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Abstract

Graph theory has been widely studied by many scholars in recent years, among which

the study on generalized matrix has attracted many scholars. Recently, Pasten and

Rojo introduced a new generalized matrix, which is a convex linear combination of the

adjacency matrix and the distance matrix, called the generalized adjacency distance

matrix. In addition, extremal spectrum is also an important subject in spectrum

theory. Some special graphs are often studied as extremal graphs, such as block

indifference graphs, pineapple graphs, etc. In this paper, we study the generalized

adjacency distance spectrum of four kinds of special graphs. We generalize not only

the adjacency spectrum and distance spectrum, but also their adjacency distance

spectrum.
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1. Úó

ãÌnØCc5�éõÆö2�ïÄ, Ù¥é2ÂÝ
�ïÄáÚ
éõÆö. 32017

c, Nikiforov [1] �Ñ
ãG �2Â��Ý
Aα(G) �½Â: Aα(G) = αDe(G) + (1 − α)A(G),

0 ≤ α ≤ 1, {¡�ãG �Aα Ý
. w,§2Â��Ý
Aα(G) ´��Ý
A(G) ÚÝé�Ý


De(G) �à�5|Ü.

32022 c, Brondani �<3©z [2] ¥ïÄ
oaAÏã: ÁÙãKq
p , ¬Ã�Éã, KKl

n ã

ÚHln ã�AαA��, ¿�Ñ
ù
ã�Aα(G) Ý
��½�α I�÷v�^�.

�C, PastWn ÚRojo 3©z¥ïÄ
�«#�2ÂÝ
, ���Ý
A(G) ÚålÝ
D(G)

�à�5|Ü, ¡�2Â��ålÝ
, ^Sα(G) L«, �Sα(G) = αD(G) + (1− α)A(G). �α = 1
2

�, S 1
2
(G) = 1

2
S(G), Ù¥S(G) = A(G) +D(G) �ãG ���ålÝ
. 'u��ålÝ
��õ

[!��©z [3].
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d	, Ì4�¯K�´ãÌnØ¥���­��K. �
AÏãa²~���4�ãa5ïÄ,

X: ¬Ã�Éã, ãHln, ÁÙãKq
p ÚãKK

l
n (�'ïÄ��©z [4–7]).

Ïd, �©éþãAaAÏã�2Â��ålÌ?1
�x. ddØ=í2
��ÌÚålÌ

�(J, �í2
��ålÌ�(J.

2. ý��£

�!Ì�0��©I�^���
Ä�VgÚ½Â, ±B�Y¦^.

�©ïÄ�ãþ�{üÃ�ëÏã. �½��ãG , Ù�ê�n, -A(G) ÚDe(G) ©O�L

ãG ���Ý
ÚÝé�Ý
. ãG ¥ü:v Úw �ål½Â�ë�v Úw ü:��á´»��

Ý, ^dvw 5L«.

½Â2.1. [8] -A ���n �é¡Ý
, Ù1Ú��I^8ÜV = {1, 2, . . . , n} L«. X

J{V1, V2, . . . , Vk} ´8ÜV ���y©�|Vi| = ni, i = 1, 2, . . . , k, @o�òA ��Xe�©¬Ý


:

A =


A1,1 A1,2 · · · A1,k

A2,1 A2,2 · · · A2,k

...
...

. . .
...

Ak,1 Ak,2 · · · Ak,k

 ,

Ù¥Ai,j �LA �ni × nj �fÝ
, 1 ≤ i, j ≤ k.

-bi,j �LfÝ
Ai,j �²þ1Ú, @oÝ
B = (bi,j) �Ý
A �ûÝ
. d	, XJz�f

Ý
Ai,j �1ÚÑ´���½�ê, @o¡þãy©��y©, éA�Ý
B �¡�Ý
A �ûÝ


.

½Â2.2. [9]-G0(n1, n2, . . . , nk)��¹k �ì�ã,�ùk �ì��ê©O�: n1, n2, . . . , nk,

Ù¥ni ≥ 2, 1 ≤ i ≤ k. d	, G0(n1, n2, . . . , nk) ¥k �ì�ë��ªXe:

(1)G0(n1) = Kn1
;

(2) G0(n1, n2) dìKn1
ÚKn2

ÊÜ��:��;

(3) G0(n1, n2, . . . , nt) ´dãG0(n1, n2, . . . , nt−1) ¥�ìKnt−1
�ìKnt

ÊÜ��:��,

t < k.

