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Abstract

Based on the Guass-Seidel progressive iterative approximation for least squares �tting

(LSPIA) algorithm, a Succesive Over Relaxation LSPIA (SOR-LSPIA) algorithm is proposed

in this paper. We analysis the convergence of this.Furthermore some numerical is tests

experiments are shown, our algorithm has fewer number iteration steps and shorter cpu

time than the GS-LSPIA algorithm does if the �tting accracies are requared the same.
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1. Úó

AÛS�{[1],q¶ì?S�%C(progressive-iterative approximation, PIA)§´�«k��êâ[

Ü�{.Ï�S�{äkê�­½, k²(�AÛ¿ÂÚ{ü�S��ª�5�, áÚ
2�Æö�'5.

AO/, AÛS�{�2��A^3CAGD!êâ[Ü!_�ó§��¡[1, 2].

AÛS�{©u1957càÀR[3]Æö�JÑ�þ!ngB�^­��Jº?��{. 1979c, de

Boor [4]y²
T�{�Âñ5. 2004c, Lin [5]��Ñ�þ!ngB�^­����Âñ�ªÚÂñy

². 2005c, Lin [6]�y²¤k��Ä·Ü­�­¡ÑäkT5�,¿ME
=©â�progressive-iterative

approximation (PIA:ì?S�%C)5£ãT�{. 3PIA�{¥, z�êâ:¤éA�ëê�3S�L

§¥´Ø¬UC�.

Cc5, kNõÆöéPIA�{?1U?. 3²;PIA�{¥, ��:�ê�uêâ:�ê. Lin

[7]��O
�«*Ð�ì?S�%C(extended progressive and iterative approximation for least squares

B-spline curve and surface �tting,EPIA)�{5[Ü�5�êâ:, §#N��:�ê�uêâ:�

ê. Deng [8]�JÑ���¦ì?S�%C�{, ¦�[Ü�4�­�­¡´é�½:8����

¦[Ü(J. éu2ÂB�^Ä, Zhang [9, 10] �JÑ
�«äkØÓ�­�LSPIA�{5[Ü�E

,�êâ:. PIA�{�ÛÜA���2�^uêâ[Ü+�. Lin [11]�JÑ
�«·^u[Ü

�5�êâ�T�^LSPIA�{, ¢y3�Åþ¯�[Ü�LAZ����p°Ýã�. Lin [12]�

JÑ
ÄuGauss-SeidelS�{�¯�PIA�{§)û
²;LSPIA�{¥Âñ�Ý�ú�¯K. Wu

[13]�<�JÑÉÚLSPIA�{5[Üêâ:, (JL²3ÛÉÚ�ÛÉ����¦[Ü�¹e, É

ÚLSPIA'LSPIA¯.
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2. ²;�LSPIA�{

�fQjg
m
j=0´�[Ü�kS:8, ti´z�:Qj�ëê�, �÷v0 = t0 < t1 < � � � < tm) = 1,S�m

©c, l�½:8fQjg
m
j=0pÀ�n�:��Ð©��:�fP0

i g
n
i=0, �E�^Ð©­�

P (0)(t) =

nX
i=0

Bi(t)P
(0)
i ; t 2 [0; 1] �0j = Qj � P 0(tj) j = 0; 1; � � � ;m

�1i���:�1��N��þ�

�0
i =

mX
j=0

Bi(tj)�
0
j

��#���::

P 1
i = P k

0 +�k
i i = 0; 1; � � � ; n

��#­�

P (1)(t) =

nX
i=0

Bi(t)P
(1)
i

aq/, 31kgS����
1k^­��

P (k)(t) =

nX
i=0

Bi(t)P
(k)
i ; t 2 [0; 1]

�?11k + 1 gS�, ÄkO����þ

�kj = Qj � P k(tj) j = 0; 1 � � � ;m

�k
i =

mX
j=0

Bi(tj)�
k
j i = 0; 1; � � � ; n

K#���:�

P k+1
i = P k

i +�k
i i = 0; 1; � � � ; n (2.1)

?
��1k + 1^­��

P (k+1)(t) =

nX
i=0

Bi(t)P
(k+1)
i

òþª�§(2.1)^Ý
/ªL«Xe:

P (k+1) = P (k) +BT (Q�BP k) (2.2)

Ù¥fBi(t)g
n
i=0´��Ä¼ê§3tiþ���Ý
�:

B =

2
664

B0(t0) B1(t0) � � � Bn(t0)
B0(t1) B1(t1) � � � Bn(t1)

...
...

