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Abstract

In this paper, we investigate the stability and bifurcations of a modified Leslie-Gower

predator-prey system with Holling type-IV functional response and strong Allee effect.

First, we use the linearization analysis and bifurcation theory, the local asymptotic

stability of the equilibrium points are discussed, and then the condition of the existence

of bifurcations is given by choosing m as the bifurcation parameter. On addition,

using the canonical theory and the central manifold theorem, the direction of Hopf

bifurcation and the stability of periodic solution of bifurcation are analyzed. Finally,

the accuracy of the conclusion is verified by numerical simulation.
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A [11], Xe¤«µ 
u̇ = ru(1− u

K
)− αuv

b+ u2
,

v̇ = sv(1− v

βu
),

(1)

Ù¥ u Ú v ©OL« �ÚÓ ö«+��Ý; ëê r � s �L§��S3O�Ç; K L«

�Ô����¸NBþ.

d� Allee [12]JÑz�Ô«ÑkÙ�`)��Ý, = Allee �A, §�N
O�Ç�«+�Ý

�m���''X, �«+)¹3$�Ý�¸¥, ¦+)�¤I�m�]
v
õ, �du Allee �

A, «+�¬¡�«ýºx [13]. 
 Allee �A�¦ÄåÆXÚ�\E,. ïÄ<
®²JÑäk

Allee �A�Ó ö- �XÚ [14] [15], úª�

du

dt
= ru(1− u

K
)(u−m)

Ù¥ u−m � Allee �A�, m > 0 < 0 �r Allee �A(f Allee �A), ¿�k−K < m < K [16].

3¢S)¹¥, K�Ó ö«+êþ�Ï��kéõ, Leslie [17]JÑÓ öØ¬Ã�O�, §

��¬É�g,�¸���, �Ó öO���½§Ý�Ò¬ªu­½G�. 
�Ó ö�Ø¬�

�6u�«�Ô)�, 3"�§��U�� Ô��¹e, Ó ö¬�
)�
ÓPÙ§�Ô [18].

¤±, kïÄ<
JÑ
U?� Leslie-Gower Ó ö- ��., d�.U�O(/�AÓ ö-�

Ô�m�'X. Ïd, 3�©¥ïÄ3?�� Leslie-Gower �.¥�Ä�k Allee �A� Holling-IV

.õU�A: 
du

dt
= ru(1− u

K
)(u−m)− αuv

u2 +B
,

dv

dt
= sv(1− v

βu+ c
),

(2)

Ù¥ α ´��Ó Ç, B �L�Ô���Ú~ê, β �ïþ�Ô��Ó ö Ô�þ�ëê, c L

«Ù§��O�Ô�êþ. ��Bå�, ÏLC�

u =
u

K
, v =

v

βK
, t = rtK, m =

m

K
, a =

rB

αβ
, b =

rK2

αβ
, s =

s

rK
, c =

c

βK
,

�òXÚ (2) �z�


du

dt
= u(1− u)(u−m)− uv

a+ bu2
,

dv

dt
= sv(1− v

u+ c
), [0.25cm > [0.25cm

(3)

�©Äk©ÛXÚ (3) ²ï:�­½5; ,�?Ø Hopf ©|��35, ¿ÏL5�.nØÚ

PoincarW-Andronov-Hopf ©|nØ��{©Û©|���9©|±Ï)�­½5, �e5|^ê�

�[5�y¤�(Ø, ��)º�©�Ì�(Ø.
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2. ²ï:��35Ú­½5

2.1. ²ï:��35

éu�. (3), o�3²�²ï: E0 = (0, 0) Ú�²�²ï: E1 = (1, 0), Em = (m, 0),

Ec = (0, c). e¡?Ø§��²ï:, XJ E = (u, v), Kk v = u+ c, ¿� u ´÷v±e�ª��

���

u4 − (1 +m)u3 + (m+
a

b
)u2 +

1− a− am
b

u+
am+ c

b
= 0.

-

P (u) = u4 +Au3 +Bu2 + Cu+D,

Ù¥ A = −(1 +m), B = m+
a

b
, C =

1− a− am
b

, D =
am+ c

b
.

