80 44.75 49.65
160 49.85 56.06 60.62 67.54 55.15 61.75 46.86 55.92
180 65.93 69.01 70.03 73.35 73.76 75.25 64.74 69.18

H17% 5 IR, AEANFIREAS B RO R R P2 RO BN SEA T, M MGPR BTt 3% I 18] LAY 2 GPR
PIAEBR IS R 250 . D, a5 & B4R nr i, E2 M BAMRYER AT T, 13 MGPR @
B, FFREATRRAL 2, AT DARRARAR R ARG, 42 m TAS L

3.4. SEUESH

341 WHBRERSE

AR MR 7S 7] 5 22 T 48 S AR R de % RS R P 059%, oAb 77 AN DB ORI X (K, sk
2010 FErPE /N EEA DS ARG BATRITER L ARRMA P BERUR 2 308 SRR =4
HAR R, JATERE T 6 NSkl AR KA E DHRIRA DG A AR R EE s [
SER A NIIEHE . NI GDP. 5 ML A o OATER = 7 M 8 B 5 L

HATE B EMIESE, HI% 6 MRIEFR. 1 A EIRRBIFB R ES LTk mtEae, &
AME AT T ARl DB X S R g AT A @, Horp T o= 500 AR)E, AT 77-T A RG> Ho
DXEHE RTINS o IXANIERETE AR N = 500 70, AT THSRRE R L P B A B R WUz . S5 5R I3 6:

Table 6. Risk of model averaging and selection
= 6. REVEHRIEFHREK KIS

Years of Rate of Years of Rate of
h Urbanizationrate  nonagricultural : Urbanizationrate  nonagricultural
education of . education of .
MGPR of MGPR population of GPR of GPR population of
MGPR GPR
aicc 0.9696 0.6896 0.9575 1.0533 0.8306 0.9411
WAIC 0.8562 0.7020 0.8951 1.0526 0.8298 0.9385
WBIC 0.8469 0.6711 0.8861 1.0535 0.8291 0.9382
MMMA
(The,a:\sﬂt Athree) 0.8866 0.6275 0.7951 1.0568 0.8382 0.9434

(The latter three)
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M 6 TR, F%E MGPR J& AT -2 sl 4545 21 A IO B2 ik 240 T GPR, RIIEZ A
T2 RIS 4 H A 0, B R A N7 5 ] PR A D S35 EB A A8 e (] P A D 7T DA AR 2 XU

EZTFI T, HE MGPR J&, KA MMMA J7 7545 245 2k RS SR F2 % 1B S-AIC. S-BIC J7i%
BEN PR R AR . MR GPR 3 EIRILE Rrp, A L& MMA J7 2 B4 9% XU 2 g T LAt A AL 5P 45
Jiid, RV BT, 5 R N AR B[R] (A DG T DAFRAR A 2% XU o

342 WHREREE

KR IR J M s 7 5 22 R AR B B S A RS 3 vk, AR A FH B BE AT b . AT E
SRJEF SCHR[19], St 38 AMEEAS, ST SLIGHF R 7 5 AT R (RN EE A0 2K EERZ (LA 10 mi
2R FR R () mmol Y BAT) . Mn f 23 EEAT K:MIn [ E) 78 6 S 3% AL R AN LS55 (TOF) N R R (R B0 . S T
HALERAD TOF M fRm RS & . fREVER IS, FEEE S TOF & BEAH S (5% % % 0.65), RiHT
LUEH MGPR.

BAVE B EMIEBAY, St 5 MEEBAL, T HE LR B BRI  J P ¥ ik Pk Re, 3R
TEF 27 MREAREIR R ATRIR ST, AR AR 11 MR T X AR5 500 ¥, ATt
SRR 6 8 K P38 7 B e AU . 5 SR LR 7

Table 7. Risk of model averaging and selection
Fz 7. HERIE ) RR AR X

Benzyl alcohol Turnover frequency Benzyl alcohol Turnover frequency
conversion of MGPR of MGPR conversion of GPR of GPR
aicc 0.4269 0.9945 0.5825 1.1921
WAIC 0.4258 0.9912 0.4850 1.2431
WBIC 0.4253 0.9912 0.4489 1.2886
MMMA
(The first two)
MMA 0.4855 1.1870 0.5338 1.1933
(The latter two)
MT-IMA
(The first two)
IMA 0.4850 1.1874 0.5090 1.1924

(The latter two)

e 7 W8, RSN, RAMBETSES 7, SR 2 MGPR #5311 #ull KU ZAK T GPR
HAERAES M GPR I, AT LA H IMA J5EEE T MMA J532:, 5 EaR B Al 6 —50.

4. BEML

EASCH, FEFIISHE LR ZHONZ MR AR, WL E MGPR, FERIEAN [F] 14 ik 5 4
BT IR B P18, SRS MRS 0 BRI GPR,  [AIRER % IR AR R R AT B e 5% KRR P8, o —
FAF BB S AT P . S FAR I, WERBON LR, MR 2R, WE A% mnd 2
BERERL G, PR AT AL P2 (458 2 IR AR T 2 AN 55 0 Jall R AT iy B0 22 [ V1 i 485 28 S 347 [ 451 2R IR
B e T ALESE /7%, MGPR 5 GPR A M R MILH . X T GPR #ELR U, MMA kR ZE,
FTER AT 55 Z (BAFAEAR DG HERT, SRA MGPR AR5 HEAT 5 L7375 2 B 45 2 KR BEARG, Tl 25 5
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