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Abstract

We study a numerical solution of the time-fractional diffusion equation with Caputo-
Katugampola fractional derivative. We discretize the spatial diffusion term using
central-difference and the time-fractional derivative using L; difference scheme. The
numerical test shows that the convergence rate of the method is 2th order in space

and (2 — a)th order in time, respectively.
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AICHWEFE T i Caputo - Katugampolaltf ] 70 #3105 72 (TFDE)

0?u (x,t)

Dy u (z,t) — B2 =f(x,t), 0<t<T, 0<z<IL, (1.1)

WIGE AT AL T N
u(z,0)=wuo(z), 0<zx<L, (1.2)
u(0,t) =0 (@), u(l,t)=v(t), 0<t<T, (1.3)

HiF0<a<1,0<p< 1, f, uo, ¢, vEAEHIHEL, D u (2, t)RF% T fICaputo -
KatugampolaZr #¥ 41 [1,2]:

1 Lot 5P\ Ou(x, s)
pra — — A
D)y%u(x,t) = T —a) /o <p 5 ) s ds. (1.4)

XRTFDER] ] T30 A il 5 Ge M A MR B b (09 O (3, 4], SCHR (56 e 2805 R #EAT 1 B
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SKAR, H BT 153 B EE M 1R Z N0 (7172 + h2)s ARSCHE R — Mo M BUE R g 073, i ZE T BLIA
F|O(T2~> + h?).

AP HRI AL T £55271, NCaputo - Katugampolalf [8] 73 B3 807 72 W iH BUE
W T3, W BUE R B 30 E BUE R 1 E R 7R84, Shh 5.

2. FESTHHERA
SE SCH (8] F0 25 (6] A% 45 55, = nr (n = 0,1,2,--- ,N)Flz; = ih (i = 0,1,2,---, M), $&
e = T/NHh = L/M, MAMNAEERIERE. 12w = u(w;, t,).

O?u (z;,ty)

Dy u (i, t,) — 92

= f(mi,tn). (2'1)
IS 8] 43 H b S I AT AR R

tn p p\ & )
Df,ozu (xivtn) — 1)/ <t _ S) Mds
0

ri-aw p P 0s
«a n t
~ P /k (tp sp)fa u(xzvtk) u(xutk—l)ds
I_‘l(l - a) k=1 th—1 T
o n k k—1
= —— by —— = 2.2
r(1f04)kz::1 k T ’ (2.2)
Horp
~ 2
b :/ () —s") “ds, k=1,2,--- ,n,n=1,2,--- ,N. (2.3)
th—1

RN TR FAR (ORSHAEL, A SO SR B0 S BB AR 2 77 0 ELE AT AR . BN () =
n (14 [X]), 5 RIS e = e (5 = 0,1,2, -, N™), Frfir®) = ¢, /N™, Hé\t;@

()44 (m
% k=

[N

(n)
t

tr n
/ (th — sP)"Yds = Z / (th — s”)"“ds. (2.4)
th— = N(n)£k71)+1 tg"i)l

S
T3
I

i

I = (t) — ) *ds, j=1,2,--- ,N™. (2.5)
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IS

R W Bk B (8, — sP) ™ fEs = OFfls = ¢, Ab B 33 5 Pk, A SCOR IO Fh 7 725 oK 3 oL i BT
Mk < Z(nABEO Bk < 2E (n 9 E B R, BB 2 SRR

L =T [ (60)) " (- (t;.n)y)‘j . (26)

2
Lk > 2 (nBE) N Bk > 25 (n A, TN R B AR SR A ORI AU 43

e

7 7o) VTP et —a
Ii~1; = - (tj_%) sPTH(th —s?) T ds
")

- ) - @) @) ] e

p(l—a) \ 772
Remark 1. #5013, %n =185, &8 SARHSAK(2.7)RBLMTERST.
FABC 2 =b™ BRI, I 43 B S 5505 (2.2) I

