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Abstract

A network is usually modeled by a simple undirected graph G = (V (G), E(G)), where

V (G) and E(G) represent processors and links between processors, respectively. In the

interconnect network, the failure of processors or communication links is unavoidable.

The connectivity and edge-connectivity of G are major parameters to evaluate the

fault-tolerance and reliability of a network. Based on such circumstances, strong

connectivity of the internet is proposed, it allows both processors and links to fail at

the same time. In this paper, we study strong connectivity of Bn for n ≥ 4, including

the strong natural connectivity and strong natural edge-connectivity of Bn and so on.
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1. Úó

��pé�äXÚÏ~d��{üÃ�ëÏãG = (V (G), E(G))�¤§Ù¥V (G) ÚE(G) ©

OL«pé�ä¥�?nìÚ?nì�m�Ï&ó´"��ãG�ëÏÝ£½>ëÏÝ¤´��K

���:£½>¤§¦�ãGØëÏ½ö´��²�ã§©OP�κ(G)Úλ(G)"��ãG��£>¤

ëÏÝ´��K���:£>¤§¦ãGØëÏ§�z�ëÏ©|���¹ü�º:"éuãG �

?¿��º:v§·�^NG(v) 5L«º:v���§=Úv�ë�º:8"^dG(v)5L«º:v 3

ãG¥�Ý§=�º:v �ë�>ê"w,§·�kdG(v) = |NG(v)|"éu��º:8X ⊆ V (G)§

X���NG(X) = {
⋃

x∈X NG(x)}\X"3��ãG ¥§XJ?¿��º:v �ÝÑ�k§@o·
�Ò¡ãG´k-�Kã"XJdG(v) = 0§Kv´���á:"éu����º:8V

′ ⊂ V (G)§

G¥V
′
�p�fãP�G[V

′
]§Tp�fã�º:8�V

′
§>8�G¥¤kà:Ñ3V

′
¥�>�8

Ü"�.ã´��äkáÚå�pé�ä§3ïÄõ?nìXÚ¥�üX­���Ú§¿�äk

�
ûÐ�ÿÀ5�§X!:é¡!(n− 1)-�KÚ�©�5�§ë�©[1–9]"
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3pé�ä¥§du?nì½öÏ&ó´�UÑ¬u)�æ§l
����pé��¡�O

�"ëÏ5Ú>ëÏ5´µ���pé�äN�Uå�Ì�ëê§��äÿÀ(�¥k�½êþ

�!:Úó´u)�æ�§·�F"�äEU�±Ù�©5�"Äud�µe§rëÏ5�JÑ"

rëÏ5nÜ
:ëÏ5Ú>ëÏ5§§#N!:ÚÏ&ó´Ó�u)�æ"���²�ãG§

��æ8F ⊆ V (G)§eG − FØëÏ§KF´ãG���º:�"Ó�/§e�æ8F ⊆ E(G)§

�G − FØëÏ§KF´ãG���>�"��æ8F ⊆ V (G)§eé?¿�º:x ∈ V (G)\F§Ñ
k|NG(x) ∩ (V (G)\F )| ≥ g§K¡F´��g-Ð��æ8"¦�G − FØëÏ���g-Ð��æ

8F�¡�ãG���g-Ð��"g-Ð�����Äê¡�ãG�g-Ð�ëÏÝ§P�κ(g)(G)"X

JG− F�z�©|��k(g + 1)�º:§K¡�æ8F´ãG���g-�	�æ8"¦�G− FØ
ëÏ���g-�	�æ8F�¡�ãG���g-�	�"g-�	����Äê¡�ãG�g-�	ë

ÏÝ§P�κ̃(g)(G)"ë�©[10–16]"3ù�©Ù¥§·�Ì�ïÄ
�.ãBn�rëÏ5§y²


Bn�;�ëÏ5Ú;�>ëÏ5Ñ´n− 1§�y²
Bn�rg,>ëÏ5´2n− 4"

�©�eÜ©�SüXeµ12Ü©0�
n��.ãBn�½ÂÚ�
�'�5�"13Ü©?

Ø
n��.ãBn�r;�ëÏ5"14Ü©ïÄ
n��.ãBn�rg,ëÏ5"15Ü©é�©

?1
o("

2. ý��£

ù�Ù!¥§·��Ñ
�.ã�VgÚ�
�'5�§Ó�§·���Ñ
3e�Ù!¥

¬A^���
Ún"

�
�B§·�^p1p2 · · · pn5L«��

(
1 2 · · · n

p1 p2 · · · pn

)
"��k��^Ø���Ó��¦

ÈL«,~X

(
1 2 3

2 3 1

)
=
(
1 2 3

)
"AO/§

(
1 2 · · · n

1 2 · · · n

)
=
(
1
)
"éud?�½Â�â�Ú

ÎÒ§·��Ì[17].

�[n] = {1, 2, · · · , n}§Sn�[n]þ�¹¤k��p1p2 · · · pn�é¡+"n��.ãBn´º:8

�V (Bn) = Sn�ã§��=�u = v(i, i + 1)(1 ≤ i ≤ n − 1)�§Ù¥ü�º:uÚv��"w

,§Bn´��n − 1�Kã§ |V (Bn)| = n!§ |E(Bn)| = (n−1)n!
2
"·��±òBn ©)�n�f

ãB1
n, B

2
n, · · · , Bn

n§Ù¥z�º:u = x1x2 · · ·xn ∈ V (Bn)����� �xn����½��

êi, i ∈ [n]§KBi
nÓ�uBn−1"�v ∈ V (Bn)§@ov(n− 1, n)�¡�v�	Ü��§w,Bn¥z�

º:Ñk��	Ü��"Bn´��AÏ�Cayley ã§�.ãB4�ã 1"

½Â2.1 ([14]) �G = (V,E)´���²�ëÏã"XJδ(G− F ) ≥ g§Kr�æ8F ⊆ V ∪ E¡�
rg-Ð��æ8"¦�G− FØëÏ���rg-Ð��æ8F�¡�ãG���rg-Ð��"rg-Ð
�����Äê¡�ãG�rg-Ð�ëÏÝ§^κλ(g)(G)L«"eãGk��rg- Ð��§KëÏ

ãG´rg-Ð�ëÏ�"ãG�r0-Ð�ëÏÝ�¡�ãG�rëÏÝ§P�κλ(G)"ãG�r1-Ð

�ëÏÝ�¡�ãG�rg,ëÏÝ§P�nκλ(G)"eF ⊆ E§KãG�rg,ëÏÝ¡�ãG�

g,>ëÏÝ§L«�nλ(G)"

b�g
′ ≥ g"XJ��ëÏãG´rg

′
-Ð�ëÏ�§@oãGk��rg

′
-Ð��F"Ïd�±
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Figure 1. The bubble-sort graph B4

ã 1. �.ãB4

��δ(G − F ) ≥ g
′
§2(Üg

′ ≥ g§·�kδ(G − F ) ≥ g"Ïd§ãG�´rg-Ð�ëÏ�"dd

·�keã½n¤á"

½n2.2 ([14]) -g
′ ≥ g§�G´��rg′

-Ð�ëÏã§Kκλ(g
′
)(G) ≥ κλ(g)(G)"

½Â2.3 ([14]) �G = (V,E)´���²�ëÏã§XJG−F�z�©|��kg+1�º:§Kr

�æ8F ⊆ V ∪ E¡�rg-�	�æ8"¦�G− F ØëÏ���rg-�	�æ8F �¡�ãG�
��rg-�	�"rg-�	����Äê¡�ãG�rg-�	ëÏÝ§^κ̃λ

(g)
(G)L«"eãG k

��rg-�	�§KëÏãG´rg-�	ëÏ�"

b�g
′ ≥ g"XJ��ëÏãG´rg

′
-�	ëÏ�§@oãGk��rg

′
-�	�F"Ïd�±

��G− F�z�©|��kg′
+ 1�º:§2(Üg

′ ≥ g§·�kG− F�z�©|��kg + 1�

º:"Ïd§ãG�´rg-�	ëÏ�"ddkeã½n¤á"

½n2.4 ([14]) -g
′ ≥ g§�G´��rg′

-�	ëÏã§Kκ̃λ
(g

′
)
(G) ≥ κ̃λ

(g)
(G)"

½n2.5 ([14]) -G´��rg-Ð�ëÏã§Kκλ(g)(G) ≥ κ̃λ
(g)

(G)"

½n2.6 ([14]) -G´��rg-�	ëÏã§�g = 0, 1�§kκλ(g)(G) = κ̃λ
(g)

(G)"

3�©¥§·�Ï~b½n ≥ 4¿��â���� ��I\iÎGiéBn?1y©§Ù

¥1 ≤ i ≤ n"½ÂEi,j(Bn) = EBn
(V (Bi

n), V (Bj
n))§Ù¥i, j ∈ [1, n]�i 6= j"éu?¿x ∈ V (Bi

n)§

·�½Âx+ = x(n− 1, n)§�¡�x�	Ü��§Bnk±e5�"

·K1 ([17]) éu?Û�ên ≥ 2§Bn´(n− 1)-�K�§´º:D4�"
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·K2 ([17]) éu?Û�ên ≥ 2§Bn´�Üã"

