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Abstract

In this paper, we study the existence and uniqueness of forced traveling wave solu-
tion for Lotka-Volterra cooperative model with nonlocal diffusion and time delay in a
shifting environment. By constructing a pair of appropriate upper and lower solutions
and using the monotone iteration, we prove that there is a traveling wave solution if

the speed of the environmental movement ¢ > max {cj, c3,0}.
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1. 5|8

EIEE BRI R WA R. EAEMEEET, Lotka-Volterra #5278 18 & 4 F SR IR ¥ Fh 2 [A]
MEER R, RMFRA TR PR S A S RSy (1] 2 [ EE1E. Fealih, H. Berestycki [2]
R8T A1 I R AT B FE SR T S AR AR R R R«

ou 0%u

2 4= - R 1.1
By daxQ—f—f(u,x ct),t >0,z € R, (1.1)

Hr ¢ > ONRAAGEZ, u(t, ) At 2 M ERIMEFERE, d > 0 Y B, 5R5(1.1) MK
PR A BT FRAT B ARE AR AE M R e tEAIME— MO8 2) 7T 2R [3-5]. REQ DA T
BAIFPAERE SIS IR A, (AW KM I A AR . ik, Yang FIWu [6] i 75 T #
B3 T [ Lotka- Volterra & 1F &%t

ou(x, 8%u(zx,
{ ét ) — dy 6;2 4 u(z,t) [r1(z — ct) — u(x, t) + aqv(x, t)] £ 0.2 €R (12)

2
Q) — g, PB4y, t) [ro(z — ct) — v(, 1) + agu(z, t)]

HA T AESHARIER, a0 = 1, 2R RYFP RIS 1EREE, WK R () 2 — MELER AR R
B, HHW R —00o < Ly = ri(—00) < 0 < 1i(+00) = K; < +o00,i = 1,2, JHISHIESER LRGSR
PHEATTVE, UERH T SR IA S AEEE AN AT . DA AR S 2 25 52 W, [7-9).
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T Laplace® 7 H e iR R N DA EAE . SR, fEELSE R Mz a2y, 3L
IS MASFI A TAER. T4 TR S FilE kA EAEH, 20 [10]. B, 2054 H
AR BORMIA YR ) 2= AE sh . JE RS HUE F H B E 7R R R

Jru=d(to) = [ I yultp)dy - ult. o)
R

Horp MR L L. i, Wang LI [11] #7017 B IEREY B Lotka- Volterra & &2 4

{ 2 = dy [(Jyw ) (2, 8) — (O] + u(a, 1) [ra (@ — o) —ula,t) Fa(en)] o
D) — dy () (2,) = v, )] + 0o, [ra( — ct) — v(o,6) + (e, )]
(1.3)

XH ayay < IRIRPIANIMZ G G5G1E, N EEHBREL () RZ R EL J, ()il 2 LT R
(H1) () ERAHIES AR EL, ri(+00) Eﬁﬁ@ﬁ’] FEiH 7 (—00) < 0 < ry(400).
(J1) J;() € C(R), J(z) > 0,J(0) > 0, [, Ji(z)dz =1, FXERp > 0 FH [, Ji(z)e!l*ldz < oc.

VR B 22 i 1) B RS AN R AR 2 1 E B TP R S I s P A7 A . 3 1
AT, A ek 3 i 8] R B AT 5 MR IS B 26155, JATATEAZ % [12-16).

AR JE N, ARSI AR TS A T PR 2R, SRR A A S A S DR 2R I S IS A A AN T R A 1. -
I, 7E S SLY BT FE AN I BB S BR E . V2 B I R R BT RO R DT g
WL [17-26]. a0, Yo Yuan [27] FH A B iR $H 5 FSchauder Kzﬂﬁ%@ﬁﬁ?’i?ﬁuﬁk%%&ﬁ#
Tt Lotka- Volterra 3¢ 415 B4 T 1% fifE A A7 5 12k -

,t>0,2 €R, (1.4)

{ Q) — g [(Jy %) (2, 8) — ule, )] + fi (we(x), v ()
@) — dy [(Jy # 0) (,8) — v(z, 1) + fa (ue(@), ve(z))

