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Abstract

In this paper, the finite difference method is used to solve a class of ordinary differential

equations with Caputo-Hadamard fractional derivative. We approximate the Caputo-

Hadamard fractional derivative by using the constructed L2 − 1σformula. The finite

difference method is used to discrete the special inhomogeneous mesh (uniform mesh in

logarithmic sense). The experimental results show that the convergence rate obtained

by this method is (3− α).
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1. 0�

�©ïÄe�äkÐ�^��Caputo-Hadamard ©ê��ê~�©�§ CHD
α
a,tu(t) = f(t), t ∈ [a, T ],

u(a) = ua.
(1.1)

Ù¥,0 < α < 1, a > 0§gd�f(t) �®�¼ê"

ùpCHDα
a,tu(x, t) �'u�mCþt �α(0 < α < 1) �Caputo-Hadamard©ê��ê,½ÂX

e

CHDα
a,tf(t) =

1

Γ(1− α)

∫ t

a

(
log

t

s

)−α
∂u(x, s)

∂s

ds

s
. (1.2)
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AÏ�þ!��Xe§ù«y©´�~k�� [1]" tk = exp (log t0 + kτ) ,

τ = log tk − log tk−1 = log T−log a
N

, 1 ≤ k ≤ N.
(1.3)

��Bå�§·�½Âfk = f(tk),tk− 1
2

= 1
2
(tk + tk−1)§¿Ú\�f

δlog,tf
k− 1

2 =
fk − fk−1

log tk
tk−1

, δ2
log,tf

k =
δlogf

k+ 1
2 − δlogf

k− 1
2

log tk+1

tk−1

. (1.4)

2. Caputo-Hadamard�êlÑ

�σ = 1 − α
2
��½~ê§-tn−1+σ ∈ (tn−1, tn)§ÙäN�ò3�¡(½"rCaputo-

Hadamard�ê�¤�«mþ�È©Ú

CHD
α
a,tf(t)

∣∣
t=tn−1+σ

=
1

Γ(1− α)

[
n−1∑
k=1

∫ tk

tk−1

f ′(s)

(
log

tn−1+σ

s

)−α
ds

s

+

∫ tn−1+σ

tn−1

f ′(s)

(
log

tn−1+σ

s

)−α
ds

s

]
.

(2.1)

X [2,3]¤ã§Hadamard©ê��È©·Üu?n¼êf(t) ∈
{

1, log t, log2 t . . . , logm t
}
§��

��´f(t) ∈ {tv | v ∈ Λ}§Ù¥Λ´���I8"¤±·��±^éê¼ê¿Âþ���¼ê5�

O��È©�§¥��È¼ê§���Ü·�ê��ª [4]"

3[tk−1, tk] þ|^n:(tk−1, f (tk−1)) , (tk, f (tk)) , (tk+1, f (tk+1))§�f(t) 3éê¿Âe��

g��¼ê§P( k = 1, 2, . . . , n− 1)

Llog,2,kf(t) =f (tk−1)
log t

tk
log t

tk+1

log tk−1

tk
log tk−1

tk+1

+ f (tk)
log t

tk−1
log t

tk+1

log tk
tk−1

log tk
tk+1

+ f (tk+1)
log t

tk−1
log t

tk

log tk+1

tk−1
log tk+1

tk

.

(2.2)

¿kXe{�L�ª

f(t)− Llog,2,kf(t) =
f ′′′(ξk)

6
log

t

tk−1

log
t

tk
log

t

tk+1

, ξk ∈ (tk−1, tk+1) . (2.3)

3[tn−1, tn−1+σ] þ|^ü:(tn−1, f (tn−1)) , (tn, f (tn))§�f(t) 3éê¿Âe��g��¼

ê§P
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Llog,1,nf(t) = f (tn−1)
log t

tn

log tn−1

tn

+ f (tn)
log t

tn−1

log tn
tn−1

. (2.4)

¿kXe{�L�ª

f(t)− Llog,1,nf(t) =
1

2
f ′′ (ηn) log

t

tn−1

log
t

tn
, ηn ∈ (tn−1, tn) . (2.5)

éLlog,1,nf(t), Llog,2,kf(t)©O¦��

Llog,1,nf(t))′ = δlog,tf
n− 1

2 , (Llog,2,kf(t))′ = δlog,tf
k− 1

2 +
(
δ2

log,tf
k
)(

log
t2

tktk−1

)
. (2.6)

©OCqCaputo-Hadamard�êÈ©Úmà¥�f ′(s)§�

CHD
α
a,tf(t)

∣∣
t=tn−1+σ

=
1

Γ(1− α)

[
n−1∑
k=1

∫ tk

tk−1

(Llog,2,kf(s))
′
(

log
tn−1+σ

s

)−α
ds

s

+

∫ tn−1+σ

tn−1

(Llog,1,nf(s))′
(

log
tn+1+σ

s

)−α
ds

s

]
+Rn

=
1

Γ(1− α)

