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Abstract

Crossing number of graphs is an important part of graph theory, and many scholars at home and
abroad have studied the problem of crossing number of graphs in the past hundred years, but due
to the difficulty of proving it, the progress of domestic and foreign research on the field of crossing
number of graphs has been slow. This paper focuses on the study of the crossing number of rose

window graphs R, (1,3). Firstly, we get the upper bound of the crossover number of R, (1,3)
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based on the well-drawn method; then divide the set of edges of R;, (1,3) into the 3k groups

whose edges do not intersect, and using the inverse method and the mathematical induction me-
thod, all possible cases are discussed, so that we can prove that the lower bound of the crossover

number of R, (1,3) is atleast 2k, and thus we can prove that cr(R,, (1,3))22k, k3.
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1. 5|8

B2 XA b — AN BB L EAk, B NAME 2 %38 w0 B 1028 XX — i T 0t
Fio BIMZE CE R R AL, AURT 20 tH20 40 AR BB . B8 Kt FUOR SRS, Turan [1]
RIEHE LRI m & RIS G, ZEARZSE Dy TR RN A BT o Atk DRI AR 38038 5 s /D Bk A8 A
SRBEARBI I T2, A8 AU AR e T >R o AF 98 B AE XBOR — T s A = SUE AR kR M i) T .
SZ, fE 1983 4F, Garey fl Johnson [2]CZRUER 1 #fiE — M EIHISE XH 2 NP-58 2 [0 . HH Tk B AEFE AR
K, ERHMSCT BIAE S st R 2218 . NI EZA2H) X Petersen BB 78 SR -
=X Petersen

R 7T X Petersen FI7E 1981 4, Exoo C, Harary F1 Kabel [3 1% FIfI2E XEGHATHEFT, #5H:
cr(P(31,3))=h,h 24,
cr(P(3h+13))2h+3,h 23,
cr(P(3h+2,3))=h+2,h22.

1986 4F Fiorini [4]45 ™ X Petersen & P(n,3) 52 XEHIUEY], {H2, Richter Ml Salazar [5]F 5 fi
FAEWIAAAERS R, AATIERI)™ X Petersen &l P(n,3) HI2E X H9:

cr(P(3h,3))=h,h >4,
cr(P(3h+13))2h+3,h 23,
cr(P(3h+2,3))=h+2,h>2.

2004 £, MRBRE[61FFH T P(4k +2,2k) F 73 X Petersen [EIRIA SHI) L5 2005 4, HEAEEE
NUEM] T G(2m+1,m) KIZZXHL[7]: 2009 4F, #oe s NFIHSERESH T n> 16 1 P(n, k) BIZE XEUIRS
WA [8]: Fiorinil AT TS A7 AR TTEAEN] 1 P(3k,k) FISE X HL[9]: 2013 4, FBEDIUEW] T
P(10,3) 922 X HL[10]. 2019 4F, Gauci Al Xuereb [11TUEW] T 24 k> 314

cr(GP(3k—1,k))=k+1,

cr(GP(3k+1,k))=k+3.
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2020 4F, PrAE[1238EHEFE P(12,5) 7 EIRITERT, UERIASHE P(12,5) FIZE X T 202 6, Bk
RMFER: 2k =50, cr(P(2k+2,k))>k+1. 2023 4, jYE[13[UEM] T Chimani FIF5AE: 2k >5H, A
cr(P(4k,4)) =2k - 2023 £F, FABE[14JZEFBRERSCFUEN] 70U X Petersen B3 X H er (DP(7,1)) =7 -

2. BERTEEE Ry, (1,3) BEX

NITERS, FOKRBBEE R R, (1,3) IeE R, (1,3), Hoir=3. ®WR,(L3) MWIHAEN
V(Ry (13))={a,,b:1<i <3k}, WENE(R, (1,3))={aa,,.ab,bb,;.ba,, :1<i <3k}, FHH FHREUE 3k

WG R—MARE. G G AR TERIMSIE, 13 G 5K AE 2R 1)
—AT B R TR R f j, 1<i,j<t, GAFHENERME, . iffuweE(H,,) HHME
0.,(u)6,,(v)eE(H,, ) WHKE G M—"N3FE{H, H,y.o H, | RATREE, IR TR ¢ (98, iy
TEE G ) —AMEid ok, WFRIE G &) ORI