R uy(2)(s) = u(a,t+s),—7 < s <0, 7 NEKBE, J, R — R A, Ji(y)dy = LIPTH i = 1,2,
foo R? = Ryi = 1,2 A VESE R HCH 5 2 559U M (W QM) jz%‘%?aiﬁlﬂiﬁf (WQM*). fE
LA I STk, AR /0 [ 6 2% R A S R B 47 FOR IR 9 1 S R4 7 . % F SN0, Cheng
FiYuan [28)#3 8] T SRIEAT BARIOAFLEME— L. FIRES, X “4Ets 00, [N % BB ah 3 LRI i 5
FAT B X

R SCHR I 23 52, A% HE AR5 3 SR U554 48 3 M5 ORI 48 F9 Lotka- Volterra 2 £
W

{ aué()tt,:c) =dy [J1 xu—u] (t,z) + u(t,z) [r1(x + ct) —u(t,z) + ayv (t — 71, 2)], (15)

% =dy [Jaxv—0](t,x) +v(t,z) [ro(z + ct) — v (t,2) + agu (t — T2, 2)] .

Hpe > 0,2 € R, d; > 0, u(t, z) Ml o(t, z) RN EAEDIFN, B 7,0 = 1,2 RIEREEL, a0 = 1,2
FORFIREIAN SRR . A8 T ORI i b, FRAME T i F Bk

(A1) 0 < aras < 1.

(A2) r;()RRFHNELAIE BRI, ri(oo) AR, H ri(+00) < 0 < 74(—00).

(A3) J; € C(R,R), IR [, Ji(z)de = 1, XHERE p > 0F [, Ji(z)e!*ldz < oc.
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Ak, AL T IR K.
(A4) T1(+OO) < —aiko, T2(+OO) < —agk;.
KEREAIETL T, AR A BB RS 5. J0AF L7 R R (L.5) T A7
TEPE. RGE(1.5) AT M & FAT W R Re R T 2P 78 AN i«
(w,v)(t, z) = (U, V)(§),§ = +ct. (1.6)

K (1.6)F0N(1.5), FATRT LA 240N 15 R 4

{ cU'(§) =di [L U (&) = U] +UE) [ri(§) —U (§) + a1V (§ —em)], £ eR. (1.7)

V(€)= da [Jox V() = V(O] + V(&) [r2(§) = V(&) + a2l (§ — cm2)]
R, AR (1.7) B IR R GAE 7T TS WAL AFAEME — B IR P R E™ (Ko, k), e

by = r1(—00) + CL17’2<—OO)’ ky —

1-— aias

ro(—00) + agry (—00)
1-— a10a2 ’

A TVRAEERAF BB (ky, ko) ME,(0,0) HIATEME, I H 2L 5%+

{ limga—oo(U(f)v V(&)) = (kl’ kQ) )
limg—wo(U(g)v V(§)> = (Oa 0)'

W HARE T HLNT . 258 5, T 7 — Lk 51 B 258 =, g aiE
(A, PR S PR BRIEAR, BRATUER 1 R GUAT BRI A7 (e

2. T ER

BATE N A0 5. W TEE M = (uy, up) Flo = (vy,00), Bu; < viyi = 1,2, Witu < v,
#u < v Hu # v, WHidu < v.
EX2.1. FHE—FIAREFEYL RFEEHH(UE),V(E)ER\{g} LA

{ cU'(€) = (L)dy [+ U(E) = U(E)] + U(E) [r1(6) = U (€) + arV (€ — em)]

V(&) 2 (L)da [J2x V(E) = V(] +V(E) [r2(§) =V (&) + axU (€ — cm2)].

HFeeR, BH(U(®E),V()) Egﬁt:‘%éi, WAR(U(E), V(&) ARKR(1.7)8 L (T ).
FATE oG —x BT, 2 R

AN\ c) =d; [/ Ji(y)e ™dy — 1| —eA +ri(—00),i = 1,2. (2.1)
R

; (o) o—2 B "
(00) := i&% di ([ Ji(y)e ™ iy 1) 4 ri(—oc0)

1 BR A AT, A AR SR RO

3k
¢
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3132.2 X{EEce > max{c}, 3}, Ar(A\ ) AN, ¢) 2B DAFRIER N, A FXg, Ay,

iR
>0, < M >0, < A3
AN e) =4 <0,0€ (M, A) s AN e)=4q <0,A€ (M3,\) -
>0,A> A\ >0, > N\