·K3 ([17]) éuéu?Û�ên ≥ 3§Bn����4"

·K4 ([17]) �Bn´�.ã§@oκ(Bn) = n− 1λ(Bn) = n− 1"

·K5 ([17]) �Bn´�.ã§Kkeã½n¤áµ

(1) éui, j ∈ [1, n]�i 6= j§|Ei,j(Bn)| = (n− 2)!¶

(2) éux, y ∈ V (Bi
n), N

+
x ∩N+

y = ∅¶

(3) éux, y ∈ V (Bn), |NBn
(x) ∩NBn

(y)| ≤ 2"

·K6 ([18]) éun ≥ 3�§Bn ��ëÏÝ´2n− 4"

3. Bn�r;�ëÏ5

3ù�!¥§Bn�r;�ëÏ5�y²"3y²�©��ª(Ø�c§·�ky²A�k^

�½n"

½n3.1 éu?Û�ên ≥ 2§κλ(Bn) = n− 1"

y²µ -F´Bn���r�"eF ∈ V (Bn)§�â·K4§k|F | = n − 1"eF ∈ E(Bn)§�

â·K4k|F | = n − 1"�T½n�(J3þã�¹¥¤á"Ïd§b�n ≥ 2�F /∈ V (Bn)"

-Fv = F ∩V (Bn), Fv 6= ∅§�-Fe = F ∩E(Bn), Fe 6= ∅"b�F´Bn���r�§�|F | ≤ n−2"

Ï�|Fv| ≤ n− 3§d·K4��Bn − Fv´ëÏ�"Ï�Fe´Bn − Fv���>�§�Bn − Fv − Fe

kü�©|§-|Fe| = i§Ï�n ≥ 2§¤±n! − |Fv| ≥ n! − (n − 2 − i) > 2(i + 1)¤á"Ï

d§3Bn − Fv − Fe¥k��©|C§¦�|V (C)| ≥ i + 1"3C¥§-º:8Vc´d3Bn − Fv¥

�Fe'é�º:�¤§Ïd|Vc| ≤ |Fe| = i"du|Vc| + |Fv| ≤ |Fe| + |Fv| = |F | ≤ n − 2"d·

K4�Bn − Fv − Fe ´ëÏ�§ÏdBn − F´ëÏ�§�F´Bn ���r�gñ§�|F | ≥ n− 1"

-u = (1), v = (12)§¿�-F = {(i, i+ 1) : 2 ≤ i ≤ n− 1} ∪ {uv}§KF´Bn���r�§Ï

dκλ(Bn) ≤ n− 1§(Üκλ(Bn) ≥ n− 1,Kkκλ(Bn) = n− 1"

XJãG�z���º:�FÑ���áÑ��º:§KëÏãG´�ëÏ�"d	§eG −
Fkü�©|§Ù¥��©|´�á:§KãG´;|F |�ëÏ�"

½n3.2 éu?Û�ên ≥ 4§Bn´;(n− 1)�ëÏ�"

y²µ -F´Bn���º:�§d·K4�|F | = n − 1"-Fi = F ∩ V (Bi
n)§Ù¥i ∈ [1, n]

�|F1| ≥ |F2| ≥ · · · |Fn|"-Bn − F´ØëÏ�§én?1±e©a?Øµ

(1) n = 4

�n = 4�§|F | = 3§¿�Bi
4
∼= B3"·�I��Ä±eA«�¹"

(²1µ |F4| = 0"

(²1�y²µ eF4 6= 0§K|F4| ≥ 1"�|F1| ≥ |F2| ≥ |F3| ≥ 1§¤±|F1|+ |F2|+ |F3|+ |F4| ≥ 4§


|F | = 3§gñ§�|F4| = 0"
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�â(²1�µ1 ≥ |F2| ≥ |F3| ≥ 0§¿�d|F | = 3��1 ≤ |F1| ≤ 3"e|F2| = 2§K|F | ≥
2× 2 = 4§ù�|F | = 3gñ§�|F2| ≤ 1"

�¹1µ |F1| = 3"

3ù«�¹e§|F2| = |F3| = |F4| = 0§�Bi
4 − Fi´ëÏ�§Ù¥i ∈ [2, 4]"d·K5(1)�

�µB4 [V (B2
4 − F2) ∪ V (B3

4 − F3)− V (B4
4 − F4)]´ëÏ�"�â|F1| = 3�B1

4
∼= B3§K��

�B1
4 − F1´ëÏ�§½öB

1
4 − F1kü�©|§Ù¥��©|´���á:§½öB

1
4 − F1kn�

�á:"eB1
4 − F1´ëÏ�§KB4 − F´ëÏ�§�B4 − FØëÏgñ¶eB1

4 − F1 kü�©|§

Ù¥��´�á:§d½Â�z�:Ñk��	Ü��§�B4 − FëÏ§�B4 − FØëÏgñ¶
eB1

4 − F1kn��á:§aq��B4 − FëÏ§gñ"

�¹2µ |F1| = 1"

3ù«�¹e§|F1| = |F2| = |F3| = 1"d·K5(1)�?¿ü�ØÓ�fãBi
n�mk(n− 2)! =

2^Õá���>§�B4 − F´ëÏ�§gñ"

�¹3µ |F1| = 2"

3ù«�¹e§|F2| = 1, |F3| = |F4| = 0" |F1| = 2�§B1
4 − F1´ëÏ�§½ökü�©|§

Ù¥��´�á:§½ökü�©|§z�©|´����ãK2"d·K5(1)§eB1
4 − F1´ëÏ

�§KB4 − F´ëÏ�§gñ¶eB1
4 − F1kü�©|§Ù¥��´�á:u§-F2 = {u+}§d

�B4 [V (B1
4 − u− F1) ∪ V (B2

4 − F2) ∪ V (B3
4 − F3) ∪ V (B4

4 − F4)]´ëÏ�§ÏdB4 − Fkü�©
|§Ù¥��´�á:"ÄKB4 − FëÏ§gñ"eB1

4 − F1kü�©|§z�©|´����

ãK2§d·K5(1)��B4 − F´ëÏ�§gñ"

(2) n ≥ 5

éun = 4�(Ø¤á§·�én?18Bb�"b�n ≥ 5�§éuBn−1(J¤á§=eF´Bn−1�

��º:�§KBn−1 − Fkü�©|§Ù¥��©|´�á:"

�¹1µ |F1| ≤ n− 3"

3ù«�¹e§|Fi| ≤ n − 3§Ù¥i ∈ [1, n]"dBi
n
∼= Bn−1Ú·K4 ��§Bi

n − Fi´ëÏ

�"d·K5(1)��?¿ü�ØÓfãBi
n �mk(n− 2)!^Õá���>§qn ≥ 5§K(n− 2)! ≥

2n− 6 ≥ |Fi|+ |Fj |§Ù¥i 6= j§i, j ∈ [1, n]"KBn − F´ëÏ�§gñ"

�¹2µ |F1| = n− 2"

3ù«�¹e§|F2| = 1, |Fi| = 0§Ù¥i ∈ [3, n]"d·K4Ú·K5(1)��§Bn[V (B2
n − F2) ∪

V (B3
n−F3)∪ · · · ∪V (Bn

n −Fn)]´ëÏ�"duB
i
n
∼= Bn−1§�â8Bb�B

1
n−F1´ëÏ�½öü

�©|§Ù¥��©|´���á:"eB1
n−F1 ëÏ§KBn−F´ëÏ�§gñ¶eB1

n−F1kü

�©|§Ù¥��©|´���á:v"-F2 = {v+}§Ï�Bn[V (B1
n−F1−v)∪V (B2

n−F2)∪· · ·∪
V (Bn

n − Fn)]´ëÏ�"Ïd§Bn − Fkü�©|§Ù¥��©|´���á:"ÄKBn − Fë
Ï§gñ"

�¹3µ |F1| = n− 1"

3ù«�¹e§|Fi| = 0§Ù¥i ∈ [2, n]"d·K4Ú·K5(1)��§Bn[V (B2
n − F2) ∪ V (B3

n −
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F3) ∪ · · · ∪ V (Bn
n − Fn)]´ëÏ�§d½Â��B

1
n − F1¥z�:Ñk��	Ü��§�Bn − F ë

Ï§gñ"

nþ¤ã§Bn´;(n− 1)�ëÏ�"

XJãG���>�FÑU�áÑ5��º:§KëÏãG´;|F |�>ëÏ�"