...
B0(tm) B1(tm) � � � Bn(tm)

3
775 (2.3)

�
\¯(2.1)�Âñ�Ý,©z[8]JÑ
WLSPIA�{,ÙÝ
/ª�:

P (k+1) = P (k) + !BT (Q�BP k) (2.4)

�?�ÚU?WLSPIA�{�Âñ�Ý,©z[12]òGuass-SeidelS�{�²;�LSPIA�{(Üå5,=

GS-LSPIA�{,ÙÝ
/ª�:

P (k+1) = P (k) + (D � L)�1BT (Q�BP k) (2.5)

Ù¥Ý
(D � L)´Ý
BTB�î�en�Ü©.
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�?�Ú\�,JÑSOR-LSPIA�{,ÙÝ
/ª�:

P (k+1) = P (k) + (
1

v
D � L)�1BT (Q�BP k) (2.6)

3. SOR-LSPIA�{9ÙÂñ5

�ö�3©z[12]¥òGuass-SeidelS�{�²;�LSPIA�{(Üå5,JÑ
GS-LSPIA�{,Ù

¥GS-LSPIA­�[Ü�{�U��:

P k+1 = D�1(BTQ� LP k+1 � UP k) = �(L+D)�1UP k + (L+D)�1BTQ (3.7)

þª¥, B´��Ý
ª(2.3);Ý
D!L!U©O´Ý
A = BTB�î�é�!en�!þn�Ý
,

=A = BTB = D + L+ U .

�
?�Ú\¯ÙÂñ�Ý, ·�JÑWSOR-LSPIA�{, ÙS��ªXe:

P k+1 = P k + !(
1

v
D � L)�1(BTQ�BTBP k) (3.8)

·�£��e)����5�§|AX = b, d©z[14]��,

SOR�S��ª�:

x
(k+1)
i = (1� !)x

(k)
i +

!

aii

8<
:bi �

i�1X
j=1

aijx
k+1
j �

nX
j=i+1

aijx
(k)
j

9=
; : (3.9)

Ïd, �! = 1�, SORS��duGSS�; KGSÂñ, SOR�Âñ.

e¡ò?ØSOR-LSPIA�{�Âñ5, k±e½n:

Ún 1.[14, 15]eÝ
Aé¡�½, KSORS�30 < ! < 2Âñ.

Ún 2.[14] 1.eÝ
Ak�NgS�! 6= 0,�´RJ���A��Ñy�(�+ ! � 1)2 = �!2�2

2.b�Ý
Aäk�NgS, RJk¢A��, �� = �(RJ) < 1.K

!opt =
2

1 +
p
1� �2

: (3.10)

�(RSOR(!opt)) = !opt � 1 =
�2

[1 +
p
1� �2]2

Ù¥, RJ´JacobiS�, �´JacobiS�Ý
�Ì�».

�e5Lã·��Ì�(Jµ

½n 1. �Ä¼ê´�þ!ngB�^Ä�,�!3(0,2)�,SOR-LSPIAS�(3.8)´Âñ�.

y²µÏ�Ä¼êBi(t)´��Ä¼ê§3ëê�0 = t0 < t1 < � � � < tm = 1þ)¤���Ý
B´

ToeplitzÝ
��÷�§¤±Ý
BTB´é¡�½�.dÚn1!2��,SOR-LSPIAS�(3.8)´Âñ�.

4. ê�¢�

4.1. �{¢y

�½kS:8fQjg
m
j=0,¦^u�\\{©�ëêfti; i = 0; 1; � � � ;mg=(

t0 = 0; tm = 1

ti = ti�1 +
jqi�qi�1j

L
; i = 1; 2; � � � ;m� 1

(4.11)
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Ù¥, L =
mP
i=0

kqi � qi�1k´ou�.P (t) =
nP
i=0

piBi;3(t)´B�^­�, Bi;3´B�^Ä¼ê, ½Â3!:�

þf0; 0; 0; 0; u4; u5; � � � ; un; 1; 1; 1; 1gþ.!:�þ÷v

uj+3 = (1� �)ti�1 + �ti; j = 1; � � � ; n� 3;

i = [jd]; � = jd� i; d = m+1
n�2 :

(4.12)

Ù¥, [jd]�Ø�ujd����ê.,	, À�Ð©��:P = fpi; i = 0; 1; � � � ; ng�5KXe:8>><
>>:

p0 = q0

pn = qm

pi = qf(i); i = 1; 2; � � � ; n� i

(4.13)

Ù¥,f(i) = [ (m+1)i
n

]:

4.2. ê�¢~

3��!¥, ·�ò�ÑA�äN�~5�ySOR-LSPIA�{�k�5.Äk½Â�{31kgS�

�[ÜØ��:

Ek = max
j
fekj g; e

k
j =





qj �
nX
i=0

Bi(tj)p
k
i





 (4.14)

'u!�À�, UìÚn5�úªO�Ñ�!opt´äk�N5�,�3·��~f¥§Ý
´Øä�k

�N5.ÏL�þê�¢�uy, �·���! = 1:2�, �J´'�Ð�.äN¢~Xe:

~ 1. ¥%�ëê�§� 8>><
>>:
x = 2cos(t)� cos(3t)

y = 2sin(t)� sin(3t)

z = 2cos(t=2)

Ù¥, t 2 [0; 4�]. l¥%­�þæ���10000�êâ:, l¥©OÀ�
3000!4000!5000�:���

�:, ÙS�Úê!$��m±9S�Ø�XL 1¤«.

