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In this paper, the adjoint operator of the product of two unbounded linear operators
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is studied by using the spectral properties of the product operator. Some sufficient

conditions for (AB)∗ = B∗A∗ are given. As applications, the symplectic self-adjointness

of infinite dimensional Hamiltonian operator is characterized.
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1. Úó

�Ý�f��±5´�fnØ¥­��ïÄ©|, �9ê�©Û!�©�§!ê��5�ê!

�`z!��Ø�+�. �Ý�f�A^4�2�, §Ø=�±£ãgd½|²L¥�á�d�Ú

�¬d��p���pK��¯¢, Ny½|�NdÅ�, �3#,)Ô�Æ¤� [1]¥åX­��

^. Simon.R.Arridge�<3ëYµeeA^PAT���f��Ý5�ÑNõPATã�­ï��{

Úúª. �[¸�<3©z [2]¥A^�Ý�5�f��'uPT −é¡�f��
5�. Matthew

Colbrook�<3©z [3]¥A^¦)�fmu
�«O��g�Ý�f�'�ÌÿÝ�²wCq�

�{. H.Y.Yau3©z [4]¥A^g�Ý�fïÄ
±�m��Ä�Cþ�þf|�'SN. �f�

êþ��5Ú��5N���±¯KÌ�´�x�±�ê¥���,«A�½,«$�ØC�N

�. Cc5, IS	ÃõÆöé�f¦È��±¯K?1
�þ�ïÄ. ©z [5, 6]ïÄ
�±ü�

�f¦È�"5��5½��5N�. ©z [7, 8]�Ä
�±ü��f¦È��5��5½��5

N�. dd, �f¦È��Ý�c�­�. 3nØÚA^¥, AO´þfåÆ¥¤�9���þ��

5�fÑ´Ã.�, Ï
Ã.�5�fnØ´?nC�þfåÆ�Ä�êÆµe. Souheyb Dehimi

3©z [9]¥�Ñ
Ã.4�f�²�±9õ�ª��'nØ.

éu���Ã.�5�fA,B , 'Xª

(AB)∗ = B∗A∗. (1)

Ø�½¤á.

~ 1 �X ´ Hilbert �m, S : D(S) ⊂ X → X ´Ã.g��f, I´½Â3��mþ�ü 
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�f, �

A =

 S 0

0 S

 , B =

 I I

I I

 ,
K

(AB)∗ 6= B∗A∗.

¯¢þ, B∗A∗ =

 S S

S S

 ,Ø´4�f. 
(AB)∗´4�f.

�o�¹eU
¦��ª¤á, ù�¯KÚå
2�'5, NõÆöéd?1
�\�

ïÄ. 2011c, M.H.Mortad3©z [10]¥�Ñ: AB´È½4�f, �3�_�fB−1 �D(B) ⊃
R(A), D(B−1(AB)∗) ⊃ D((AB)∗). K'Xª(1)¤á. Karl Gustafson3©z [11]¥�Ñ#�Ö¿

�U?: �IABÈ½, D(B) ⊃ R(A), R(B) ⊃ D(A), =�¦'Xª(1)¤á. �©l¦È�f�Ì

�5�Ñu, �Ñ
'Xª(1)¤á�¿©^�. ��A^, �©Äk�x
Hamilton�f�"g�

5, ÙgA^Fuglede½n#íØ [12], y²
�½^�eü�Ã.�5�f�¦ÈE��5�f.

2. ý��£

½Â 1 [13]�T�D(T )�Hilbert�mX¥�È½�5�f, T ��Ý�fT ∗½Â�lD(T ∗)�X�

N�

T ∗ : D(T ∗)→ X,

Ù¥

D(T ∗) = {y ∈ X : ∃y∗ ∈ X¦�é?¿x ∈ D(T ), (Tx, y) = (x, y∗)}.

5 1 �TÈ½�, y∗´���. �´T ∗Ø�½´È½�, T ∗´È½���=�T´�4�.

½Â 2 [13]�λ ∈ C, T´Hilbert �mX ¥��5�f, XJ�fT − λI ü�, R(T − λI) = X

�(T − λI)−1 k., K¡λ ∈ C ´T ��K:, ¤k�K:�8Ü¡�ý)8, P�ρ(T ). k

�¡R(T, λ) = (T − λI)−1 �T�ý)ª. ý)8ρ(T )�Ö8C \ ρ(T ) ¡�T�Ì8, P�σ(T ).