½n3.3 éu?Û�ên ≥ 4§Bn´;(n− 1)�>ëÏ�"

y²µ -F´Bn���>�§d·K4�|F | = n− 1"-Fi = F ∩ E(Bi
n)§Ù¥i ∈ [1, n] �|F1| ≥

|F2| ≥ · · · |Fn|"�C´Bn¥¤k���>�¤�8Ü§Ó�-Fc = F ∩ C"·�én?1±e©a
?Øµ

(1) n = 4

�n = 4�§|F | = 3�Bi
4
∼= B3"aqu½n3.2�(²1§|F4| = 0§�1 ≤ |F1| ≤ 3, 1 ≥ |F2| ≥

|F3| ≥ 0

�¹1µ |F1| = 1"

dBi
4
∼= B3Ú·K4��Bi

4 − Fi´ëÏ�§i ∈ [1, 4]"d·K5(1)§·��±��?¿ü

�ØÓ�fãBi
4�mk(n − 2)! = 2^Õá���>"5¿�|F | = 3,Ø���5§·�b

�|Fc ∩ [V (B1
4), V (B2

4)]| = 2"Ï�|Fc| ≤ 3�B1
n¥¤kº:�	Ü��k(n − 1)! = 6§d·

K5(1)��§B4[V (B1
4 − F1) ∪ V (B3

4 − F3) ∪ V (B4
4 − F4)] ´ëÏ�"aq/§B4[V (B2

4 − F2) ∪
V (B3

4 −F3)∪ V (B4
4 −F4)]´ëÏ�"Ïd§B4−F´ëÏ�§gñ"-|Fc ∩ [V (B1

4), V (B2
4)]| < 2§

i, j ∈ [1, 4]�i 6= j"aq/§·���±��B4 − F´ëÏ�§gñ"

�¹2µ |F1| = 2"

ù«�¹e§|Fc| ≤ 1�|Fi| ≤ 1§Ù¥i ∈ [2, 4]�Bi
4
∼= B3"d·K4 ��§Bi

4 − Fi´ëÏ�"

Ï�|F1| = 2§¤±B1
4 − F1kü�©|§Ù¥��©|´���á:§½ökü�ëÏ©|§z

�©|º:�ê�u�u2"eB1
4 − F1kü�ëÏ©|§d·K5(1)��?¿ü�ØÓfãBi

4 �

mk(n − 2)! = 2 ^Õá���>§
|Fc| ≤ 1§Ï
B4 − F ´ëÏ�§gñ¶eB1
4 − F1kü�

©|§Ù¥��©|´���á:v"e|Fc| = 1�Ø�v'é½|Fc| = 0§KB4 − FëÏ§gñ"
e|Fc| = 1��v'é§KB4[V (B1

4 − v − F1) ∪ V (B2
4 − F2) ∪ V (B3

4 − F3) ∪ V (B4
4 − F4)]´ëÏ�§

ÏdB4 − Fkü�©|§Ù¥��©|´���á:"

�¹3µ |F1| = 3"

ù«�¹e§|F2| = |F3| = |F4| = |Fc| = 0§d·K4Ú·K5(1)��B4 − F´ëÏ�§gñ"

(2) n ≥ 5

éun = 4�(Ø¤á§·�én?18Bb�"b�n ≥ 5�§éuBn−1(J¤á§=

eF´Bn−1���>�§KBn−1 − F kü�©|§Ù¥��©|´�á:"

�¹1µ |F1| ≤ n− 3"

3ù«�¹e§|Fi| ≤ n − 3i ∈ [1, n]�|Fc| ≤ n − 1"d·K4��Bi
n − Fi ´ëÏ�"qd·
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K5(1)��?¿ü�ØÓfã�mk(n−2)!^Õá���>"Ï�n ≥ 5�§(n−2)! > n−1 ≥ |Fc|§
¤±Bn[V (B1

n − F1) ∪ V (B2
n − F2) ∪ · · · ∪ V (Bn

n − Fn)]´ëÏ�§�Bn − F´ëÏ�§gñ"

�¹2µ |F1| = n− 1"

3ù«�¹e§|F2| = |F3| = · · · = |Fn| = |Fc| = 0§d·K4Ú·K5(1)��Bn − FëÏ§g
ñ"

�¹3µ |F1| = n− 2"

3ù«�¹e§|Fi| ≤ 1, i ∈ [2, n]�|Fc| ≤ 1§dBi
n
∼= Bn−1Ú·K4��§Bi

n − Fi´ëÏ�"

d·K5(1)��?¿ü�ØÓfã�mk(n − 2)!^Õá���>§¤±Bn[V (B2
n − F2) ∪ · · · ∪

V (Bn
n − Fn)] − Fc´ëÏ�"duB

1
n
∼= Bn−1§�â8Bb�B

1
n − F1´ëÏ�½öB

1
n − F1 kü

�©|§Ù¥��©|´���á:§Ø��T�á:�v"eB1
n − F1ëÏ§KBn − F´ëÏ�§

gñ¶eB1
n − F1kü�©|§Ù¥��©|´���á:v§b�|Fc| = 0½|Fc| = 1��vØ'é§

KBn−FëÏ§gñ"b�|Fc| = 1��v'é§KBn[V (B1
n− v−F1)∪V (B2

n−F2)∪ · · · ∪V (Bn
n −

Fn)]− Fc´ëÏ�§�Bn − F kü�©|§Ù¥��©|´���á:"

nþ¤ã§Bn´;(n− 1)�>ëÏ�"

XJãG���r�FÑU�áÑ5��º:§KëÏãG´r�ëÏ�"eG − Fkü�©
|§Ù¥��©|´���á:§KãG´r;|F |�ëÏ�"

½n3.4 éu?Û�ên ≥ 4§Bn´r;(n− 1)�ëÏ�"

y²µ -F´Bn���r�§�â½n3.1�|F | = n− 1"-Fi = F ∩ V (Bi
n), F

i
e = F ∩E(Bi

n), i ∈
[1, n]§�|F1 ∪ F 1

e | ≥ |F2 ∪ F 2
e | ≥ · · · ≥ |Fn ∪ Fn

e |"�C´Bn¥¤k���>�¤�8Ü§Ó�

-Fc = F ∩ C"·�én?1±e©a?Øµ

(1) n = 4

�n = 4�§|F | = 3�|Fc| ≤ 3"

�¹1µ |F1 ∪ F 1
e | ≤ 1"

3ù«�¹e§|Fi∪F i
e | ≤ 1, i ∈ [1, n], |Fc| ≤ 3"Ï�Bi

4
∼= B3§�â½n3.1��Bi

4−Fi−F i
e´

ëÏ�"�â·K5(1)?¿ü�ØÓfãBi
4�mk(n − 2)! = 2^Õá���>"Ø���

5§·�b�|Fc ∩ [V (B1
4), V (B2

4)]| = 2"du|Fc| ≤ 3§
B1
4¥z�º:Ñk��	Ü��§

�B4[V (B1
4 − F1 − F 1

e ) ∪ V (Bj
4 − Fj − F j

e )]− Fc, j ∈ [3, 4]´ëÏ�"Ón§B4[V (B2
4 − F2 − F 2

e ) ∪
V (Bj

4 − Fj − F j
e )]− Fc, j ∈ [3, 4] ´ëÏ�"ÏdB4 − F ëÏ§gñ"

�¹2µ |F1 ∪ F 1
e | = 2"

3ù«�¹e§|Fc| ≤ 1, |Fi ∪ F i
e | ≤ 1, i ∈ [2, 4]"d½n3.1��§Bi

4 − Fi − F i
e , i ∈ [2, 4]´ë

Ï�"d·K4Ú5(1)��§B4[V (B2
4 − F2 − F 2

e ) ∪ V (B3
4 − F3 − F 3

e ) ∪ V (B4
4 − F4 − F 4

e )] − Fc´

ëÏ�"d|F1 ∪ F 1
e | = 2, B1

4
∼= B3��B

1
4 − F1 − F 1

e´ëÏ�§½ökü�©|Ù¥��©

|´�á:§½ökü�©|§z�©|��kü�º:"eB1
4 − F1 − F 1

e´ëÏ�§�â·
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K5(2)·��±��|N(V (B1
4 − F1 − F 1

e )) ∩ (V (B2
4) ∪ V (B3

4) ∪ V (B4
4))| ≥ 4§2(Ü|F2 ∪ F 2

e | +
|F3 ∪ F 3

e | + |F4 ∪ F 4
e | + |Fc| = 1§·�kB4 − F´ëÏ�§gñ¶eB1

4 − F1 − F 1
ekü�©|§

z�©|��kü�º:§(Ü|F2 ∪ F 2
e | + |F3 ∪ F 3

e | + |F4 ∪ F 4
e | + |Fc| = 1§·�kB4 − F´

ëÏ�§gñ¶eB1
4 − F1 − F 1

ekü�©|Ù¥��©|´�á:v"e|Fc| = 1�Ø�v'é

½|F2| = 1�F2 6= {v+}§KB4 − F ëÏ§gñ"e|Fc| = 1��v'é½|F2| = 1�F2 = {v+}§
KB4[V (B1

4 − F1 − F 1
e − v) ∪ V (B2

4 − F2 − F 2
e ) ∪ V (B3

4 − F3 − F 3
e ) ∪ V (B4

4 − F4 − F 4
e )]´ëÏ�§

¤±B4 − Fkü�©|Ù¥��©|´�á:"

�¹4µ |F1 ∪ F 1
e | = 3"

3ù«�¹e§|Fi ∪ F i
e | = 0, i ∈ [2, 4]�|Fc| = 0"dBi

4
∼= B3Ú·K4��Bi

4 − Fi − F i
e , i ∈

[2, 4]´ëÏ�"qÏ�|F2∪F 2
e |+ |F3∪F 3

e |+ |F4∪F 4
e |+ |Fc| = 0"d·K4Ú·K5(1)��B4−F´

ëÏ�§gñ"