�
¦Ñ P (u) = 0 ����3^�, ·�¦^© [19]¥��{. ��CþC�, 4 u = U − A

4
,

���

P (u) = P (U − A

4
) = U4 + EU2 + FU +G = Q(U),

Ù¥ E = −3A2

8
+B, F =

A3

8
− AB

2
+ C, G = −3A4

256
+
A2B

16
− AC

4
+D. y3, I�Ä±eü«

�¹.

�¹�: XJ F = 0, K Q(U) = U4 + EU2 +G, - ∆ = E2 − 4G, ·���Ñ±e(Ø.

(1) XJG = 0, E = 0½ E > 0, Ñk U = 0, = u = −A
4

=
m+ 1

4
, v =

m+ 1

4
+ c, KXÚ (3)

k�) E2(
m+ 1

4
,
m+ 1

4
+ c).

(2) XJ G = 0, E < 0, KXÚ (3)kn��) (
m+ 1

4
,
m+ 1

4
+ c), (

√
−E − A

4
,
√
−E − A

4
+

c), (−
√
−E − A

4
,−
√
−E − A

4
+ c)

(3) XJ G < 0� E = 0, KXÚ (3)kü��) (± 4
√
−G− A

4
,± 4
√
−G− A

4
+ c).

(4) XJ G < 0, � E > 0½ E < 0, Kkü��) (±
√
−E+

√
∆

2
− A

4
, (±

√
−E+

√
∆

2
− A

4
+ c)

(5) XJ G > 0, E < 0,∆ ≥ 0, XÚ (3)ko��) (±
√
−E±

√
∆

2
− A

4
, (±

√
−E±

√
∆

2
− A

4
+ c).

�¹�: XJ F 6= 0, �±Ú\ëê δ, ¦�

(U2 +
E

2
+ δ)2 = U4 +

E2

4
+ δ2 + EU2 + Eδ + 2δU2

= U4 + (E + 2δ)U2 +
E2

4
+ δE + δ2
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K Q(U) �z�

Q(U) = (U2 +
E

2
+ δ)2 − (2δU2 − FU + (δ2 + δE +

E2

4
−G)).

�
nÑ²��, 4 δ ÷v

(
F

4δ
)2 =

δ

2
+
E

2
+
E2

8δ
− G

2δ
,

=

8δ3 + 8Eδ2 + 2E2δ − 8Gδ − F 2 = 0.

�â":½n, þªk����, ò�P� δ. Ïdk

Q(U) = (U2 +
E

2
+ δ)2 − 2δ(U − F

4δ

2

)

= (U2 −
√

2δU +
E

2
+ δ +

F

2
√

2δ
)(U2 +

√
2δU +

E

2
+ δ − F

2
√

2δ
)

= q1(U)q2(U)

Ù¥

∆1 = 2δ − 4(
E

2
+ δ +

F

2
√

2δ
),

∆2 = 2δ − 4(
E

2
+ δ − F

2
√

2δ
),

� ∆1,∆2 ≥ 0, K q1(U) � q2(U) ���

U1
± =

1

2
(
√

2δ ±
√

∆1),

U2
± ==

1

2
(−
√

2δ ±
√

∆2).

¤± P (U) = 0 �)�

u1
± ==

1

2
(
√

2δ ±
√

∆1)− A

4
,

u2
± ==

1

2
(−
√

2δ ±
√

∆2)− A

4
.

½n 1 XÚ (3) k²�²ï: E0 = (0, 0) Ú�²�²ï: E1 = (1, 0), Em = (m, 0),
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Ec = (0, c), éu�²ï), ·�k:

(i)XJ F = G = 0, E = 0½ E > 0, XÚ (3) k�) E2(
m+ 1

4
,
m+ 1

4
+ c).

(ii)XJ F = G = 0, E < 0, XÚ (3)kn��) (
m+ 1

4
,
m+ 1

4
+ c), (

√
−E − A

4
,
√
−E − A

4
+

c), (−
√
−E − A

4
,−
√
−E − A

4
+ c)

(iii)XJ F = E = 0� G < 0, XÚ (3) kü��) (± 4
√
−G− A

4
,± 4
√
−G− A

4
+ c).