L1 (€) = M8 — ge™ 8 [y(€) = eMsC — genes, HfEHi g (1,min {2,:\\—?,:\\—.‘;}), qg>1. %
o K

ks (€A3£ - qen/\"'&) 6§ < &

U(e) = ky (eME —qgemit) £ < &
T 0,6 > &

0.e> 8 ,V(f))Z{

51382.3 XMEEc > max {c},c3}, M q> 1 BB KRR, (UE),V(€) RRAT)H— T fE.
MERR. J7{EiE I, &
Pi(&) :=dy [J1 xU(E) = UE)] — cU'(§) + U(E) [r1 (&) —U (&) + a1V (§ —em)],
Py(§) ==dy [Jox V(&) = V(§)] — Czl(f) + V(&) [r2(§) =V (§) + U (§ — cm)].
NTAEM (U(E), V() R— DT, RFEW PL(€) > 0 Fl Py(€) > 0. FAVEIE Py (€) > 0.
(HH € > &, UE) =0, M P(§) =0.
()€ < &, U(E) = ka (M€ — qem™ ), V(€ —cmi) =k (eX2E7m) — gemsEmem)) > 0 U
Py(&) = kMt {dl ( / J(y)e MVdy — 1> — A\ + 7“1(5)}
R
e [an ([ Ty —1) - e+ ()] + O 0O + @V (¢ - en)
> keé {dl </ J(y)e MVdy — 1> —cA F+ri(—00) —ri(—00) + 71 (5)]
R
— kige™* [dl </ J(y)e ™V dy — 1) — enAy +71(—00) —ri(—00) + Tl(f)}
R

— (kyeMé — que"’\15)2

> —k1eM€ r(=00) = 11 (€)] 4 kage™ [ri(—00) = 11 (€)] — Kage™€ [Ar (i, o)) - k€
>~k ™ [gAr (Ain, €) + keM6E7)]

= —ke™¢ [qu (Am, ) + (11;{1@5?]

> 0.

Mg > 1 2B RN, K5 MAFERX KL HRETE, RATATEHERXIMEE IS € R,
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Py(€) > 0. FrLL, (U(€), U(E)) & RG(L.T)HI—A M, k5. O
e (A3), BATATLLIEHE €0 > 0 2K, Jorb i = 1208457, (€0) +arks < 0, r2(£2) +ask, < 0.
E X

hl(/i) = di |:\/R Ji(y)(i"uydy - 1:| +cu+r; (510) + a,»k:j,i 75] S {1,2}

SR hi(0) < 0, 24 11— ool () — +oo. XIMEE p € R A hi(n) = di [, Ji(y)y*evdy > 0, 33
WRFHEAEAE p; > 0 643 hy () = 0. Ht e SOESE 5L

_ ke () e >0 ke 2 (78) ¢ > ¢,
U - 7V = :
(©) { ki, & < €0 © ko, € < €3

51EE2.4 XHMEEc > 0, (U(E),U(&) > (U(E), U(&)) 2 RG(L.7) 10— LAl

WERR. N €7 > 0 > &, BTRA(U(6),U(€)) > (U(6),U(€)). FHIEM(TU(E), V(€))ZARLATH—A
B, IR

Qi) == di [+ T(€) = T()] =T () +T(©) [r() =T (&) + aV (£ = em)] <0,

Q2(€) == d [2 + V(&) = V(€)] = V() + V(€) [ra(€) = V (&) + aaTU (€ — em)] < 0.
BAVEIEQ1() <0. (1) Be< &M, UE) =k, V(E—cm) < ks, B

Q1(&) = k1 [r1(&) — k1 + a1V (€ — emy)] < Ky [r1(—00) — k1 + arks] =0
()4 &> &0 W, T(E) = ke (&) V(€ —em) <ho,

Qu(6) = ke (&) [dl </ J(y)e'dy — 1) e +11(6) — ke 8 40,V (€~ em)
R

< kyemm(E) [ch ( / J(y)et ¥ dy — 1) +opn + 71 (&7) + arky
R

= 0.

BRI T, BATAT LAEBXHE RIS € R, Qo(€) < 0. ATLA, (TU(€),U(€)ZARGA.THK—4 L
fifk, UEEE. O

IAEFRAT 58 SO THI4E T
I {(U),V(€) € CR,R) : (T(),V(E) = (U),V(E) > (U®©),V(E)} (2.2)
WRERE B1 = di + 2k — r1(+00), B2 = da 4 2ky — 7(+00), E XH T

H (U, V):=di i xUE) + (Br —di) U&) +UE) [r1(&) = U (§) + a1V (§ — em1)],
Hy(U, V) i=dydy % V(§) + (B2 — d2) VI(§) + V(§) [r2(§) — V (§) + axU (§ — cma)] .
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BRI N AR T RS,

{ U(©) = L [o MU V)(2)e * -9z = B (U, V)(©), 23)

V() =L 5 Ho(U,V)(2)e#C9dz := B (U, V)(€).