(2) n ≥ 5

éun = 4�(Ø¤á§·�én?18Bb�"b�n ≥ 5�§éuBn−1(J¤á§=

eF´Bn−1���r�§KBn−1 − F kü�©|§Ù¥��©|´�á:"

�¹1µ |F1 ∪ F 1
e | ≤ n− 3"

3ù«�¹e§|Fi∪F i
e | ≤ n−3, i ∈ [1, n]�|Fc| ≤ n−1"d½n3.1��Bi

n−Fi−F i
e´ëÏ�"

d·K5(1)?¿ü�ØÓfãBi
n�mk(n − 2)!^Õá���>"Ï�n ≥ 5§K(n − 2)! > n − 1"

ÏdBn[V (Bi
n − Fi − F i

e) ∪ V (Bj
n − Fj − F j

e )] − Fc, i, j ∈ [1, n], i 6= j ´ëÏ�§�Bn − F´ëÏ
�§gñ"

�¹2µ |F1 ∪ F 1
e | = n− 2"

3ù«�¹e§|Fi ∪ F i
e | ≤ 1, i ∈ [2, n]�|Fc| ≤ 1"d½n3.1��Bi

n − Fi − F i
e , i ∈ [2, n] ´ë

Ï�"d·K5(1)��Bn[V (B2
n − F2 − F 2

e ) ∪ V (B3
n − F3 − F 3

e ) ∪ · · · ∪ V (Bn
n − Fn − Fn

e )] − Fc´

ëÏ�"duB1
n
∼= Bn−1§�â8Bb�B

1
n − F1 − F 1

e´ëÏ�§½ökü�©|Ù¥��

©|´���á:"eB1
n − F1 − F 1

e´ëÏ�§du|F1 ∪ F 1
e | = n − 2§�â·K5(2)�n ≥

5�|N(V (B1
n − F1 − F 1

e )) ∩ (V (B2
n) ∪ V (B3

n) ∪ · · · ∪ V (Bn
n))| ≥ (n − 1)! − (n − 2) > 1§(Ü|F2 ∪

F 2
e |+ |F3 ∪ F 3

e |+ · · ·+ |Fn ∪ Fn
e |+ |Fc| = 1§kBn − F´ëÏ�§gñ¶eB1

n − F1 − F 1
ekü�©

|Ù¥��©|´�á:v"e|Fc| = 1��v'é½|F2| = 1�F2 = {v+}§KBn[V (B1
n−F1−F 1

e −
v)∪ V (B2

n−F2−F 2
e )∪ · · · ∪ V (Bn

n −Fn−Fn
e )]−Fc´ëÏ�§¤±Bn−Fkü�©|§Ù¥��

©|´�á:"ÄKBn − FëÏ§gñ"

�¹3µ |F1 ∪ F 1
e | = n− 1"

3ù«�¹e§ |Fc| = |Fi ∪ F i
e | = 0, i ∈ [2, n]§d·K3.1�Bi

n − Fi − F i
e´ëÏ�§Ù

¥i ∈ [2, n]"d·K5(1)�?¿ü�ØÓ�fã�mk(n− 2)!^Õá���>§�Bn[V (B2
n−F2−

F 2
e ) ∪ V (B3

n − F3 − F 3
e ) ∪ · · · ∪ V (Bn

n − Fn − Fn
e )]− Fc ´ëÏ�§
B

1
n − F1 − F 1

e¥z�:Ñk�

�	Ü��"ÏdBn − F ´ëÏ�§gñ"

nþ¤ã§Bn´r;(n− 1)�ëÏ�"
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4. Bn�rg,ëÏ5

Ún4.1 -F ⊆ V (B4)�|F | ≤ 3"XJB4 − FØëÏ§KB4 − Fkü�©|Ù¥��©|´��
�á:"

y²µ �â·K4§|F | ≥ 3"-Fi = F ∩ V (Bi
4), i ∈ [1, 4]§�|F1| ≥ |F2| ≥ |F3| ≥ |F4|"d

u|F | ≥ 3§¤±|F | = 3"

(²1µ |F4| = 0"

(²1�y²µe|F4| 6= 0§K|F4| ≥ 1§d�|F1| ≥ |F2| ≥ |F3| ≥ 1§Ïd|F1|+|F2|+|F3|+|F4| ≥ 4§


|F | = 3§gñ§¤±|F4| = 0"

(²2µ |F1| ≥ 2"

(²2�y²µ e|F1| ≤ 1§K|Fi| ≤ 1, i ∈ [1, 4]"dBi
4
∼= B3Ú·K4��Bi

4 − Fi´ëÏ�"d·

K5(1)��?¿ü�ØÓfãBi
4�mk(n − 2)! = 2^Õá���>§�B4 − FëÏ§gñ"Ï

d|F1| ≥ 2"

�¹1µ |F1| = 2"

3ù«�¹e§|F2| = 1§dBi
4
∼= B3Ú·K4��Bi

4 − Fi´ëÏ�§i ∈ [2, 4]" |F1| = 2�§

B1
4 − F1´ëÏ�§½ökü�©|Ù¥��©|´�á:§½ökü�©|§z�©|º:�ê

�u�u2"eB1
4 −F1´ëÏ�§�â·K5(1)�B4−F´ëÏ�§gñ¶eB1

4 −F1kü�©|Ù

¥��©|´�á:v"eF2 6= {v+}§KB4 − F´ëÏ�§gñ"eF2 = {v+}§KB4 − Fkü�
©|Ù¥��©|´�á:¶eB1

4 − F1kü�©|§z�©|º:�ê�u�u2§d·K5(1)�

�?¿ü�ØÓ�fãBi
n�mk(n− 2)! = 2^Õá���>§�B4 − FëÏ§gñ"

�¹2µ |F1| = 3"

3ù«�¹e§|Fi| = 0, i ∈ [2, 4]§dBi
4
∼= B3Ú·K4��B4[V (B2

4 − F2) ∪ V (B3
4 − F3) ∪

V (B4
4 − F4)´ëÏ�"d½Â��B

1
4 − F1¥z�:Ñk��	Ü��§¤±B4 − F´ëÏ�§g

ñ"

nþ¤ã§|F | ≤ 3�§XJB4 − FØëÏ§KB4 − Fkü�©|Ù¥��©|´���á
:"

Ún4.2 n ≥ 4�§-F ⊆ V (Bn)�|F | ≤ 2n − 5"XJBn − FØëÏ§KBn − Fkü�©|Ù¥
��©|´���á:"

y²µ �âÚn4.1§�n = 4�(J¤á"ey�n ≥ 5�(J¤á"b�éuF ⊂ V (Bn)�|F | ≤
2n− 5§XJBn −F´ØëÏ�§�â·K4§|F | ≥ n− 1"-Fi = F ∩ V (Bi

n), |F1| ≥ |F2| ≥ · · · ≥
|Fn|§Ù¥i ∈ [1, n]"

(²3µ 1 ≤ |F2| ≤ n− 3"

(²3�y²µeF2 = ∅§@oFi = ∅, i ∈ [2, 4]"�â·K4Ú·K5(1)��Bn[V (B2
n−F2)∪V (B3

n−
F3) ∪ · · · ∪ V (Bn

n − Fn)]´ëÏ�"�â½Â��Bn¥z�:Ñk��	Ü��§ÏdBn − F´ë
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Ï�§gñ"e|F2| ≥ n− 2§K|F1| ≥ n− 2§d�|F | ≥ 2n− 4 > 2n− 5§ù�|F | ≤ 2n− 5gñ"

�â(²3§éuz�i ∈ [2, n], Bi
n−Fi´ëÏ�§d·K5(1)��Bn[V (B2

n−F2)∪· · ·∪V (Bn
n−

Fn)]´ëÏ�"qdu|F | ≤ 2n− 5§K|F1| ≤ 2n− 6"Ó�I|F3| ≤ n− 4§ÄK|F | ≥ 3(n− 3) >

2n−5§ù�|F | ≤ 2n−5gñ"n ≥ 5�§Ï�|Ei,j(Bn−F )| ≥ (n−2)!−(2n−5) ≥ 1, i, j ∈ [1, n]§¤

±Bi
n−Fi�B

j
n−Fj�m��k�^>ë�§Ù¥i, j ∈ [1, n]"�âBn−F´ØëÏ���B1

n−F1´

ØëÏ�§d�|F1| ≥ n− 2"d·K5(2)Ú6��§�n− 2 ≤ |F1| ≤ 2n− 6�§B1
n − F1kü�©

|Ù¥��©|´�á:§½ökü�©|§Ù¥��©|´����ãK2"eB
1
n − F1kü�

©|Ù¥��©|´�á:v§eF2 = {v+}§KBn − F kü�©|Ù¥��©|´�á:§Ä
KBn − FëÏ§gñ¶eB1

n − F1kü�©|Ù¥��©|´����ãK2§PÙ¥>�xy§d

�|F1| = 2n− 6§K|F2| = 1§d½Â�Bn ¥z�:Ñk��	Ü��§K:x Úy ��k��:

�	Ü��3Bi
n − Fi, i ∈ [2, n]¥"�âBn[V (B2

n − F2) ∪ V (B3
n − F3) ∪ · · · ∪ V (Bn

n − Fn)] ´ëÏ

�§·��±��Bn − F´ëÏ�§gñ"

nþ¤ã§F ⊆ V (Bn)�|F | ≤ 2n − 5 �§eBn − F´ëÏ�§KBn − Fkü�©|Ù¥�
�©|´�á:"

XJëÏãG�z���g,�|F |ÑU�áÑ5�^>§KãG´�g,ëÏ�"eG− Fk
ü�©|§Ù¥��©|´�á>§KãG´;|F |�g,ëÏ�"

Ún4.3 éu?Û�ên ≥ 5§Bn´;(2n− 4)�g,ëÏ�"

y²µ -F ⊆ V (Bn)´Bn���g,�"d·K6��|F | = 2n − 4§-Fi = F ∩ V (Bi
n), i ∈

[1, n]�|F1| ≥ |F2| ≥ · · · ≥ |Fn|"

(²4µ 1 ≤ |F2| ≤ n− 2"

(²4�y²µ e|F2| = 0§K|F2| = |F3| = · · · = |Fn| = 0§Ïd�âBn¥	Ü���½

Â��Bn − F´ëÏ�§gñ"�â|F | = 2n − 4��1 ≤ |F1| ≤ 2n − 5"e|F2| ≥ n − 1§

K|F | ≥ 2(n− 1) = 2n− 2 > 2n− 4§gñ"Ïd§1 ≤ |F2| ≤ n− 2"

�¹1µ |Fi| ≤ n− 3, i ∈ [1, n]"

3ù«�¹e§�â·K4ÚBi
n
∼= Bn−1��B

i
n−Fi´ëÏ�§Ù¥i ∈ [1, n]"�â·K5(1)�

�?¿ü�ØÓfãBi
n�mk(n − 2)!^Õá���>"dun ≥ 5§�(n − 2)! > 2n − 6 ≥

|Fi|+ |Fj |, i 6= j"ÏdBn[V (Bi
n−Fi)∪V (Bj

n−Fj)]´ëÏ�§Ù¥i 6= j§�Bn−F´ëÏ�§g
ñ"

�¹2µ n− 2 ≤ |F1| ≤ 2n− 7"

�¹2.1µ |Fi| ≤ n− 3, i ∈ [2, n]"

�âBi
n
∼= Bn−1Ú·K4§Bi

n − Fi´ëÏ�"d·K5(1)��?¿ü�ØÓfãBi
n�m

k(n−2)!^Õá���>"Ï�n ≥ 5§(n−2)! > 2n−6 ≥ |Fi|+ |Fj |, i 6= j§ÏdBn[V (Bi
n−Fi)∪

V (Bj
n−Fj)]´ëÏ�§Ù¥i, j ∈ [2, n], i 6= j§�Bn[V (B2

n−F2)∪V (B3
n−F3)∪· · ·∪V (Bn

n−Fn)]´

ëÏ�"eV (B1
n − F1)´ëÏ�§b�|Fn| = 1§dun ≥ 5, n− 1 + n− 2 = 2n− 3 > 2n− 4§g

ñ§Ïd|Fn| = 0"Ï�(n− 2)! > 2n− 7 ≥ |F1|+ |Fn|§¤±Bn[V (B1
n −F1)∪ V (Bn

n −Fn)]´ëÏ
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�§�Bn−FëÏ§gñ"eV (B1
n−F1)ØëÏ§Ï�|F1| ≤ 2n−7§�âB1

n
∼= Bn−1 ÚÚn4.2�

�§B1
n − F1eØëÏ§KB

1
n − F1kü�©|§Ù¥��©|´���á:"-C�B

1
n − F1��

�©|§Ï�n ≥ 5, (n − 1)! − (2n − 7) − 1 > (2n − 4) − (n − 2) = n − 2§�Bn[V (C) ∪ V (B2
n −

F2) ∪ V (B3
n − F3) ∪ · · · ∪ V (Bn

n − Fn)]´ëÏ�"ÏdFØ´Bn���g,�§gñ"

�¹2.2µ|F2| = n− 2"

d�§|F3| = |F4| = · · · = |Fn| = 0, |F1| = |F2| = n− 2"�âBi
n
∼= Bn−1Ú·K4§Bi

n − Fi´

ëÏ�§Ù¥i ∈ [3, n]"2�â·K5(1)§Bn[V (B3
n −F3)∪ V (B4

n −F4)∪ · · · ∪ V (Bn
n −Fn)]´ëÏ

�"

eB2
n − F2´ëÏ�§�â·K5(1)§n ≥ 5�§(n − 2)! − (n − 2) > 0§�Bn[V (B2

n − F2) ∪
V (B3

n−F3)∪· · ·∪V (Bn
n−Fn)]´ëÏ�"eB

1
n−F1´ëÏ�§aq/Bn[V (B1

n−F1)∪V (B3
n−F3)∪

· · · ∪V (Bn
n −Fn)]´ëÏ�§¤±Bn−F´ëÏ�§gñ¶eB1

n−F1ØëÏ§du|F1| ≤ 2n− 7 =

2(n − 1) − 5§dÚn4.2§B1
n − F1kü�©|§Ù¥��©|´���á:"-C´B

1
n − F1 �

��©|"Ï�(n − 1)! − (n − 2) − 1 > (2n − 4) − (n − 2) = n − 2§�Bn[V (C) ∪ V (B2
n − F2) ∪

V (B3
n − F3) ∪ · · · ∪ V (Bn

n − Fn)]´ëÏ�§�F´Bn ���g,�gñ"

eB2
n − F2ØëÏ§�âB

i
n
∼= Bn−1Ú½n3.4§B2

n − F2dü�©|§Ù¥��©|´���

á:"-D´B2
n − F2 ���©|"Ï�n ≥ 5, (n− 1)!− (n− 2)− 1 > (2n− 4)− (n− 2) = n− 2§

�Bn[V (D) ∪ V (B3
n − F3) ∪ V (B4

n − F4) ∪ · · · ∪ V (Bn
n − Fn)]´ëÏ�"eB

1
n − F1´ëÏ�§d

un ≥ 5, (n− 1)!− (n− 2) > (2n− 4)− (n− 2) = n− 2§�â·K5(2)§Bn[V (B1
n − F1)∪ V (D)∪

V (B3
n−F3)∪V (B4

n−F4)∪ · · ·∪V (Bn
n −Fn)]´ëÏ�§�F´Bn���g,�gñ¶eB

1
n−F1Ø

ëÏ§du|F1| ≤ 2n− 7 = 2(n− 1)− 5§dÚn4.2§B1
n−F1kü�©|§Ù¥��©|´���

á:"-B´B1
n − F1 ���©|"Ï�n ≥ 5, (n− 1)!− (n− 2)− 1 > (2n− 4)− (n− 2) = n− 2§

�Bn[V (B) ∪ V (D) ∪ V (B3
n − F3) ∪ V (B4

n − F4) ∪ · · · ∪ V (Bn
n − Fn)]´ëÏ�§ÏdeBn − FØë

Ï§KBn − F÷v±e�/��µ

(i)Bn − Fkü�©|§Ù¥��©|´���á:§gñ¶

(ii)Bn − Fkn�©|§Ù¥ü�©|´�á:§gñ¶

(iii)Bn − Fkü�©|§Ù¥��©|´����ãK2§ÏdF´Bn���g,�"

�¹3µ 2n− 6 ≤ |F1| ≤ 2n− 4"

d(²4§|F2| ≥ 1§K|F1| ≤ 2n− 5"d�§|F2|+ |F3|+ · · ·+ |Fn| ≤ 2"duBi
n
∼= Bn−1§�

â·K4Ú·K5(1)§Bn[V (B2
n−F2)∪V (B3

n−F3)∪· · ·∪V (Bn
n−Fn)]´ëÏ�"eB

1
n−F1ëÏ§d

un ≥ 5, (n−1)!− (2n−5) > 5§�â·K5(2)§Bn[V (B1
n−F1)∪V (B2

n−F2)∪· · ·∪V (Bn
n−Fn)] =

Bn−F´ëÏ�§gñ¶eB1
n−F1ØëÏ§-C1, C2, · · · , Ck´B

1
n−F1�©|,Ù¥k ≥ 2"ek ≥ 3§

�â·K5(2)§|(N(V (C1)))∪ (N(V (C2)))∪ (N(V (C3)))∩ (V (B2
n)∪V (B3

n)∪· · ·∪V (Bn
n))| ≥ 3"X

J|V (Cj)| ≥ 3, |N(V (Cj)) ∩ (V (B2
n) ∪ V (B3

n) ∪ · · · ∪ V (Bn
n)| ≥ 3§Ù¥j ∈ [1, k]"du|F2|+ |F3|+

· · ·+ |Fn| ≤ 2§KeBn − FØëÏ§K÷v±e�/��µ

(i)Bn − Fkü�©|§Ù¥��©|´���á:§gñ¶

(ii)Bn − Fkn�©|§Ù¥ü�©|´�á:§gñ¶
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(iii)Bn − Fkü�©|§Ù¥��©|´����ãK2§ÏdF´Bn���g,�"

nþ§�n ≥ 5�§Bn´2n− 4�g,ëÏ�"