�λ ∈ σ(T ) �, kXen«�U:

σp(T ) = {λ ∈ C : T − λIØ´ü�};

σr(T ) = {λ ∈ C : T − λI´ü�, R(T − λT ) 6= X};

σc(T ) = σ(T ) \ (σp(T ) ∪ σr(T )).

d	,�â���È½5±945,éuX¥È½4�5�fT�:ÌÚ�{Ì��±?�Ú[

©:
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σp,1(T ) = {λ ∈ σp(T ) : R(T − λI) = X};

σp,2(T ) = {λ ∈ σp(T ) : R(T − λI) = X,R(T − λI)Ø´48};

σp,3(T ) = {λ ∈ σp(T ) : R(T − λI) 6= X,R(T − λI)´48};

σp,4(T ) = {λ ∈ σp(T ) : R(T − λI) 6= X,R(T − λI)Ø´48};

σr,1(T ) = {λ ∈ σr(T ) : R(T − λI)´48};

σr,2(T ) = {λ ∈ σr(T ) : R(T − λI)Ø´48}.

5 2 XJT´È½4�f, Kλ ∈ ρ(T )��=�T − λI V�£ü��÷�¤; λ ∈ σc(T )��=

�T − λIü�, R(T − λT ) = X, �R(T − λI) 6= X,ù�k.�5�f��/aq. d	, È½4�

f�e�k.5±9Cq:Ì�½Â�k.�5�faq.

Ún 1 [13]�T�Hilbert�mH1¥�Hilbert�mH2¥�4�5�f, XJ�3~êm > 0 ¦

�

‖ Tx ‖2≥ m ‖ x ‖1, (2)

KT�3½Â3R(T )þ�k._�fT−1, =T−1k.. ��, XJ½Â3R(T ) þ�k._�

fT−1�3�ëY,@o�3~êm > 0¦�(2)ª¤á.

5 3 XJ�5�f÷v'Xª(2)�, ¡�e�k..

½Â 3 [13]�T´Hilbert�mH1¥�Hilbert�mH2¥�4�5�f.

(i)XJTT ∗ = T ∗T, K¡T��5�f;

(ii)XJT ∗ = T , K¡T�g��f.

½Â 4 [14]�X�Hilbert�m, H =

 A B

C −A∗

 : D(H) ⊆ X ×X → X ×X´È½�5�

f,�A�X¥�È½4�5�f, B,Cþ�g��f§K¡H�Ã¡�Hamilton �f.XJÃ¡

�Hamilton �f÷v(JH)∗ = JH, K¡Ã¡�Hamilton�f´"g��, Ù¥J =

[
0 I

−I 0

]
.

Ún 2 [15]�A,B´Hilbert�m¥Ã.È½�5�f,k

(i)A ⊂ B, KB∗ ⊂ A∗ ;

(ii)A+BÈ½,K(A+B)∗ ⊃ A∗ +B∗ ;

(iii)ABÈ½, K(AB)∗ ⊃ B∗A∗.

Ún 3 [13]�T´Hilbert�mHþ�g��f, Kσr(T ) = ∅

Ún 4 [14]�A,B´Hilbert�m¥Ã.È½�5�f, XJ�fABÈ½�B−13��mþk

., K(AB)∗ = B∗A∗.

Ún 5 [15]�A,B´Hilbert�m¥Ã.È½�5�f, eA,B÷ve�^���, KAB´4

�f:

(i)A�_;

(ii)Bk..
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Ún 6 [12]�A´Hilbert�m¥Ã.È½4�5�f, M,N´Hilbert�m¥Ã.�5�f, X

JD(N) ⊂ D(AN) ⊂ D(A), �AN ⊂MA K

AN∗ ⊂M∗A.

3. Ì�(J9Ùy²

e¡�(Ø`², �Ã.�5�fA,B�Ìäk�½�5��, 'Xª(1)¤á.