WV (T)={a,b.a, :1<i<3k}, BT N=Maba,a, . & B AWSEET_UT,, 1<i<3k. ®E N
LGCE S V(Ei):V(];)U{bm} WU VS E(E,-)=E(];)U{bib”3} » 1<i<3k . B {ElaEza"'aEyc} =
Ry, (1,3) M—ANAIEB AR, Hobk >3 BIb Ry, (1,3) &— T WAHE. %V (H,)=V(E,)U{a,.,.a.5}
HE(H,)=E(E)U{a.,a,.,.0,,a,5.a,3b.}» 1<i<3k.

ST G, ¥ H R GIMTEA f, (H) & HSIFTHIE7SE R st

fo(H)=cry(H)+cr, (H.G\E(H))/2.

Jordan FIZREH (TR — 2 MW R(H S AARR) LR J 301 T 43 BB AN X 38, 76 A7) DX 45k 10 194 20 2 2
MIE, MBESRILS J AL .

R¥E Jordan Mz, WATHLLT5IH.

512 2.0 7EE G, B CH CONPIAN TR A I, P, = wuy --u, A KRR H V(PN (C) =D -
% D & G —AMFE%, W ern, (C,C) MBE: Mu, Mu, /£ D(C) MFE— XK, cr, (C,B,) F1EEL
N REEL

BIEE 22 WoR—AIERHL MTI<i<e, FAHE—NERBLHBL £, (H, 1., )2 e, WAL A,
f B IMELE £, (Hl.,,.,H,[ ) >lc; HARTEAEXPENIERE L, WAL =40,

3. BEATLEE Ry, (1,3) I3 XK
3.1. BREEER,, (1,3) X HH LR

F1# 3.1 cr(R,(1,3))=6-

FIH3.2 X T k=3, or(Ry(13))<2k .

MR W T PR, ST R (1L3) AR 2k MR IR EL . NI, S k>3
cr(Ry, (1,3)) <2k -

3.2. BURTEEE R, (1,3) HIRZX BB TF

512 3.3 PS5 H) ®1<i<3k, DZB KW —NFEVE e, (B)=1. Wa,, Mb W D(T,_, )5 Buk
a, M b W D(T) 7.

UEW . AR a,, M b 7E D(T) R 22 P E — X . & cry(a,b,T.)=1, B3I 21,
cry(ab,T)22, X5cn,(B)=1¥%&. Bitber,(a,b,.T_)=0. Hicr,(B)=1%lcr,(baa,,T_)=1-

YT D REFE S, Ftbler, (a_b_.baa,, )=1. FIk, a_ b % D(T)7HHE,
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Figure 1. A good drawing of with 2k crossings
B 1. B 2k MR R BIFHIESE

513 3.4 ¥ D /R, (1,3) 09— MFEVEH cr (R, (1,3)) <2k » k230 #1724, WA cr,y(By,E)=0;
cry(B)=0, 2<i<3; ch(Tl,Tj)zo, 3<j <3k,

ER : Hﬂlf’24,ﬁfD(El)<§, fo(En) <43 £, (Eis)<2 o R B cn, (T,.7,) 21, 3< j <3k,
H51 5 2.1 0[5 or,y (T.T,) 22, 5 £, (E) <23 HFJE. Eor,(N.7,)=0, 3<)<3k.
B cr,y (B,) =1« HEIfD(ELZ)<%,  ery (By)=1. HARSIEL 33, a, M b, Bz D(T,) 558 a, F b

I

D(T,) 73 #5. W51 2.1, #a, Mb 4 D(T) 5308, At aya,abb, 5T, 4 a, M b8 D(T,) 73,
N , 4
E%ﬁé blb:;k,za}k,la:;kal }'_:Qi 7—'2 *Hﬁcc ﬁ%tljlr%ﬁ;i/}jﬁ fD (El’z ) 2 g b %EC .Ltt ch (B2 ) = 0 o

Bk cn, (By)21. B [, (Es) <2, Fony(By)=1. RIS 33, a, M b4 D(T,) 4 B8k a, F1 b, Bk
D(T,) 73 51 2.1, % a, Wb W D(T,) 778, #4% bbasasa, M bbyasay by ,Bba, 5T, FI3: 4
a, Al b, %EZD(E)%%—’ Bz b,bsabsP,by,a, Al b2b3k_1a3k_1a3ka15T3fHﬁo PR A /o (E1,3)22 » T
Bl cry, (By) =0«