Ún4.4 �F ⊆ E(B4) �|F | ≤ 3"XJB4 − F ØëÏ§KB4 − F kü�©|Ù¥��©|´�
��á:"

y²µ�â·K4§|F | ≥ 3"Ïd|F | = 3"-Fi = F ∩E(Bi
4), i ∈ [1, 4]�|F1| ≥ |F2| ≥ |F3| ≥ |F4|"

-C ´B4¥¤k���>�Fc = F ∩ C"

(²4µ |F4| = 0"

(²4�y²µeÄ§|F4| ≥ 1§K|F1| ≥ |F2| ≥ |F3| ≥ |F4| ≥ 1§Ïd|F | ≥ 4§gñ§�|F4| = 0"

�¹1µ |F1| ≤ 1"

d�§ |Fi| ≤ 1, i ∈ [1, 4], |Fc| ≤ 3"�â·K4ÚBi
4
∼= B3��B

i
4 − Fi´ëÏ�"�â·

K5(1)��zü�fãBi
4�mk(n− 2)! = 2^Õá���>§¤±B4 − FëÏ§gñ"

�¹2µ |F1| = 2"

d�§|F3| = |F4| = 0, |F2| ≤ 1, |Fc| ≤ 1"�â·K4ÚBi
4
∼= B3��B

i
4 − F i

e´ëÏ�§Ù

¥i ∈ [2, 4]§d·K5(1)��B4[V (B2
4 − F2) ∪ V (B3

4 − F3) ∪ V (B4
4 − F4)]− FcëÏ"du|F1| = 2§

KB1
4 − F1½ökü�©|§Ù¥��©|´���á:§½ökü�©|§z�ëÏ©|º:ê

�u�u2"eB1
4 − F1¥kü�©|§Ù¥��©|´���á:v§eFc�v'é½F2 = {v+}§

KB4 − Fkü�©|§Ù¥��©|´���á:"ÄKB4 − FëÏ§gñ¶eB1
4 − F1kü�©

|§z�ëÏ©|º:ê�u�u2§�â·K5(1) ��zü�fãBi
4�mk2 ^Õá���>§


|Fc| ≤ 1§¤±B4 − FëÏ§gñ"

�¹3µ |F1| = 3"

d�§|F2| = |F3| = |F4| = |Fc| = 0§duBi
4
∼= B3§�â·K4Ú5(1)��B4[V (B2

4 − F2) ∪
V (B3

4 − F3) ∪ V (B4
4 − F4)] − FcëÏ"du|Fc| = 0§�â½ÂB4¥z�:Ñk��	Ü��§

�B4 − FëÏ§gñ"

nþ§Ún�y"

Ún4.5 �F ⊆ E(Bn)�|F | ≤ 2n− 5, n ≥ 4"XJBn − FØëÏ§KBn − Fkü�©|Ù¥��
©|´���á:"

y²µ �n = 4�§�âÚn4.4(Ø´¤á�"b��n ≥ 5§T(ØéBn−1¤á§=eF´Bn−1

�>��|F | ≤ 2n− 7§KBn−1 − Fkü�©|§Ù¥��©|´���á:"

b�n ≥ 5�Bn − F´ØëÏ�"-Fi = F ∩ E(Bi
n), i ∈ [1, n] �|F1| ≥ |F2| ≥ · · · ≥ |Fn|"

-C´Bn¥¤k���>�Fc = F ∩ C"

�¹1µ |F1| ≤ n− 3"

d�§|Fi| ≤ n− 3, i ∈ [1, n]"�â·K4ÚBi
n
∼= Bn−1��B

i
n − Fi´ëÏ�"�n ≥ 5 �§d

u|Ei,j(Bn)| = (n− 2)! > 2n− 5 ≥ |Fc|, i, j ∈ [1, n], i 6= j§ÏdBn − F´ëÏ�§gñ"
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�¹2µ n− 2 ≤ |F1| ≤ 2n− 7"

d�§ |Fi| ≤ n − 3, i ∈ [2, n], |Fc| ≤ n − 3§�â·K4ÚBi
n
∼= Bn−1��B

i
n − Fi´ëÏ

�§Ù¥i ∈ [2, n]"du(n − 2)! > (n − 3)§ÏL·K5(1)��Bn[V (B2
n − F2) ∪ V (B3

n − F3) ∪
· · · ∪ V (Bn

n − Fn)] − Fc ´ëÏ�"Ï�n ≥ 5�§ |Ei,j(Bn)| = (n − 2)! > n − 3 ≥ |Fc|§Ù
¥i, j ∈ [2, n], i 6= j§¤±Bn[V (B2

n − F2) ∪ V (B3
n − F3) ∪ · · · ∪ V (Bn

n − Fn)] − Fc´ëÏ�"Ï

�n−2 ≤ |F 1
e | ≤ 2n−7 = 2(n−1)−5§d8Bb�9Bi

n
∼= Bn−1��eB

1
n−F 1

eØëÏ§KB
1
n−F 1

e

kü�©|§Ù¥��©|´���á:"b�B1
n−F 1

e´ëÏ�§�n ≥ 5�§(n−2)! > n−3 > 0§

�Bn − F´ëÏ�§gñ¶b�B1
n − F 1

eØëÏ§K§kü�©|§Ù¥��©|´���á:v"

Ï�(n− 2)!− 1 > n− 3, n ≥ 5§¤±Bn[V (B1
n − v − F1) ∪ V (B2

n − F2) ∪ · · · ∪ V (Bn
n − Fn)]− Fc

´ëÏ�"ÏdBn − F´ëÏ�£gñ¤½Bn − Fkü�©|§Ù¥��©|´���á:"

�¹3µ 2n− 6 ≤ |F1| ≤ 2n− 5"

d�§|Fc| ≤ 1, |F3| = |F4| = · · · = |Fn| = 0, |F2| ≤ 1"�â·K4ÚBi
n
∼= Bn−1��B

i
n − Fi

´ëÏ�§2d·K5(1)��Bn[V (B2
n − F2) ∪ V (B3

n − F3) ∪ · · · ∪ V (Bn
n − Fn)]− Fc´ëÏ�"d

u2n−6 ≤ |F1| ≤ 2n−5§ÏdeB1
n−F1 ëÏ§d·K5(1)��Bn−FëÏ§gñ"eB1

n−F1Øë

Ï§k��©|´�á:v"b�|Fc| = 1��v'é§�â·K5(1)§(n− 2)!− 1 > 0§�Bn−Fk
ü�©|§Ù¥��©|´�á:"ÄK§du|Fc| ≤ 1§KBn − FëÏ§gñ"

Ún4.6 éu?Û��ên ≥ 3, nλ(Bn) = 2n− 4"

y²µ-u = (1), v = (12)§¿�-F = {ux : x ∈ {(i, i+1) : 2 ≤ i ≤ n−1}}∪{vx : x ∈ {(i, i+1) :

2 ≤ i ≤ n− 1}}"d·K2�§BnvkÛ�"Ïd§éux ∈ V (Bn−F ), dBn−F (x) ≥ n− 2 ≥ 1§¤

±F´Bn���g,>�§¤±nλ(Bn) ≤ 2n− 4"

-F´Bn�����g,>�§�âÚn4.5§ |F | ≥ 2n − 4"(Ünλ(Bn) ≤ 2n − 4§K

knλ(Bn) = 2n− 4"

XJëÏãG�z���g,>�FÑU�áÑ�^>§KãG´�g,|F |>ëÏ�"

Ún4.7 éu?Û�ên ≥ 4§Bn´�g,(2n− 4)>ëÏ�"

y²µ-F´Bn���g,>�§�â½n4.6�|F | = 2n−4"-Fi = F∩E(Bi
n), i ∈ [1, n]�|F1| ≥

|F2| ≥ · · · ≥ |Fn|"�C ´Bn�¤k��>�¤�8Ü§Ó�-Fc = F ∩ C"

(1) n = 4

�n = 4�§|F | = 4, Bi
4
∼= B3"

�¹1µ |F1| ≤ 1"

d�§|Fi| ≤ 1, i ∈ [1, 4]"d·K4��§Bi
4 − Fi´ëÏ�§i ∈ [1, 4]"d·K5(1)��?¿ü

�ØÓfãBi
4�mk(n − 2)! = 2^Õá���>§5¿|F | = 4§¤±|Fc| ≤ 4"Ø���5§·

�b�|Fc ∩ [V (B1
4), V (B2

4)]| = 2"Ï�|Fc| ≤ 4§K���3��j ∈ [3, 4]¦�B4[V (B1
4 − F1) ∪

V (Bj
4 − Fj)] − Fc´ëÏ�"Ó�/§·��U��B4[V (B2

4 − F2) ∪ V (Bj
4 − Fj)] − Fc´ëÏ�§

�B4 − F ëÏ§gñ"
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�¹2µ |F1| = 2"

d�§|Fi| ≤ 2, i ∈ [2, 4]�|Fc| ≤ 2"