(iv)XJF = 0, G < 0,�E > 0½E < 0,XÚ (3)kü��) (±
√
−E+

√
∆

2
−A

4
, (±

√
−E+

√
∆

2
−

A

4
+ c)

(v)XJ G > 0, E < 0,∆ ≥ 0, XÚ (3)ko��) (±
√
−E±

√
∆

2
− A

4
, (±

√
−E±

√
∆

2
− A

4
+ c).

(vi)� F 6= 0,∆1,∆2 ≥ 0, ¿�
1

2
(−
√

∆1 +
A

2
)2 < δ <

1

2
(
√

∆2 +
A

2
)2, XÚ (3)ko��)

E1
±, E

2
±;

(vii) XJ F 6= 0,∆1 ≥ 0,∆2 < 0, � δ >
1

2
(−
√

∆1 +
A

2
)2, �XÚ (3)kü�) E1

±; �

1

2
(
√

∆1 +
A

2
)2 < δ ≤ 1

2
(−
√

∆1 +
A

2
)2, �k���) E1

−.

(viii) XJ F 6= 0,∆2 ≥ 0,∆1 < 0, � δ <
1

2
(
√

∆2 +
A

2
)2, �XÚ (3)kü�) E2

±; �

1

2
(
√

∆2 +
A

2
)2 ≤ δ ≤ 1

2
(
√

∆2 −
A

2
)2, �k���) E1

+.

2.2. ²ï:�ÛÜ­½5

3�©¥, �?Ø E0, E1, Em, Ec±9� F = E = G = 0 �²ï) E2. XÚ (3)3?�:?

JacobiÝ
�

J =

−3u2 + 2(m+ 1)u−m− (a− bu2)v

(a+ bu2)2
− u

a+ bu2

sv2

(u+ c)2
s− 2sv

u+ c

 , (4)

e¡O�XÚ (3) 3z�²ï:?� Jacobi Ý
�A��, 5©Ûù
²ï:�­½5.

½n 2 (i)²�²ï: E0 = (0, 0) ´Q:.

(ii)e^� 0 < m < 1 ¤á, K�²�²ï: E1 = (1, 0) ´Q:, Em´(:.

(iii)�²�²ï: Ec´(:.
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y² (i)XÚ (3) 3²ï: E0 ?� Jacobi Ý
�

JE0
=

 −m 0

0 s

 ,

Ïm, c´�~ê, Ïd²ï: E0 ´Q:.

(ii) XÚ (3) 3²ï: E1 � Em?� Jacobi Ý
©O�

JE1
=

 m− 1 − 1

a+ b

0 s

 ,

JEm
=

 −m2 +m − m

a+ bm2

0 s

 ,

� 0 < m < 1 �, : E1 ´Q:, Em ´Ø­½�(:.

(iii) XÚ (3) 3²ï: Ec ?� Jacobi Ý
�

JEc
=

 −m−
c

a
0

s −s

 ,


 −m− c

a
< 0 ¤á, ¤± Ec ´­½�(:.

�e5?Ø E2 �­½5, E2 � Jacobi Ý
�

JE2
=

 s0 s1

s −s

 ,

Ù¥ s0 = −3u2
2 + 2(m+ 1)u2 −m−

(a− bu2
2)(1− u2)(u2 −m)

a+ bu2
2

, s1 = − u2

a+ bu2
2

. ÙA��§�

P (λ) = λ2 − (s0 − s)λ− s(s0 + s1),

½n 3 (i)XJ s > s0, ¿�

(H1) 2a(1− u2)(u2 −m) + c > (a+ bu2
2)(−3u2

2 + 2(m+ 1)u2 −m),

K E2ÛÜìC­½;

(ii)XJ s < s0, ¿� (H1) ¤á�, E2Ø­½;

(iii)�
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(H2) 2a(1− u2)(u2 −m) + c < (a+ bu2
2)(−3u2

2 + 2(m+ 1)u2 −m),

K E2 �Q:.