½n 1 �A,B´Hilbert�mX¥�ü�Ã.È½�5�f�ρ(AB) 6= ∅, XJ�fAB´È½
�f,�fB∗A∗´È½4�f, �÷vσr,1(B

∗A∗) = ∅, K'Xª

(AB)∗ = B∗A∗

¤á.

y²µdÚn2�, 'Xª(AB)∗ ⊃ B∗A∗w,. ey(AB)∗ ⊂ B∗A∗. duρ(AB) 6= ∅,
�ρ((AB)∗) 6= ∅. -λ ∈ ρ((AB)∗), ¯¢þ, λ 6∈ σp(B∗A∗)w,. ÄK, �Ä�(AB)∗ ⊃ B∗A∗,

�λ ∈ ρ((AB)∗)gñ.

b½λ ∈ σc(B∗A∗), �Ä�B∗A∗´4�f, K(B∗A∗− λ)−1Ã., ,��¡, duλ ∈ ρ((AB)∗),

u´�3M > 0,¦�é?¿x ∈ D((AB)∗), k

‖ ((AB)∗ − λ)x ‖≥M ‖ x ‖ .

du(AB)∗ |D(B∗A∗)= B∗A∗, u´�3M > 0¦�

‖ (B∗A∗ − λ)x ‖≥M ‖ x ‖ .

é�Nx ∈ D(B∗A∗),ù%¹((B∗A∗)−λ)−1k.,�Ã.gñ,�λ 6∈ σc(B∗A∗),�Ä�σr,1(B∗A∗) =

∅, =�λ ∈ ρ(B∗A∗).

?�x∗ ∈ D((AB)∗), �ÄB∗A∗ − λ´÷�, �3x ∈ D(B∗A∗) ¦�

((AB)∗ − λ)x∗ = (B∗A∗ − λ)x,

du(AB)∗ |D(B∗A∗)= B∗A∗, u´k

((AB)∗ − λ)(x− x∗) = 0,

duλ ∈ ρ((AB)∗), �x− x∗ = 0, ù%¹x∗ = x ∈ D(B∗A∗). =(AB)∗ ⊂ B∗A∗. �

íØ 1 -H =

[
A B

C −A∗

]
: D(H) ⊂ X × X → X × X ´Ã¡�Hamilton �f, X

Jρ(JH) 6= ∅, K(JH)∗ = JH ⇔ σr,1(JH) = ∅.
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y²µ “⇒ ” : (JH)∗ = JH, KJH´g��f, dÚn3�σr(JH) = ∅, =σr,1(JH) = ∅.

“⇐ ” :

H∗ =

[
A B

C −A∗

]∗
.

JHJ =

[
0 I

−I 0

][
A B

C −A∗

][
0 I

−I 0

]
=

[
A∗ C

B −A

]
.

w,H∗ ⊃ JHJ , K(JH)∗ = H∗J∗ ⊃ JH. ey(JH)∗ ⊂ JH.

-λ ∈ ρ(JH)∗,d½n1y²L§��λ ∈ ρ(JH),2dJH−λ÷��(JH)∗ ⊃ JH��(JH)∗ ⊂
JH . �

½n 2 �A,B´Hilbert�mX¥�ü�Ã.È½�5�f, AB,B∗A∗´È½�f, eρ(AB) ∩
(ρ(B∗A∗))∗ 6= ∅, K'Xª

(AB)∗ = B∗A∗

¤á. Ù¥(ρ(B∗A∗))∗ = {λ ∈ C : λ ∈ ρ(B∗A∗)}.

y²µ�Iy²'Xª(AB)∗ ⊂ B∗A∗=�.

?�λ ∈ ρ(AB) ∩ (ρ(B∗A∗))∗, Kλ ∈ ρ((AB)∗) ∩ ρ(B∗A∗) ,=(AB)∗ − λ´V�, B∗A∗ − λ´V
�. ?�x∗ ∈ D((AB)∗), duB∗A∗ − λ ´÷�, �3x ∈ D(B∗A∗)¦�

((AB)∗ − λ)x∗ = (B∗A∗ − λ)x.

du(AB)∗ |D(B∗A∗)= B∗A∗. u´k

((AB)∗ − λ)(x− x∗) = 0.