{
n−1∑
k=1

∫ tk

tk−1

[
δlog,tf

k− 1
2 +

(
δ2

log,tf
k
)(

log
s2

tk−1tk

)](
log

tn−1+σ

s

)−α
ds

s

+

∫ tn−1+σ

tn−1

δlog,tf
n− 1

2

(
log

tn−1+σ

s

)−α
ds

s

}
+Rn

=
1

Γ(2− α)

{
n−1∑
k=1

[
a

(α)
n−kδlog,tf

k− 1
2 + 2b

(α)
n−k

(
δ2

log,tf
k
)]

+ a
(α)
0 δlog,tf

n− 1
2

}
+Rn

=
1

Γ(2− α)

n−1∑
k=0

c
(n,α)
n−1−kδlog,tf

k+ 1
2

(
log

tk+1

tk

)
+Rn

=
1

Γ(2− α)

n−1∑
k=0

c
(n,α)
k δlog,tf

n−k− 1
2

(
log

tn−k
tn−k−1

)
+Rn

=
1

Γ(2− α)

n−1∑
k=0

c
(n,α)
k [f (tn−k)− f (tn−k−1)] +Rn. (2.7)

é«m[log a, log T ] ?1(1.3)ª�AÏ�þ!y©§KÙ¥�lÑXê½Â�

a
(α)
0 = σ1−α, a

(α)
n−k = (n− k + σ)

1−α − (n− k − 1 + σ)
1−α

, (2.8)

b
(α)
n−k =

1

2− α

[
(n− k + σ)

2−α − (n− k − 1 + σ)
2−α
]

− 1

2

[
(n− k + σ)

1−α
+ (n− k − 1 + σ)

1−α
]
,

(2.9)
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�n = 1�

c
(n,α)
0 = a

(α)
0 , (2.10)

�n ≥ 2�§P

c
(n,α)
k =


a

(α)
0 + b

(α)
1 , k = 0,

a
(α)
k + b

(α)
k+1 − b

(α)
k , 1 6 k 6 n− 2,

a
(α)
k − b

(α)
k , k = n− 1.

(2.11)

Ù¥Rn�ÛÜ�äØ�§3ØÚå· ��¹e§Pc
(n,α)
k �c

(n)
k "

aq [5]§·�¡(2.7)�ê�%Cúª�L2− 1σúª"

3. ê��ª

3(1.3)ª�AÏ�þ!��e§ò«m[log a, log T ] y©�log a = log t0 < log t1 < · · · <
log tN = log T§Ú��τ§ù�±w�´éê¿Âþ�þ!��"-un �u 3t = tn ?�ê�)§

(Ü(2.7)ª�§(1.1)3t = tn−1+σ��lÑ�ª�

un =

(
τ−α

Γ(2− α)
fn−1+σ −

n−1∑
k=1

c
(n)
k

(
un−k − un−k−1

)
+ c

(n)
0 un−1

)
/c

(n)
0 , u0 = 0. (3.1)

4. ê�¢�

~4.1. �Ä�§(1.1)§Ù¥a = 1, T = 2, ua = 0§
��f(t) = 6
Γ(4−α)

(log t)3−α"

T�§�°()�u(t) = (log t)3"3ê�¢�¥§·�4©ê�©O�α = 0.3, 0.5, 0.7§��

¿©°ê�N = 10, 20, 40, 80, 160§��
�L 1�ê�(J"(JL²§�X���[©§Ø�

�5��§�Ø��Âñ�ªCu(3− α) �§ù�nØ(J��"

Table 1. Error and convergence order under different number of mesh sections

L 1. ØÓ��¿©°êe�Ø�9Âñ�

N
α = 0.3 α = 0.5 α = 0.7

Ø� Âñ� Ø� Âñ� Ø� Âñ�

10 3.3302×10−4 - 3.3302×10−4 - 5.4580×10−4 -

20 4.1628×10−5 3.0000 4.9753×10−5 2.7428 1.0109×10−4 2.4328

40 5.2035×10−6 3.0000 8.7449×10−6 2.5083 1.9672×10−5 2.3614

80 6.5044×10−7 3.0000 1.5608×10−6 2.4862 3.9258×10−6 2.3250

160 8.5775×10−8 2.9228 2.7967×10−7 2.4996 7.9255×10−7 2.3084
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5. o(

�©ïÄ
�a�kCaputo-Hadamard©ê��ê�~�©�§§·�3AÏ�þ!��

£éê¿Âe�þ!��¤þ^k��©{�E
Caputo - Hadamard �ê�L2 − 1σ úª§¿^

5Cq~�©�§�©ê��ê§�y
TlÑ�ª�k�5§��ÙÂñ�Ý�(3− α) �"
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