(e n —1
Pty (o ~_ P E () (=i ")
Dy u(z;, t,) ~ T a) 2 by, =
_ (mn NS (30 )\ k-1 _ () 0
T (- (bn i — ;?:2 (bk *b;H) ui = b uz-) : (2.8)

FE(2.1)H, 287 18] AR 5 (24, t) P B 0 22 70 SRAE AN ) — 1 5 2

O?u(zi, ty) —2ul +ul" L
57 ~ 2 (2.9)

F(2.8)F1(2.9) KA (2.1) , 15

p- Wom NS (1) )\ k1 ()0 upg —2ui tui, o, 5—a | 12
S A— - (b —bf>ui by = + M+ O + h2).
et (13 )t ;

(2.10)

S = s, A= 22 (2.10) W BMEEILL T B K 3

H= Ta—ay
U+ 2 A U Ul =AY (b7 = 020 ) U 2600 + B2 (2.11)
k=2
Hpi=1,2,--- M —1fln=1,2,--- ,N.
3. HESLE
FEIXHER I3, AR SCHAE T — M F(0 < p < 1) SRR EE 5% WSSl
L FF O
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Example 3.1.
o 0%u (z,t
DY%u (z,t) — 8:(1:2 )—0, 0<t<1, 0<x<1,
WIUR AT RN 2
u(z,0)=0, 0<z<1,
w(0,t) =0, u(l,t)=t*sinl, 0<t<1

HI T T RS AR AR, S SOE LR R 2209 (2L [6])

EPd = max U - U, ER?. = mazx

space 1<i<p—1,1<n<q 7 time

1<i<p—1,1<n<q

U - U

(3.1)

(3.2)
(3.3)

Hrpu, UMUZ 3924 {M = p,N = ¢}, {M = 2p, N = ¢} H{M = p, N = 2¢} i FIHUE R, Wdos

AL A

M,N

EM’N
M,N __ space M,N __ time
Tspace = lOgg M/2,N |~ Ttime = lOgg M,N/2

space time

Table 1. Errors and convergence rates for space when N = 1000 and p = 0.5

£ 1. BN = 1000 Mp = 0.58F, 25 7] L H15% 2= Rk S0

) |

M =10 M =20 M =40 M =80 M =160
a=0.2 E%&]Xe 3.6847 x 107°  9.2242 x 1076  2.3068 x 107 5.7684 x 10~7 1.4423 x 1077
rﬁg&]ge 1.9981 1.9995 1.9997 1.9998
a=20.5 Eé\g;ge 5.2863 x 1075  1.3236 x 107° 3.3102 x 1076  8.2763 x 10~7 2.0694 x 10~ 7
ré\gg@ 1.9978 1.9995 1.9999 1.9998
a =038 E%&]Xe 7.0709 x 1075 1.7704 x 10~°  4.4276 x 1075 1.1070 x 10~  2.7680 x 10~7
ré\f,;jge 1.9978 1.9995 1.9999 1.9997
Table 2. Errors and convergence rates for time when M = 1000 and p = 0.5
= 2. YM = 1000 Mlp = 0.5, I a] b {135 22 Fk Sk 2
N =10 N =20 N =40 N =80 N =160
a=02 EMN 98591 x107° 3.0383 x 107° 9.2366 x 1076  2.7797 x 10~6  8.2995 x 107
T time 1.6982 1.7178 1.7324 1.7438
a=0.5 Egm];, 4.7626 x 107%  1.7297 x 107*  6.2247 x 107° 2.2273 x 1075  7.9396 x 10~°
T Lime 1.4612 1.4744 1.4827 1.4882
a=0.38 E%;LZZ 1.4903 x 1073 6.5691 x 10~% 2.8781 x 10~* 1.2571 x 10~* 5.4822 x 10~°
T time 1.1818 1.1906 1.1950 1.1973
M VRN 20T DA e 28] b WSS B D20, e 1) 1 AU SIGE 2 2 — o
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