. . 4 4

% e, (By,E)=1, WA cr, (T, E) 218 cr, (T, E) 21 B cr, (T,,E ) 21, ElﬂfD(ELZ)<§, A
er (. E)) =1 W cr, (B,) =0 Kl cry (BbyT,) = 1. HIBIEE 2.1, b b, ik D(T,) 58 ELES % bby, BB, %

. 2
7, )r!lJfD(El’z)zg, TR Bl o, (1, 5) =0 il en, (T,5) 21 Hien, (T.5)=0 & £, (£) <3

cry (bb,, Ty)=1. WIESIF 2.1, b bW D(T,) 738, Hllern, (T,,7,)=0F a, M bW D(T,) 73 E.
18 2.1, &R ab,baaab, M aPabb, 5T, M5, 5 f, (E1,3) <2FJE. B cn, (T,0b,)=1. R
cry(Ty,E ) =0. T cn,(Th,E)=0, Kitcr,(B,,E)=0.

512 3.5 B3I H) WD Ry, (1,3) 09— MFEER or (R, (1,3)) < 2k » Fler(Ry, ) (13)) 2 2(k-1)
k>3, %t aba,b, a.,b.,a. FA m DR, Wikt aa,a,,,a,., EEDA m -1 HEE

i+170
ba;b.,a;.,b,,0,.b,., B m AR, R bb,, FELHEm- I A, Hbhm>2, 1<i<3k,
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BI3 3.6 & D & Ry, (1,3) 19— AMFEIEGER or (Ry (13) <2k Her(Ry, ,(13))22(k-1), k=3,
1P =5, WD(H,)FHTFE 3.
TFH—: b fEKHLR, .

VR R 25, ?E'élij(E])<%, fD(ELZ)%, fo(E) <2 fD(EH)%O HIEE 3.4 1,

cry (B3, E)=0, ch(Tl,Tj)=0, 3<j<3k, BVH cry(E,ayasa,b,)=0 o« FRRIGLFHIEERE XL, A
cry(ayay,a,b,) <10 Hcry (ayay,a,b,) =10, D(H,) [T E 2(a)8& 2(b).
T cr, (ayay,a,b,) =1, WETIH 2.1, o, (T,.T,)22 . & D(H,) [ TE 2(a), HI513 2.1, i

abybya; M aay by, \Pba, 5 H M, W f, <E1,4) Zg » T JE %D(HJ FIF T H 2(b), H £ (E1,4) <§ﬂ
5, cry(aybyay,ab,) <o i cny(aybyay,a,b,) =1, HEVESI TSI 3.5) 0T, a,a.a,a5 M bb, #A T
B, fD(EM)z% LTI Her, (aybasab,) =0, e, (abayH,)=0. Bk D(H,UT,)=0 [T
2(c)o HEIHE 2.1, 8812 a,by bya, M aay Pa, 5 T, #58, M 1, (E1,4) 2% s I R, cr, (a,a5,a,b,) =0
Bl er, (H,)=0 H.D(H,) AT 3.

{ ] [} | [

Cr b 1 b 1 n bl ﬁ
a, ~ a, 4
a a 2 a
4 a2 4 a (¥ _ 1
[ (1 ":;12 al '] 'bZV_; —
(a) (b) (©

Figure 2. D(H,) and cr,(H,)=1
2. D(H,)Bcr,(H)=1

Figure3. D(H,) and cr,(H,)=0
B 3. D(H)Bcr,(H)=0

318 3.7 % D 72 Ry (1,3) M—AMFEEH or(Ry (1,3)) <2k » k=3. 4 D(H,)AKTE 3, b7EKX
R, Hi’>5, WD(HUTUB,) A#TES.

1&%:@ﬁg§s,ﬁéw;wg<§,ﬁxgﬁ<§,ﬁxag<z,ﬁxgﬁ<§omm@zi,%@
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b,bya,Fa,.a, M b,bsab Pa, 3T W bba,a,a,b, - #i cry (a,b,,T,) =1, M5 2.1 WAl cr, (T,,T,) 2 2 » I,
fD(EM)z%, TJE o #er, (a,b,,T,) =08 eny (T, T,) =0 MRAFGIEL3.4, cr, (T,,E)=0 Her,(B,)=0
Bl D(H UT,) R T 5 4(a).