@oG0(n1, n2, . . . , nk) �¡�¬Ã�Éã.

�½���ê�n �¬Ã�ÉãG0(n1, n2, . . . , nk), ^Q = {Q1, Q2, . . . , Qk} L«§���ì
�8Ü, Ù¥|Q| = k , ni = |Qi| ≥ 2 �i = 1, . . . , k. @o�^R(G) = [n1, n2, . . . , nk] 5L«

ãG0(n1, n2, . . . , nk), Ù¥n =
∑k

i=1 ni − k + 1, Xã1 �¬Ã�ÉãR(G) = [3, 4, 5].

½Â2.3. [2] -n ≥ 3 �1 ≤ l ≤ n, @oãHln ´ÏL3ü���ãKn �éA�l �º:�m

O\l ^>¤���ã, Xã2 �H3
6.

½Â2.4. [2] -q ≥ 1, p ≥ 3, @oÁÙãKq
p ´ÏL3��ãKp ���º:þ]!q ^>�

��ã, Xã3 (a)�K3
5 .
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Figure 1. R(G) = [3, 4, 5]

ã 1. R(G) = [3, 4, 5]

Figure 2. H3
6

ã 2. H3
6

½Â2.5. [2] -n ≥ 3, 1 ≤ l ≤ n, @oãKKl
n ´ÏL3����ãKn ���º:Ú,	�

��ê�Ó���ãKn �l �º:�mO\l ^>���ã, Xã3(b) �KK3
5 .

Figure 3. K3
5 and KK3

5

ã 3. K3
5 ÚKK3

5

Ún2.6. [8] XJÝ
B ´Ý
A ��y©ûÝ
, @oÝ
B �¤kA���½��Ý
A

�A��.

Ún2.7. [10] XJÝ
P =

[
C1 C2

C2 C1

]
���©¬Ý
, @oλ ´Ý
P �A����=�λ

´Ý
C1 + C2 ½Ý
C1 − C2 �A��.

3. AaAÏã�2Â��ålÌ

�!Ì�ïÄ¬Ã�Éã, Hln ã, ÁÙãKq
p ÚKK

l
n ã�2Â��ålÌ. /Ï�y©, ûÝ


9�'�£��
ùAaAÏã�2Â��ålÌ, Ø=é��ÌÚålÌ?1
í2, �éÙ
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��ålÌ?1
í2. Ød�	, ���YïÄ��ålÌ4�¯KC½
�½�Ä:.

3.1. ¬Ã�Éã�2Â��ålÌ

�!Ì�|^�y©ÚûÝ
�£�x
¬Ã�Éã�2Â��ålÌ. T(Jí2
©

z [11] ¥éffÁã��ã(=¬Ã�Éã)���Ì�(J, 
��í2
¬Ã�Éã�ålÌÚ

��ålÌ�(J.

½n3.1. -G = G0(n1, n2) �¬Ã�Éã, �α ∈ [0, 1), n1 ≤ n2, @o¬Ã�ÉãG �Sα A

���−1 9õ�ªfs1(x) �n��, Ù¥A��−1 �­ê�n1 + n2 − 4, fs1(x) = −x3 + (n1 +

n2−4)x2 +[4α2(n1−1)(n2−1)+3n1 +3n2−n1n2−6]x+4α(n1−1)(n2−1)+3n1 +3n2−2n1n2−4.

y². ÏLéãG �º:·�IÒ, ��Ù2Â��ålÝ
Sα(G) Xe:
Jn1−1 − In1−1 J(n1−1)×1 2αJ(n1−1)×(n2−1)

[0.3cm]J1×(n1−1) 0 J1×(n2−1)

2αJ(n2−1)×(n1−1) J(n2−1)×1 Jn2−1 − In2−1

 .
Ï�Sα(G) + In1+n2−1 �cn1 − 1 1�Ó, �n2 − 1 1��Ó, ¤±0 �½�Sα(G) + In1+n2−1 �A

���­ê���n1 + n2 − 4. ù¿�X−1 �Sα(G) �A���­ê���n1 + n2 − 4.