duλ ∈ ρ((AB)∗), �x− x∗ = 0, ù%¹x∗ = x ∈ D(B∗A∗). =(AB)∗ ⊂ B∗A∗. �

íØ 2 �A,B´Hilbert�mX¥�ü�Ã.È½�5�f, XJ�3λ ∈ R ¦�λ ∈ ρ(AB) ∩
ρ(B∗A∗), K'Xª

(AB)∗ = B∗A∗

¤á.

y²µ �3λ ∈ R, ¦�λ ∈ ρ(AB) ∩ ρ(B∗A∗)¤á, Kλ ∈ ρ((AB)∗) ∩ ρ(B∗A∗), d½n2�y

�(Ø¤á. �

½n 3 �A,B´Hilbert�mX¥�Ã.È½4�5�f, ABÈ½�0 ∈ ρ(A), XJR(B) ⊂
D(A), K(AB)∗ = B∗A∗.

y²µ0 ∈ ρ(A), R(B) ⊂ D(A), K

A−1AB = B,
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ü>��Ý, ��

(A−1AB)∗ = B∗,

dA−1k.��

(A−1AB)∗ = (AB)∗(A−1)∗.

�

(AB)∗(A−1)∗ = B∗.

ü>Ó��^A∗, ��

(AB)∗ = B∗A∗.

(Øy.. �

��Ã.�f¦È��Ý�A^§e¡·�ò�Ñü��f�¦È��5�f�^�.

½n 4 �A´Hilbert�mX¥�Ã.�5�f, B�X¥�Ã.g��f, 0 ∈ ρ(B), AB = BA

�D(A) = D(B) = D(AB), KAB,BA´�5�f.

y²µ0 ∈ ρ(B), dÚn4��

(AB)∗ = B∗A∗,

dÚn5��AB,BAÑ´4�5�f. dÚn6��

BA ⊂ AB ⇒ BA∗ ⊂ A∗B.

AB ⊂ BA⇒ AB∗ ⊂ B∗A.

q�f��55�g�5��

AB(AB)∗ = ABB∗A∗ = AB∗BA∗ ⊂ B∗AA∗B = B∗A∗AB = (AB)∗(AB).

(AB)∗AB = B∗A∗AB = BAA∗B∗ ⊂ AB(BA)∗ = AB(AB)∗.

�

(AB)∗(AB) = AB(AB)∗.

=AB�5, qAB = BA. �BA�5. �

½n 5 �B´Hilbert�mX¥�Ã.�5�f, A´Hilbert�mX¥�Ã.g��f, 0 ∈ ρ(A),

AB = BA �D(A) = D(B) = D(AB), KAB,BA´Ã.�5�f.

y²µy²�{Ó½n4. �

e¡òÞ~`²½n�k�5.

~ 2 -X = L2(0, 1), �©�fB = − d2

dt2
, D(B) = {u ∈ X : u′´ýéëY¼ê, u′, u′′ ∈

X,u(0) = u(1) = 0},
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é?¿�u ∈ L2(0, 1), d>.^��

(Bu, u) = (u′, u′) ≥ 0,

=B´�Kg��f�0 ∈ ρ(B).

-A = B
1
2 , Ón�yA´g��f�0 ∈ ρ(A).

AB = B
1
2B = B

3
2 .

B∗A∗ = BB
1
2 = B

3
2 .

Ón�y0 ∈ ρ(AB) ∩ (ρ(B∗A∗))∗. KAB÷v½n2�^�.�(AB)∗ = B∗A∗.

²O���

(AB)∗ = (B
3
2 )∗ = B

3
2 .

B∗A∗ = BB
1
2 = B

3
2 .

=

(AB)∗ = B∗A∗.

ù`²
½n2�k�5.

ØÓuÜ©©zl�f��_5�����¡�Ñ'Xª(1)¤á�^�, �©d¦È�f�Ì

�5��Ñ
'Xª(1)¤á�^�, A^Ù�x
Hamilton�f�"g�5, qA^Fuglede½n#

íØ, ò“ü��5�f¦È(����k.)��5�f” í2�“ü�Ã.�5�f�¦È��5

�f”. ù�í2¥E�3Ü©�r^�, �YïÄ�Ï¦�f^�.
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