�¹2.1µ |F2| ≤ 1"

d�§|Fi| ≤ 1, i ∈ [2, 4]§d·K4��Bi
4 − Fi´ëÏ�§Ù¥i ∈ [2, 4]"�â·K5(1)�

�B4[V (B2
4 −F2)∪ V (B3

4 −F3)∪ V (B4
4 −F4)]−Fc´ëÏ�"du|F1| = 2§KB1

4 −F1½ökü�

©|Ù¥��©|´�á:§½ökü�©|§Ù¥��©|´�^�á>§½ökü�©|§z

�ëÏ©|º:ê�u2"b�B1
4 − F1 kü�©|§Ù¥��©|´���á:v"Ï�|Fc| ≤ 2§

�â·K5(1)��B4[V (B1
4 − F1 − v) ∪ V (B2

4 − F2) ∪ V (B3
4 − F3) ∪ V (B4

4 − F4)] − Fc´ëÏ�"

ÏdB4 − F´ëÏ�½ökü�©|§Ù¥��©|´���á:§gñ"b�B1
4 − F1kü�

©|§Ù¥��©|´�^�á>§(Ü|Fc| ≤ 2��B4 − FëÏ£gñ¤½ökü�©|§Ù
¥��©|´�^�á>"b�B1

4 − F1kü�©|§z�ëÏ©|º:ê�u2§du|Fc| ≤ 2§

�B4 − FëÏ§gñ"

�¹2.2µ |F2| = 2"

d�§|F3| = |F4| = |Fc| = 0§d·K4��Bi
4 − Fi´ëÏ�§Ù¥i ∈ [3, 4]"du|F1| =

|F2| = 2§ÏdeB1
4 − F1kü�©|§Ù¥��©|´�á:v§B

2
4 − F2kü�©|§Ù¥��©

|´�á:u§b�uv ∈ E(B4)§KB4 − Fk�^�á>"ÄK§du|Fc| = 0§KB4 − FØ¬Ñ
yk�á>��¹§gñ"

�¹3µ |F1| = 3"

d�|Fi| ≤ 1, i ∈ [2, 4], |Fc| ≤ 1"d·K4��Bi
4−Fi´ëÏ�§i ∈ [2, 4]"d·K5(1)��?¿

ü�ØÓfãBi
4�mk(n−2)! = 2^Õá���>§
|Fc| ≤ 1§¤±B4[V (B2

4−F2)∪V (B3
4−F3)∪

V (B4
4−F4)]−Fc´ëÏ�"du|F1| = 3§KB1

4−F1½ökn�©|§Ù¥ü�©|´�á:§½ö

kn�©|§Ù¥��©|´�á:§Ù{©|º:ê�u�u2§½ökn�©|§z�©|º

:ê�u2"eB1
4−F1kn�©|§Ù¥ü�©|©O´�á:uÚv§du|Fc| ≤ 1§KB4−F´ë

Ï�½ökü�©|§Ù¥��©|´�á:§gñ"eB1
4−F1kn�©|§Ù¥��©|´�á

:v§Ù{©|º:ê�u�u2§KB4[V (B1
4−F1−v)∪V (B2

4−F2)∪V (B3
4−F3)∪V (B4

4−F4)]−Fcë

Ï§�B4 − FëÏ½ök���á:§gñ"eB1
4 − F1kn�©|§z�©|º:ê�u2§(

Ü|Fc| ≤ 1§KB4 − FëÏ§gñ"

�¹4µ |F1| = 4"

d�|F2| = |F3| = |F4| = |Fc| = 0§Ón��B4[V (B2
4 −F2)∪V (B3

4 −F3)∪V (B4
4 −F4)]−Fc´

ëÏ�"d½Â��B1
4 − F1¥z�:Ñk��	Ü��3B

i
4 ¥§i ∈ [2, 4]§(Ü|Fc| = 0§

KB4 − FëÏ§gñ"

(2) n ≥ 5

éun = 4�(Ø¤á§·�én?18Bb�"b�n ≥ 5�§éuBn−1(J¤á§=

eF´Bn−1���g,>��|F | = 2n− 6§KBn − Fkü�©|§Ù¥��©|´�á>"

�¹1µ |F1| ≤ n− 3"

d�§|Fi| ≤ n − 3, i ∈ [1, n], |Fc| ≤ 2n − 4"d·K4��Bi
n − Fi´ëÏ�"�â·K5(1)�
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�?¿ü�ØÓ�fãBi
n�mk(n − 2)!^Õá���>"�n ≥ 6§du(n − 2)! > 2n − 4§

ÏdBn[V (B1
n − F1) ∪ V (B2

n − F2) ∪ · · · ∪ V (Bn
n − Fn)] − Fc´ëÏ�§=Bn − FëÏ§gñ"

�n = 5�§du(n − 2)! = 6 = 2n − 4 = |Fc|"Ø���5§·�b�|Fc ∩ [V (B1
5), V (B2

5)]| =
6§d·K5(1)��B5[V (B1

5 − F1) ∪ V (Bj
5 − Fj)] − Fc´ëÏ�§Ù¥j ∈ [3, 5]"aq/§·�

kB5[V (B2
5 − F2) ∪ V (Bj

5 − Fj)]− Fc ´ëÏ�"ÏdB5 − F´ëÏ�§gñ"

�¹2µ |F1| = n− 2"

�¹2.1µ |F2| ≤ n− 3"

d�§|Fi| ≤ n− 3, i ∈ [2, n], |Fc| ≤ n− 2"d·K4§Bi
n − Fi´ëÏ�§Ù¥i ∈ [2, n]"�â

·K5(1)§?¿ü�ØÓfãBi
n�mk(n− 2)!^Õá���>"Ï�n ≥ 5§(n− 2)! > n− 2"Ï

dBn[V (B2
n − F2) ∪ V (B3

n − F3) ∪ · · · ∪ V (Bn
n − Fn)] − Fc´ëÏ�"�âB

1
n
∼= Bn−1ÚÚn4.5�

�B1
n−F1´ëÏ�§½ökü�©|§Ù¥��©|´���á:"b�B

1
n−F1´ëÏ�§�n ≥

5, (n−2)! > n−2§ÏdBn[V (B1
n−F1)∪V (B2

n−F2)∪· · ·∪V (Bn
n−Fn)]−Fc´ëÏ�§=Bn−Fë

Ï§gñ"b�B1
n − F1kü�©|§Ù¥��©|´���á:v"�n ≥ 5, (n− 1)!− 1 > n− 2§

¤±Bn[V (B1
n − F1 − v) ∪ V (B2

n − F2) ∪ · · · ∪ V (Bn
n − Fn)]− Fc´ëÏ�§¤±Bn − F´ëÏ�½

öBn − Fkü�©|§Ù¥��©|´���á:§�F´Bn���>�gñ"

�¹2.2µ |F2| = n− 2"

d�§|F3| = |F4| = · · · = |Fn| = |Fc| = 0"d·K4��Bi
n − Fi´ëÏ�§Ù¥i ∈ [3, n]"

du|Fc| = 0§¤±Bn[V (B3
n − F3) ∪ V (B4

n − F4) ∪ · · · ∪ V (Bn
n − Fn)] − Fc´ëÏ�"�âÚ

n4.5§B1
n − F1�B

2
n − F2½ö´ëÏ�§½ökü�©|§Ù¥��©|´���á:"eB

1
n −

F1�B
2
n − F2¥k��´ëÏ�§,��´ØëÏ�§Ø���5§b�B

1
n − F1kü�©|§Ù

¥��©|´�á:v§B2
n − F2´ëÏ�"Ï�Bn¥z�:Ñk��	Ü���|Fc| = 0§¤

±Bn − F´ëÏ�§gñ"eB1
n − F1 �B

2
n − F2Ñ´ëÏ�§du|Fc| = 0§KBn − F´ëÏ

�§gñ"eB1
n −F1�B

2
n −F2ÑØëÏ§KB

1
n −F1�B

2
n −F2 �k���á:§©OP�uÚv"

euv /∈ E(Bn)§du|Fc| = 0§KBn − F´ëÏ�§gñ"euv ∈ E(Bn)§du|Fc| = 0§¤

±Bn − F�áÑ5�^>"

�¹3µ n− 1 ≤ |F1| ≤ 2n− 7"

d�§|Fi| ≤ n−3, i ∈ [2, n], |Fc| ≤ n−3"d·K4��Bi
n−Fi´ëÏ�§Ù¥i ∈ [2, n]"�â

·K5(1)·��±��?¿ü�ØÓfãBi
n�mk(n− 2)!^Õá���>§Ï�n ≥ 5, (n− 2)! >

n − 3§¤±Bn[V (B2
n − F2) ∪ V (B3

n − F3) ∪ · · · ∪ V (Bn
n − Fn)] − Fc´ëÏ�"�âÚn4.5§

B1
n − F1´ëÏ�§½ökü�©|§Ù¥��©|´���á:"eB

1
n − F1´ëÏ�§d

u(n−2)! > n−3§¤±Bn−F´ëÏ�§gñ"eB1
n−F1kü�©|§Ù¥��©|´���á

:v§Ï�n ≥ 5, (n−2)!−1 > n−3§¤±Bn[V (B1
n−F1−v)∪V (B2

n−F2)∪· · ·∪V (Bn
n−Fn)]−Fc´

ëÏ�§ÏdBn − F´ëÏ�§½ökü�©|§Ù¥��©|´���á:§�F´Bn���

>�gñ"