�uSα(G) ��{A��, �dÙûÝ
Bs1 ¼�. y3, ´�

Bs1 =


n1 − 2 1 2α(n2 − 1)

n1 − 1 0 n2 − 1

2α(n1 − 1) 1 n2 − 2

 .

dÚn2.6 ��, Bs1 �A���½�´Sα(G) �A��. ÏLO�, Bs1 �A�õ�ª�fs1(x).

�½n�y.

íØ3.2. �α �ØÓ���, kXe(J:

(1) �α = 0 �, Sα(G) = A(G). d�, ¬Ã�Éã�2Â��ålA��=���A��, �

©z [11] ¥�½n1 (J��.

(2) �α = 1
2
�, Sα(G) = S(G). d�, ¬Ã�Éã�2Â��ålA��=���ålA�

�.

(3) �α = 1 �, Sα(G) = D(G). d�, ¬Ã�Éã�2Â��ålA��=�ålA��.

du2Â��ålÝ
���Ý
ÚålÝ
�à�5|Ü, ¤±�±ÏLO�ãG ���Ì

ÚålÌ5�yãG �2Â��ålÌ��(5.

~3.3. �½¬Ã�ÉãR(G) = [3, 4], Xã4 ¤«.
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Figure 4. R(G) = [3, 4]

ã 4. R(G) = [3, 4]

KÙ��Ý
ÚålÝ
©O�:

A(R(G)) =



0 1 1 0 0 0

1 0 1 0 0 0

1 1 0 1 1 1

0 0 1 0 1 1

0 0 1 1 0 1

0 0 1 1 1 0


,

D(R(G)) =



0 1 1 2 2 2

1 0 1 2 2 2

1 1 0 1 1 1

2 2 1 0 1 1

2 2 1 1 0 1

2 2 1 1 1 0


,

KR(G) ���ålÝ
�:

S(R(G)) =



0 2 2 2 2 2

2 0 2 2 2 2

2 2 0 2 2 2

2 2 2 0 2 2

2 2 2 2 0 2

2 2 2 2 2 0


.

ÏLO�, ����Ý
A(R(G)) �A�õ�ª�: fsA(x) = (x + 1)3(x3 − 3x2 − 3x + 7), å

DOI: 10.12677/aam.2024.134145 1547 A^êÆ?Ð

https://doi.org/10.12677/aam.2024.134145


�¬´

lÝ
D(R(G)) �A�õ�ª�: fsD(x) = (x+ 1)3(x3 − 3x2 − 27x− 17).

qÏ��α = 0, n1 = 3, n2 = 4�, fs1(x) = −x3 + 3x2 + 3x− 7. Ïd, d½n3.1 ��, ¬Ã

�ÉãR(G) = [3, 4] �2Â��ålA���−1 ±9fs1(x) = −x3 + 3x2 + 3x− 7 �n��, Ù¥

A��−1 �­ê�3.

Ó�/, �α = 1, n1 = 3, n2 = 4 �, fs1(x) = −x3 + 3x2 + 27x + 17. Ïd, d½n3.1 ��,

¬Ã�ÉãR(G) = [3, 4] �2Â��ålA���−1 ±9fs1(x) = −x3 + 3x2 + 27x + 17 �n�

�, Ù¥A��−1 �­ê�3.

ÏL*	, ´� 1
2
S(R(G)) �Ì�:{5(1),−1(5)}. qÏ��α = 1

2
, n1 = 3, n2 = 4 �, fs1(x) =

−x3 + 3x2 + 9x+ 5 = (x+ 1)2(5− x). Ïd, d½n3.1 ��, ¬Ã�ÉãR(G) = [3, 4] �2Â��

ålÌ�:{5(1),−1(5)}.

nþ, �α = 0, n1 = 3, n2 = 4 �, ¬Ã�ÉãR(G) = [3, 4] �2Â��ålÌ�Ù��Ì�

±��; �α = 1, n1 = 3, n2 = 4 �, ¬Ã�ÉãR(G) = [3, 4] �2Â��ålÌ�ÙålÌ�±

��, �α = 1
2
�, ¬Ã�ÉãR(G) = [3, 4] �2Â��ålÌ�Ù��ålÌ� 1

2
��±��.