Table 1. The two algorithms interpolated the numerical results of the sampling points on the spherical line

L 1. ü«�{��¥%�þæ�:�ê�(J

(10000,3000) (10000,4000) (10000,5000)

(m,n) GS-LSPIA SOR-LSPIA GS-LSPIA SOR-LSPIA GS-LSPIA SOR-LSPIA

IT 65 45 84 56 79 51

CPU 1:01� 10�2 6:4� 10�3 1:31� 10�2 8:6� 10�3 1:76� 10�2 1:33� 10�2

Ek 9:4254� 10�11 7:3714� 10�11 8:7129� 10�11 9:9039� 10�11 9:2878� 10�11 9:0873� 10�11

~ 2. Y%�ëê�§�

r = a+ bcos(2t+ �=4) + cos(3t+ �=4) 0 � t � 2�

Ù¥, a = 2; b = 4. lY%­�þæ���10000�êâ:, l¥©OÀ�
3000!4000!5000�:��

��:, ÙS�Úê!$��m±9S�Ø�XL 2¤«.
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Table 2. Numerical results of the sampling points on the water drop curves of the two algorithms

L 2. ü«�{Y%­�þæ�:�ê�(J

(10000,3000) (10000,4000) (10000,5000)

(m,n) GS-LSPIA SOR-LSPIA GS-LSPIA SOR-LSPIA GS-LSPIA SOR-LSPIA

IT 96 58 134 90 418 252

CPU 1:10� 10�2 7:2� 10�3 1:84� 10�2 1:25� 10�2 7:55� 10�2 5:37� 10�2

Ek 8:7110� 10�11 8:6870� 10�11 9:9395� 10�11 9:0053� 10�11 9:9887� 10�11 9:6325� 10�11

~ 3. �R(�ëê�§� (
x = cos(t))

y = sint(t)cos(t)

Ù¥, t 2 [0; 2�].3�R(­�þæ���10000�êâ:, l¥©OÀ�
3000!4000!5000�:���

�:, ÙS�Úê!$��m±9S�Ø�XL 3¤«.

Table 3. Numerical results of the sampled points on the bow curves of the two algorithms

L 3. ü«�{�R(­�þæ�:�ê�(J

(10000,3000) (10000,4000) (10000,5000)

(m,n) GS-LSPIA SOR-LSPIA GS-LSPIA SOR-LSPIA GS-LSPIA SOR-LSPIA

IT 80 48 107 73 328 193

CPU 8:10� 10�3 4:99� 10�3 1:42� 10�2 9:7� 10�3 6:62� 10�2 3:66� 10�2

Ek 8:8553� 10�11 8:5861� 10�11 9:9294� 10�11 9:8631� 10�11 9:8708� 10�11 9:8204� 10�11

~ 4. Ú^�ëê�§� 8>><
>>:
x = cos(t))(2� cos(2t=2k + 1))

y = sin(t))(2� cos(2t=2k + 1))

z = sin(2t=2k + 1)

Ù¥, k = 2; t 2 [0; (4k + 2)�].3Ú^­�þæ���10000�êâ:, l¥©OÀ�
3000!4000!

5000�:����:, ÙS�Úê!$��m±9S�Ø�XL 4¤«.

Table 4. Numerical results of the sampled points on the bow curves of the two algorithms

L 4. ü«�{�R(­�þæ�:�ê�(J

(10000,3000) (10000,4000) (10000,5000)

(m,n) GS-LSPIA SOR-LSPIA GS-LSPIA SOR-LSPIA GS-LSPIA SOR-LSPIA

IT 96 58 133 90 398 241

CPU 1:45� 10�2 9:0� 10�3 2:81� 10�2 1:79� 10�2 9:14� 10�2 5:85� 10�2

Ek 8:6068� 10�11 8:3891� 10�11 9:7807� 10�11 8:7631� 10�11 9:7799� 10�11 9:5824� 10�11
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~ 5. %/�ëê�§� (
x = (1� cos(t))sin(t)

y = (1� cos(t))cos(t)

Ù¥, t 2 [0; 2�].3�R(­�þæ���10000�êâ:, l¥©OÀ�
3000!4000!5000�:���

�:, ÙS�Úê!$��m±9S�Ø�XL 5¤«.

Table 5. Numerical results of the sampled points on the cardioid curves of the two algorithms

L 5. ü«�{%/­�þæ�:�ê�(J

(10000,3000) (10000,4000) (10000,5000)

(m,n) GS-LSPIA SOR-LSPIA GS-LSPIA SOR-LSPIA GS-LSPIA SOR-LSPIA

IT 58 40 77 52 55 39

CPU 5:3� 10�3 3:7� 10�3 9:2� 10�3 6:3� 10�3 1:15� 10�2 8:1� 10�3

Ek 9:0852� 10�11 8:1322� 10�11 8:1422� 10�11 7:4398� 10�11 9:1106� 10�11 7:7933� 10�11

5. (Ø

�©?Ø
�«ÄuSORS��PIA�{,ïÄ
T�{�Âñ5. ±ng�þ!B�^Ä­��

��~, �y
SOR-LSPIA�{�k�5, �þ�ê�¢~(JL², SOR-LSPIA �{�Âñ�Ý`

uGS-LSPIA�{. ·���{�±A^u�.DÕÝ
¦), ��±í2�ngB�^Ä¼êe­¡�

�%C¦)¯K.
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