3. ©|��35

3.1. ª�.©|��35

½n 4 XÚ (3)�m = 1 �3: Em ?u)ª�.©|.

y²XJÀ�m = 1 �©|ëê, @oXÚ (3) 3 Em k��"A��±9��KA��, Ù

Jacobi Ý
�

J(Em) =

 0 − 1

a+ b

0 −s

 ,

Ý
J(Em) and J>(Em) �A��þ©O´:

V =

 v1

v2

 =

 1

0

 , W =

 w1

w2

 =

 s(a+ b)

1

 .

-F (u, v) = (f(u, v), g(u, v))>, ��

Fm(Em;mt) =

 ∂f
∂m

∂g
∂m


(Em;mt)

=

 0

0

 ,

DFm(Em;mt)V =

 ∂fm
∂u

∂fm
∂v

∂gm
∂u

∂gm
∂v

 v1

v2


(Em;mt)

=

 1

0

 ,

D2F (Em;mt)(V, V ) =

 ∂2f
∂u2 v1v1 + 2 ∂2f

∂u∂v
v1v2 + ∂2f

∂v2 v2v2

∂2g
∂u2 v1v1 + 2 ∂2g

∂u∂v
v1v2 + ∂2g

∂v2 v2v2


(Em;mt)

=

 −2

0

 ,

?�ÚO���Ñ

W>Fm(Em;mt) = 0,

W>[DFm(Em;mt)V ] = s(a+ b) 6= 0,

W>[D2F (Em;mt)(V, V )] = −2s(a+ b) 6= 0.

Ïd, XÚ (3)3m = 1 ?u)ª�.©|.
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3.2. Hopf©|©Û

- E∗ = (u∗, v∗) ´XÚ (3) ����²ï:, k v∗ = u∗ + c, ¿� u∗ ÷v�ª

(1− u)(u−m) =
v

a+ bu2
.

XÚ (3) 3 E∗ ?� Jacobi Ý
�

J(E∗) =

 a11 a12

a21 a22

 ,

Ù¥

a11 = u∗(1− u∗)− u∗(u∗ −m) +
2bu2
∗v

a+ bu2
∗
, a12 = − u∗

a+ bu2
∗
,

a21 = s, a22 = −s.

Ý
�A��§�

P (λ) = λ2 − (a11 + a22) + (a11a22 − a12a21).

éuÝ
 JE∗ , ��Xe(Ø.

Ún 3 (i) Tr(JE∗) = 0 ��=�

(H3) m = 2u∗ − 1− 2bu∗v∗
(a+ bu2

∗)
2

+
s

u
= m∗,

(ii) Det(JE∗) > 0 ��=�

(H4) s <
u∗

a+ bu2
∗
,

�m = m∗ �, � λ(m) = α(m)± β(m) ´ P (λ) = 0 ��éJê�, �

α(m) =
a11 + a22

2
, β(m) =

1

2

√
−4a12a21 − (a11 − a22)2.

Ïd, �Ý
÷v (H3) � (H4) �§k α(m) = 0, α
′
(m) > 0. ùÒ¿�Xî�5^�÷v, ÏL

PoincarW-Andronov-Hopf bifurcation ½n, ��XÚ3 E∗ ?¬u) Hopf ©|.

�
�Ñ©|����­½5, �I���ÚO�. �C� ũ = u− u∗, ṽ = v − v∗. �
�Bå
�, ^ u Ú v 5�O u∗ � v∗, @oXÚ (3) �±��

du

dt
= (u+ u∗)(1− (u+ u∗))((u+ u∗)−m)− (u+ u∗)(v + v∗)

a+ b(u+ u∗)2
,

dv

dt
= s(v + v∗)(1− v + v∗

(u+ u∗) + c
),
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=


du

dt

dv

dt

 = J(E∗)

 u

v

 +

 f(u, v,m)

g(u, v,m)

 , (5)