HitE XET F(U€), V() = (FL(U(€),V(€), Fy(U(€),V (€)= 1,2. IbIF, RGi(1.7)BIIAEAE
VeI A HFF IS S A TEE R L R, FRATH LR &5 3.

51382.5 2% ¢ > max{c}, ¢35, 0}, W F 2 —PHERAE 7 H F(T) CT. #—2H, Wik (U,V) e
DRARER, A F(U,V)(E)FRT € e R H2 AR,

MWERR. EGIEF 2 —ANEE . XHMER (UL, V1), (Us, Vo) € T H (U, V1) > (Ua, Vo), W
Hy (U, V1) (§) — Hy (Us, Va) (€)

—d, / J() (UL(€ = y) = Ual§ =) dy| + (U1(6) = Ua(€)) (B — da +11(6)

+ a1 [U1 (V1 (€ — emr) = Ua(§)Va (€ — emy)] — [UL(€)? — Ua(€)?]

>d, / J(0) (UL (€ — ) — Ua(€ — 9)) dy| + (UL(€) — Ua(€)) [Br — da +11(€) — Ur(€) — Ua(©))

>0.
FASRAN IR TR, Hy (Ur, V1) (§) — Ha (U2, Va) (§) > 0. AERILE, [958 SCAT A

3 5,
R0 ) (O = Fi 0 2) (O =+ [ [Hi (0 Vi) () = Hi (U V) ()] 692 2 0,6 = 1,2

B, PR MR
WHRU, V) e T e EE, MXTEEs > 0,6 e R, FAMIFE
HA(U.V)( + ) — Hy(U, V)(©)

—d, { [ ©E+s - -vie- y))dy] LU+ )~ U©) (B — )
+UE+s)ri(E+s)—UE)ri(&) +ar [UE+ )V (E+s—cm) — UV (§ — cm))
U+ - U]

<y { [ h@wE+s - -vie- y))dy] U+ 5) - UE) (B —ds — U(E + )~ U(©))
+UE+s)r1(E+s)—U(E)ri(E+ s)

4, [ [ we+s - - vie - y))dy]

Ut 8) — U(E) By —dy + (€ +5)— U(E+5)— U(©)

<0.
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KUNGH Ho(U,V)(E + 5) — Ha(U,V)(€) < 0. Ak,
1 [&Fs 5
EUV)(E+s)=- Hy(U,V)(2)e 2 G=E+9) g,

1 ¢ B
= / H,(U, V)(z+s)e%(2_f)dz
c — 00

Bi(2—=¢€)
c

< i/j H;,(U,V)(z)e dz

= Fi<U’ V)(f)

NHEEW] F(D) CT. #RE LA FRE X, W LS 2

L m@ o

EN S N 1 ¢ — — 1
:1[ / H (O V)(2)e?C 0z + -+ | H(T,V)(2)e ¢ 9dz + / H1<U,V>(z)eﬁc<2‘@dz1
C oo &1

< % VEN (CU (2) + BT(z)) e FCOdz 44 /5 (0/(2) + BT(2)) -

&1
=U(9),
F(U,V)(9)
= % fN Hy (U, V)(2)e™ = "de+ -+ '51 Hy (U, V)(2)e™+dz + ; Ha(T, V)(z)eﬂcl(zg)dzl
—oo &2 1
<V(9).

KR FUE),V(€) < (U©),V(€)). AR, M T WA EF I E AT 5

1t 81 (z-¢)
== H,(U,V)(z)e="*"%dz
1 éN 5 & 51<Z*€>) ¢ B,
== H (U, V)(2)e=E9dz + ... + H, (U, V)(2)e = Jdz+ | Hy(U,V)(2)e=*9dz
c —oo &2 &1

B 81

1 &N L I3
=z l/ (U'(2) + BiU(2)) e e F8dz + - - +/ (U'(2) + AiU(2)) e FC9dz

=U(g)
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U.V)(&)
1 &N B1 & B1 ¢ 81

== Hy(U,V)(2)e= E9dz 4+ ... + Hy(U,V)(2)e” < 9dz+ | Ho(U,V)(2)e = 9dz
€[/ oo & &

>V (€)

RERW F(UYV) > (U, V). BT F RS T, BAFAER (U, V) e, &ATH

(U, V) < F(U,V) < F(U,V) <FU(®E), V() <(U©),V(6)), (2.4)
Hk, F(T) CT. iE5e. O

3. TR TR A

TEIE3.1. Bk (A1)-(A4) 2, W3 FAEEL 26 ¢ > max{c],c5,0}, RA&(1.7)GFEEE
E* (ky, ko) F2 Eo(0,0) 89478 AR (U (), V(€)), Bith RAR &M (1.8).