�¹4µ 2n− 6 ≤ |F1| ≤ 2n− 5"

d�|Fi| ≤ 2, i ∈ [2, n], |Fc| ≤ 2"d·K4��Bi
n − Fi´ëÏ�§Ù¥i ∈ [2, n]"d·K5(1)�
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�?¿ü�ØÓfãBi
n�mk(n− 2)! ^Õá���>"du(n− 2)! > 2§¤±Bn[V (B2

n − F2) ∪
V (B3

n − F3) ∪ · · · ∪ V (Bn
n − Fn)] − Fc ´ëÏ�"du2n − 6 ≤ |F1| ≤ 2n − 5, B1

n
∼= Bn−1§�

â½n3.3Ú½n4.6��§B1
n − F1´ëÏ�§½ök���á:§½ökü��á:§½ö�

áÑ�^>"eB1
n − F1´ëÏ�§du(n − 2)! > 2§¤±Bn − FëÏ§gñ"eB1

n − F1k

���á:v§�â·K5(1)§Bn[V (B1
n − F1 − v) ∪ V (B2

n − F2) ∪ · · · ∪ V (Bn
n − Fn)] − Fc´

ëÏ�§ÏdBn − F´ëÏ�½ökü�©|§Ù¥��©|´�á:§�F´Bn��g,

�gñ"eB1
n − F1kü��á:u, v§d�|F1| = 2n − 5§¤±|Fc| ≤ 1§ÏdBn − F´ë

Ï�§½ök�á:§�F´Bn��g,�gñ"eB
1
n − F1�áÑ�^>uv§�â·K5(1)§

Bn[V (B1
n − F1 − {u, v}) ∪ V (B2

n − F2) ∪ · · · ∪ V (Bn
n − Fn)] − Fc´ëÏ�"du|Fc| ≤ 2§¤

±Bn − F´ëÏ�£gñ¤½ö�áÑ�^>"

�¹5µ |F1| = 2n− 4"

d�|F2| = |F3| = · · · = |Fn| = |Fc| = 0"Ón��Bn[V (B2
n−F2)∪V (B3

n−F3)∪ · · ·∪V (Bn
n −

Fn)] − Fc ´ëÏ�"Ï�Bn¥z�:Ñk��	Ü��§
|Fc| = 0§¤±B1
n¥z�:Ñk��

	Ü��3Bi
n¥§i ∈ [2, n]§ÏdBn − F´ëÏ�§gñ"

Ún4.8 éun ≥ 4§-F ⊆ V (Bn)∪E(Bn)�|F | ≤ 2n− 5"XJBn−F´ØëÏ�§KBn−Fk
ü�©|§Ù¥��©|´�á:"

y²µ �n ≥ 4�§eF ⊆ V (Bn)�|F | ≤ 2n− 5§�âÚn4.2�§XJBn − FØëÏ§KBn − F
kü�©|§Ù¥��©|´���á:"eF ⊆ E(Bn)�|F | ≤ 2n − 5§�âÚn4.5�§X

JBn − FØëÏ§KBn − Fkü�©|§Ù¥��©|´���á:"Ïd§3ùü«�¹

e(Ø¤á"yb�F ⊆ V (Bn) ∪ E(Bn)�|F | ≤ 2n − 5§Ù¥F ∩ V (Bn) 6= ∅, F ∩ E(Bn) 6=
∅§Ó�-Bn − F´ØëÏ�"-Fi = F ∩ V (Bi

n), F
i
e = F ∩ E(Bi

n), i ∈ [1, n]�|F1 ∪ F 1
e | ≥

|F2 ∪ F 2
e | ≥ · · · ≥ |Fn ∪ Fn

e |"�C´Bn¥¤k���>�¤�8Ü§Ó�-Fc = F ∩ C"Ï
d1 ≤ |F1|+ |F2|+ · · ·+ |Fn| ≤ 2n− 6, 1 ≤ |F 1

e |+ |F 2
e |+ · · ·+ |Fn

e |+ |Fc| ≤ 2n− 6"

(1) n = 4

�n = 4�§|F | ≤ 3, Bi
4
∼= B3§�â½n3.1§eB4 − F´ØëÏ�§K|F | = 3"2�â½

n3.4§eB4 − FØëÏ§KB4 − Fkü�©|§Ù¥��©|´�á:"

(2) n ≥ 5

éun = 4�(Ø¤á§·�én?18Bb�"�n ≥ 5�§b�T(ØéBn−1¤á§=

e|F | ≤ 2n− 7§�Bn−1 − FØëÏ�§Bn−1 − Fkü�©|§Ù¥��©|´�á:"

�¹1µ |F1 ∪ F 1
e | ≤ n− 3"

d�|Fi ∪ F i
e | ≤ n − 3, i ∈ [1, n], |Fc| ≤ 2n − 6"�â½n3.1��§é¤k�i ∈ [1, n]§

Bi
n−Fi−F i

e´ëÏ�"d·K5(1)§·��±��3?¿ü�ØÓfãBi
n�mk(n−2)!^Õá��

�>"dun ≥ 5§¤±(n−2)! > 2n−5 > |Fc|"Ïd§Bn[V (Bi
n−Fi−F i

e)∪V (Bj
n−Fj−F j

e )]−Fc´

ëÏ�§Ù¥i, j ∈ [1, n]�i 6= j§=Bn − F´ëÏ�§gñ"

�¹2µ n− 2 ≤ |F1 ∪ F 1
e | ≤ 2n− 7"

d�|F2 ∪ F 2
e | + |F3 ∪ F 3

e | + · · · + |Fn ∪ Fn
e | + |Fc| ≤ n − 3"�â½n3.1��§éui ∈
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[2, n], Bi
n − Fi − F i

e ´ëÏ�"d·K5(1)§�n ≥ 5�§(n − 2)! > n − 3§�Bn[V (B2
n − F2 −

F 2
e ) ∪ V (B3

n − F3 − F 3
e ) ∪ · · · ∪ V (Bn

n − Fn − Fn
e )] − Fc´ëÏ�"duB

1
n
∼= Bn−1§d8Bb

�B1
n − F1 − F 1

e´ëÏ�½ökü�©|§Ù¥��©|´���á:"b�B
1
n − F1 − F 1

e´ëÏ

�§�n ≥ 5�§(n− 2)!− (2n− 5) > 0§�Bn − F ´ëÏ�§gñ"b�B1
n − F1 − F 1

ekü�©

|§Ù¥��©|´���á:v"du(n− 1)!− (2n − 7)− 1 > 2, n ≥ 5§¤±Bn[V (B1
n − F1 −

F 1
e − v)∪ V (B2

n − F2 − F 2
e )∪ · · · ∪ V (Bn

n − Fn − Fn
e )]− Fc´ëÏ�"ÏdBn − F´ëÏ�£gñ¤

½Bn − Fkü�©|§Ù¥��©|´���á:"

�¹3µ 2n− 6 ≤ |F1 ∪ F 1
e | ≤ 2n− 5"

d�|F2 ∪ F 2
e | + |F3 ∪ F 3

e | + · · · + |Fn ∪ Fn
e | + |Fc| ≤ 1"�â½n3.1Ú·K5(1)kBn[V (B2

n −
F2 − F 2

e ) ∪ V (B3
n − F3 − F 3

e ) ∪ · · · ∪ V (Bn
n − Fn − Fn

e )]− Fc´ëÏ�"eB
1
n − F1 − F 1

e´ëÏ�§

�â·K5(1)��§Bn − F´ëÏ�§gñ"eB1
n − F1 − F 1

e´ØëÏ�§(Ü|F2 ∪ F 2
e | + |F3 ∪

F 3
e | + · · · + |Fn ∪ Fn

e | + |Fc| ≤ 1§KBn − F´ëÏ�£gñ¤½öBn − Fkü�©|§Ù¥��
©|´���á:"

½n4.9 éu?Û�ên ≥ 3§nκλ(Bn) = 2n− 4"

y²µ -F´Bn�����rg,�"�âÚn4.8§|F | ≥ 2n − 4"-u = (1), v = (12)§¿�

-F = {ux : x ∈ {(i, i + 1), 2 ≤ i ≤ n − 1}} ∪ {vx : x ∈ {(i, i + 1), 2 ≤ i ≤ n − 1}}"d·K2�§

BnvkÛ�"Ïd§éux ∈ V (Bn − F ), dBn−F (x) ≥ n − 1 − (n − 2) = 1§¤±F´Bn���g

,�"�nκλ(Bn) ≤ 2n− 4"(Ü|F | ≥ 2n− 4§Kknκλ(Bn) = 2n− 4"

5. (Ø

3ù�©Ù¥§·�Ì�ïÄ
n��.ãBn�g = 0Úg = 1��rëÏ5§y²
�g =

0�§é?¿�ên ≥ 2§κλ(Bn) = n− 1"�y²
éu?¿�ên ≥ 3§�g = 1�§nκλ(Bn) =

2n− 4"�©vkég ≥ 2?1ïÄ§ù3ò5´����ïÄ��K"
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