3.2. ãHl
n �2Â��ålÌ

½n3.4. -α ∈ [0, 1) �G ' Hln. @oãG �Sα A���−2α, 2α− 2, −1 ±9βs1 , βs2 , γs1 ,

γs2 ,­ê©�Ol−1, l−1, 2(n−l−1), 1, 1, 1, 1. Ù¥βs1 Úβs2 ´õ�ªms1(x)�ü��, γs1 Úγs2

´õ�ªms2(x)�ü��, ms1(x) = x2+[1−n+α(l−3n+2)]x+α2(6l−2l2−6n+2ln)+α(2−l2−2n+

ln)−l, ms2(x) = x2+[3−n+α(3n−l−2)]x+α2(6l−2l2−6n+2ln)+α(−2−6l+l2+8n−ln)+l+2−2n.

y². -G ' Hln. ÏLéãG �º:·�IÒ, ��ãG �2Â��ålÝ
�Sα(G) =[
Es Fs

Fs Es

]
, Ù¥

Es =

 Jl − Il Jl×(n−l)

J(n−l)×l Jn−l − In−l

 ,

Fs =

2αJl + (1− 2α)Il 2αJl×(n−l)

2αJ(n−l)×l 3αJn−l

 .
dÚn2.7 ��, Sα(G) �A��´Es + Fs ÚEs − Fs A���¿. ´�

Es + Fs =

(2α+ 1)Jl − 2αIl (2α+ 1)Jl×(n−l)

(2α+ 1)J(n−l)×l (3α+ 1)Jn−l − In−l

 ,

Es − Fs =

(1− 2α)Jl + (2α− 2)Il (1− 2α)Jl×(n−l)

(1− 2α)J(n−l)×l (1− 3α)Jn−l − In−l

 .
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aq½n3.1 �y², ´�−2α Ú−1 ´Es + Fs �A���­ê���l − 1 Ún− l − 1.

�uEs + Fs ��{A���dÙûÝ
Ms1 ¼�. N´��

Ms1 =

(2α+ 1)(l − 1) + 1 (2α+ 1)(n− l)

(2α+ 1)l (3α+ 1)(n− l)− 1

 .
dÚn2.6 ��, Ms1 �A���½��Es + Fs �A��.

ÏLO�, ��Ms1 �A�õ�ª�ms1(x) = x2 + [1 − n + α(l − 3n + 2)]x + α2(6l −
2l2 − 6n + 2ln) + α(2 − l2 − 2n + ln) − l. -βs1 Úβs2 ´ms1(x) �ü��, KEs + Fs �Ì

�{−2α(l−1),−1(n−l−1), βs1 , βs2}.

Ó�/, ´�2α− 2 Ú−1 �Es − Fs �A���­ê���l − 1 Ún− l − 1.

�uEs − Fs �{A���dÙûÝ
Ms2 ¼�. N´��

Ms2 =

(1− 2α)(l − 1)− 1 (1− 2α)(n− l)

(1− 2α)l (1− 3α)(n− l)− 1

 ,
KdÚn2.6 ��, Ms2 �A���½�´Es − Fs �A��.

ÏLO�, ��Ms2 �A�õ�ª�ms2(x) = x2 + [3−n+α(3n− l− 2)]x+α2(6l− 2l2− 6n+

2ln) + α(−2 − 6l + l2 + 8n − ln) + l + 2 − 2n. -γs1 Úγs2 ´ms2(x) �ü��, @oEs − Fs �Ì
�{(2α− 2)(l−1),−1(n−l−1), γs1 , γs2}.

��, dÚn2.7, ��½n�(J.

íØ3.5. �α �ØÓ���, kXe(J:

(1) �α = 0 �, Sα(G) = A(G). d�, ãHln �2Â��ålA��=���A��.

(2) �α = 1
2
�, Sα(G) = S(G). d�, ãHln �2Â��ålA��=���ålA��.

(3) �α = 1 �, Sα(G) = D(G). d�, ãHln �2Â��ålA��=�ålA��.

~3.6. �½ãH3
5, Xã5 ¤«.