MERR. 25 FE T I AR
Un-‘,—l = Fl (Una th) ) V;H—l - F2 (Un’ Vn) , 1 2 ]-a
L AIIRIER N
U1 - Fl(U,V),‘/l - FQ(U,V)

HTU), V(€)M R EL, d5IF2.50 1, WEANEEM n, (Un(E),Va(€))RTE € RIZEIIIN. &

lim (Un(§), Va(§)) = (U(£), V(£))-

n—-+o0o

AR, (U(E),V(€) — Mm% H.
(U(©), (&) < (U(6), V(&) < (U(&), V(&)
Ak, Hi(U,(€), V(&) B ASaE Hy(U (), V(6)), Hi=1,2. T
Hy(Un(€), Va(€)) < ka [r1(H00) + B1 + 2dy + k1 + a1ks]

Hy(Un(€), Va(€)) < ka [r2(+00) + B2 + 2dz + ko + azki] .
FR ¥ Lebesgueds fil U Sie 2, AT 2

U) = lim U,(§) = lim Fy (Uy_1,Va_1) (§)

n—oo n—oo
L[ & (e-g)
= lim — H1 (Up—1,Vn_1) (2)e = dz

n—oo C

_ C/ H\(U,V)(2)e # -9z = FL(U, V) ()
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FUATRV (&) = B(U,V)(€). BHEH, (UE),V(€)) € CHR,R) L RF(1.7).
BTN RBATEUE (U(6),V(€)) W2 LTt (1.8). TATEER
lim (U(€),V(€) = lim (U(£),V(€)) = (0,0).

{—+o0 E—+o0

B limeoe(U(E),V(E) = (0,0). 1T (U, V() RAHMA IH, WILIELEHH A,
i (U(©).V(©) = (41, 42).

JUES)
5EI—noo Hy(U,V)(€) = B1A1 + Ay [ri(—00) — A1 + a1 4],
lim HQ(U, V)(g) = 52142 + AQ [TQ(—OO) — Ag + a2A1] .

£——o0

4L Hopitalik N 7] 15,

A = lim U(€)

£——o0

1 [¢ .
= lim / Hl(U,V)(z)eBT(Z_5)dz
E——o0 C 0
I ACAGIG!
§*>7OO /81
A1 [T‘l(—OO> - Al + alAQ]

= A, +
' By

£——o0

1 /¢ 2
= lim / HQ(U,V)(z)eﬁT(Z*@dz
E——o0 C oo
o B0V
£——o0 52
Ay [ra(—00) — Ag + az A, ]

2 By

%e]
{ Al[’l"l(—OO) - A1 + (IlAg] = O,

A2[7"2(—OO) — A2 + agAl] =0.
Xf bk n NE AT AR

l—aja ’
A2 _ r2(7oo)+alz'r21(foo). (31)

17(11(12

{ Al — r1(—00)+airs(—o0)

B lime s oo (U(€), V(€)) = (K1, ko). FTEL (U(E), V(£)) TR F A (1.8). HEEE. O
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- IL-\—I:l %%tﬁ

AW TE T AR BRI BE T, — S I i ) Lotka- Volterra & 1F R ST R A A-AEYE. T
o B RES RIS AUNE, IEM TiZRGAAAEAT B, MAh, A SO R — s fy it — 2B W
[, AT S AR SR [ 7 e 22

LABBESR A (A2) F AT B 7y ()RS, B O < ri(Ho0) < 1ri(—00), SRR HH B ARG (1.7) 2 B A7 1E
AT

QAT T ARG (L.T) AT AR HIAFAENE, ATHE— DT SO R G HIME— 1, Rg MEA A AE L.

EEUH

IR 8 E AR AR 4 T Bh I H (2023JJ30006), 1R 4 208 T RHAH 7S B H (21A0192),

S 3CHR
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