Ù¥

f(u, v, c) = a1u
2 + a2uv + a3u

3 + a4u
2v + · · · ,

g(u, v, c) = b1u
2 + b2uv + b3v

2 + b4u
3 + b5u

2v + b6uv
2 · · ·

�

a1 = −3u∗ +m+ 1 +
bu∗(3a− bu∗2)v∗

(a+ bu∗2)3
, a2 = − a− bu∗2

(a+ bu∗2)2
,

a3 = −1 +
bv∗(a2 + b∗2u∗4 − 6abu∗2)

(a+ bu∗2)4
, a4 =

bu∗(3a− bu∗2)

(a+ bu∗2)3
,

b1 = − s

u∗ + c
, b2 =

2s

u∗ + c
, b3 = − s

u∗ + c
,

b4 =
s

(u∗ + c)2
, b5 = − 2s

(u∗ + c)2 , b6 =
s

(u∗ + c)2
.

�Ý


T =

 N 1

M 0

 ,

Ù¥M = − a21

β(m)
, N =

a22 − a11

2β(m)
. K�±��

T =

 α(m) −β(m)

β(m) α(m)

 ,

�m = m∗ �

M0 := M |m=m∗ , N0 := N |m=m∗ , β0 := β|m=m∗ .

ÏLC� (u, v)> = T (x, y)> XÚ (3)���
dx

dt

dy

dt

 = T−1J(E∗)T

 x

y

 + T−1

 f(x, y,m)

g(x, y,m)


=

 α(m) −β(m)

β(m) α(m)

 x

y

 +

 f1(x, y,m)

g1(x, y,m)

 ,

(6)
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Ù¥

f1(x, y,m) =
1

M
g(Nx+ y,Mx,m)

= (
N2

M
b1 +Nb2 +Mb3)x2 + (

2N

M
b1 + b2)xy +

b1
M
y2

+(
N3

M
b4 +N2b5 +NMb6)x3 + (

3N2

M
b4 + 2Nb5 +Mb6)x2y

+(
3N

M
b4 + b5)xy2 +

b4
M
y3 + · · · ,

g1(x, y,m) = f(Nx+ y,Mx,m)− N

M
g(Nx+ y,Mx,m)

= (N2a1 +NMa2 −
N3

M
b1 −N2b2 −NMb3)x2

+(2Na1 +Ma2 −
2N2

M
b1 −Nb2)xy + (a1 −

N

M
b1)y2

+(N3a3 +N2Ma4 −
N4

M
b4 −N3b5 −N2Mb6)x3

+(3N2a3 + 2NMa4 −
3N3

M
b4 − 2N2b5 −NMb6)x2y

+(3Na3 +Ma4 −
3N2

M
b4 −Nb5)xy2 + (a3 −

N

M
b4)y3 + · · · ,

ò (6) ª��4�I/ª:  ṙ = α(m)r + a(m)r3 + · · · ,

θ̇ = β(m)r + c(m)r2 + · · · ,
(7)

þª3m = m∗ ?��VÐm� ṙ = α′(m∗)(m−m∗)r + a(m∗)r3 + o((m−m∗)2r, (m−m∗)r3, r5),

θ̇ = β(m∗)r + β′(m∗)(m−m∗) + c(m∗)r2 + o((m−m∗)2, (m−m∗)r2, r4).

(8)

�
�Ñ Hopf ©|±Ï)�­½5, �I�O��äa(m∗) �ÎÒ,

a(m∗) :=
1

16
(f1

xxx + f1
xyy + g1

xxy + g1
yyy)

+
1

16β0

[f1
xy(f1

xx + f1
yy)− g1

xy(g1
xx + g1

yy)− f1
xxg

1
xx + f1

yyg
1
yy].