Figure 4. The subdrawing of D
B 4. D BT Bk
EEfD(EL4)<§ﬂ%D, cry(B)S1. %or (B)=1, WRBIFE 33, a, Wb, ¥ D(T,) 585K a, B b, b
D(T,) 5785, # a, M b 4 D(T,) 5385, XHF cn, (By)=0 Hen, (B, E )=0, Wb b, SiF D(T,) Klo-F
R DL 158 2.0, B2 by B b 3 T NIt 7, (B,) <5 A58 er, (b, H, UT,UB,) 0.
Kt by F1 b 2T D(T, ) R3PS X I8 [RIE 513 2.1, BRAZ bibyaga,byPby by 5 T, #ZE . AL,
fD(EM)zg, T . a8 D(T) 48, RIS 21, ¥R aaabb, 5T %, LT

p e 8
cry (T, E) ) =0, [FEH 51 2] 2.1, 842 b by,_, Bb,asbbsas 5 T, FHAZ KL, f), (EM)ZE K& W ery (B,)=0.
4 cry (b, T,) =1 o WRIELFETES cr, (bby.aas)=1 H ag AL TR, 8L R, . B3 2.1, BT
R 4
bbya,Fasa, M bybsagbPa, %X W bbayasab, « R f), (El,z ) < 3’ i

cry (bybsagPyaya, Ubbsacb Pay, bibayay ) <1 o ARl R cr,, (b,bsa, Rasya,, aza,b, ) =1 - 1RIEGI 3 3.4,
cry (By)=0 Hery (T,,T,) =0 o Kb, M a, £ T D(Ty) R orF R — X3, [, ien,(7,,7)=0AH
cry (0, T,) =0 W5, b, Ma f0F D(T,) RI50-FHEI R — X RyE508 2.1, %

Crp (bszagp()a3kal,a3a4b4) =1, Wen, (b2b8a9p()a3ka1>34) 22, Ha EXER I, H £, (E1,4) <§mﬂ’
cry (bbs, H UT,UB,) =0, Fk b 0 T X3 R, B R, X FHE L, (1513 2.1 B 8845 abs 5 H, UT, U B,
. I, fD(EM)z%, TJEo Mas EXIE R, B, D(H,UT,UT,) R T E 4(b). #4551 2 2.1 AT %0,

AR ashay.a, Al asbsasb,Pbya, 2 b,a,bb,a,a;b, [FEF ER S,
crp (asBaya, UasbsabPbyabay) =0, Her, (asRaya,UashabPbya,,T,) 22,

8
cry (asPyaya, UasbsabPbya,,B,)>2 o B, f, (E1,4) 25 » Ko Wer,(bb,,T,)=0. D(HUT,UB,)

R4 5.
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Figure 5. D(H,UT,UB,) and b, areinarea R,
5 D(HUT,UB,) Hb EXE R,

SI2E 3.8 & D & Ry, (1,3) M AMFEIEGL or (Ry (13) <2k Her(Ry, ,(13))22(k-1), k>3,
% D(H,UT,UB,) AT &5, Wi’ =>5.

5% 1, D(H,UT,UB,) FHT % 5(a);

5% 2, D(H,UT,UB,) [T 5(b)8k/%] 5(c);

5% 3, D(H,UT,UB,) AT & 5(d).

TR b EXIER, -

Wi RRUER], Mk =30, 8 or (R, (1,3))2 2k BOL.

4. &g

RSO SRUEVE RIS A N IE B BORAE & B Ry, (1,3) HOAE XA ARFRAF IO 3L, 4 T3
BACE B Ry, (1,3) IS XHON 2k H— AN oFmE, WIS ZIBEEE B R, (1,3) S XH LS T Eo
FEET B Ry, (1,3) 52 SRR — 7, R SOR IR SO I Ry, (1,3) BOILERIEAT 2026, Hidrit
B, FRPTARRIREIEAE, RASHD R OHE, REUERSBEREE E R, (1,3) FIZEXHECR At
HIL AR 2] or (R, (1,3)) =2k » k23
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