3©|:(x, y,m) = (0, 0,m∗) ?�� �ê©O�

f1
xxx(0, 0,m∗) = 6(

N3
0

M0

b4 +N2
0 b5 +N0M0b6),

f1
xyy(0, 0,m∗) = 2(

3N0

M0

b4 + b5),

g1
xxy(0, 0,m∗) = 2(3N2

0a4 + 2N0M0a5 −
3N2

0

M0

b4 − 2N2
0 b5 −N0M0b6),

g1
yyy(0, 0,m∗) = 6(a3 −

N0

M0

b4),
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f1
xx(0, 0,m∗) = 2(

N2
0

M0

b1 +N0b2 +M0b3),

f1
xy(0, 0,m∗) =

2N0

M0

b1 + b2, f1
yy(0, 0,m∗) =

2

M0

b1,

g1
yy(0, 0,m∗) = 2(a1 −

N0

M0

b1),

g1
xx(0, 0,m∗) = 2(N2

0a1 +N0M0a2 −
N3

0

M0

b1 −N2
0 b2 −N0M0b3),

g1
xy(0, 0,m∗) = 2N0a1 +M0a2 −

2N2
0

M0

b1 −N0b2.

Ù¥k N0 = M0, b1 = b3, b5 = −2b6, b2 = −2b1, ·��±�Ñ f1
xx(0, 0,m∗) = f1

xy(0, 0,m∗) = 0. Ï

dk

a(m∗) =
1

8
[3a3 − 2b6 +N2

0 (3a3 + 2a4)]

+
1

8β0

[
2b1(a1 − b1)

N0

− (2a1 + a2)(a1 + a2)N3
0 − (2a1 + a2)(a1 − a2)N0],

¤±, �±�äa(m∗) �ÎÒ. Ù¥

µ2 = − a(m∗)

α′(m∗)
, α′(m∗) > 0,

l Poincaré-Andronov-Hopf Bifurcation ½n, �±�ÑXe(Ø.

½n 4b�^� (H3) � (H4) ¤á, �m = m∗, XÚ (3) 3SÜ²ï: (u∗, v∗) u) Hopf ©

|.

(i)� a(m∗) > 0 (< 0), Ù�)�±Ï)´­½(Ø­½)�;

(ii)� µ2 > 0 (< 0) ©|±Ï)æ�.(��.).

4. ê��[

�!/ÏMatlab ^�?1ê��[, ±d5�yc¡¤���(Ø. 3XÚ(3)¥kÀ�ëê

a = 2, b = 4, c = 0.0004, e = 0.2, m = 0.16. (9)

÷vXÚk�²ï:E∗. ²O�, m∗ ≈ 0.14975. �m = 0.14 < m∗�, �²ï:E∗ =

(0.66168, 0.66208) ´��ì?­½�Ú^®, Xeã 1(a)¤«. �m = 0.16 > m∗ �, �²ï

:E∗ = (0.61493, 0.61533)´��Ø­½�Ú^
¿��.�3��­½�4��, Xeã 1(b)¤

«. d	, �mlm∗��>BL�, E∗ ò��§�­½5¿�ÑyHopf©|, ?�ÚO��
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�a(m∗) ≈ −0.45 < 0, d½n4,Hopf©|´æ�.�, ©|±Ï)´Ø­½�.

Figure 1. English

ã 1. �.(1)ëê�(19)�� ã. (a) m = 0.14; (b) m = 0.16

5. (Ø

nþ¤ã,�©ïÄ
� Allee �A�?� Leslie-Gower Ó ö- ��., ?Ø
­½5�©

|y�, U�\O(/£ã)Ô«+Ä�. Ù¥ Allee �A3g,.´ÊH�3�, §��
�E,

�)�ÄåÆXÚ, Ùõ^u
)DkÚS�Ô«�$�Ý«+Ä�, ��Ô«+�Ý�$�, «+

�Ý¬ÅìO\ªu²­, � ö��Ñþ¯�O\, ��Ô«+�ÝCp�, �Ñþªu�Ú, �

XJk�¸{å½�3¿�, �Ô«+O��Ý¬eü$�«ý. d	, �|^
¢Sêâé�.?

1
�y�©Û, 3·��ëêe, �.�3õ�­½±Ï), ¿��Xëê�UC, XÚ�U¬u

)©|y�. T�.�Ó ö-  ��.Jø
#�(Ø, äk�½A^d�, ��uy3,
�¹

e�3Û�5, Ïd±��ïÄ¥�I?�Ú�õ, ±B�Ð£ãÓ ö� �m��p�^'X.
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