Figure 5. H3
5

ã 5. H3
5
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KÙ��Ý
ÚålÝ
©O�:

A(H3
5) =



0 1 1 1 1 1 0 0 0 0

1 0 1 1 1 0 1 0 0 0

1 1 0 1 1 0 0 1 0 0

1 1 1 0 1 0 0 0 0 0

1 1 1 1 0 0 0 0 0 0

1 0 0 0 0 0 1 1 1 1

0 1 0 0 0 1 0 1 1 1

0 0 1 0 0 1 1 0 1 1

0 0 0 0 0 1 1 1 0 1

0 0 0 0 0 1 1 1 1 0



,

D(H3
5) =



0 1 1 1 1 1 2 2 2 2

1 0 1 1 1 2 1 2 2 2

1 1 0 1 1 2 2 1 2 2

1 1 1 0 1 2 2 2 3 3

1 1 1 1 0 2 2 2 3 3

1 2 2 2 2 0 1 1 1 1

2 1 2 2 2 1 0 1 1 1

2 2 1 2 2 1 1 0 1 1

2 2 2 3 3 1 1 1 0 1

2 2 2 3 3 1 1 1 1 0



,

@oH3
5 ���ålÝ
�

S(H3
5) =



0 2 2 2 2 2 2 2 2 2

2 0 2 2 2 2 2 2 2 2

2 2 0 2 2 2 2 2 2 2

2 2 2 0 2 2 2 2 3 3

2 2 2 2 0 2 2 2 3 3

2 2 2 2 2 0 2 2 2 2

2 2 2 2 2 2 0 2 2 2

2 2 2 2 2 2 2 0 2 2

2 2 2 3 3 2 2 2 0 2

2 2 2 3 3 2 2 2 2 0



.

ÏLO�, ����Ý
A(H3
5) �A�õ�ª�: fsA(x) = x2(x+1)2(x+2)2(x2−4x−3)(x2−
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2x− 5), ålÝ
D(H3
5) �A�õ�ª�: fsD(x) = x2(x+ 1)2(x+ 2)2(x2 − 14x− 5)(x2 + 8x+ 9),

��ålÝ
S(H3
5) �A�õ�ª�µfsAD

(x) = (x + 2)7(x + 4)(x2 − 18x − 16), � 1
2
S(H3

5) �Ì

�: {(−1)(7),−2, 9+
√
97

2
, 9−

√
97

2
}.

qÏ��α = 0, n = 5, l = 3 �, ms1(x) = x2 − 4x − 3, ms2(x) = x2 − 2x − 5. Ïd, d

½n3.4 ��, ãH3
5 �2Â��ålA���0, −2, −1 ±9ms1(x) = x2 − 4x − 3 �ü��

Úms2(x) = x2 − 2x− 5 �ü��, Ù¥A��0, −2, −1 �­êþ�2.

Ó�/, �α = 1, n = 5, l = 3 �, ms1(x) = x2 − 14x − 5, ms2(x) = x2 + 8x + 9. Ïd, d

½n3.4 ��, ãH3
5 �2Â��ålA���−2, 0, −1 ±9ms1(x) = x2 − 14x − 5 �ü��

Úms2(x) = x2 + 8x+ 9 �ü��, Ù¥A��0, −2, −1 �­êþ�2.

�α = 1
2
, n = 5, l = 3 �, ms1(x) = x2 − 9x− 4, ms2(x) = x2 + 3x+ 2. Ïd, d½n3.4 ��,

ãH3
5 �2Â��ålA���−1, −2 ±9 9+

√
97

2
, 9−

√
97

2
, ­ê©O�: 7, 1, 1, 1.

nþ, �α = 0, n = 5, l = 3 �, ãH3
5 �2Â��ålÌ�ãH3

5 ���Ì�±��; �α = 1,

n = 5, l = 3 �, ãH3
5 �2Â��ålÌ�ãH3

5 �ålÌ�±��, �α = 1
2
, n = 5, l = 3 �,

ãH3
5 �2Â��ålÌ�ãH3

5 ���ålÌ�
1
2
��±��.

3.3. ÁÙãKq
p �2Â��ålÌ

�!Ì�|^�y©ÚûÝ
�£�x
ÁÙãKq
p �2Â��ålÌ. T(Jí2
©

z [12] ¥ÁÙãKq
p ��ÌÚ©z [13] ¥ÁÙãKq

p ålÌ�(J, 
��í2
ÁÙãKq
p ��å

lÌ�(J.

½n3.7. -α ∈ [0, 1), G ' Kq
p �n = p+ q, KãG �Sα A���−1, −2α ±9õ�ªfs2(x)

�n��. Ù¥A��−1, −2α �­ê©O�p− 2, q − 1, fs2(x) = −x3 + [p− 2 + 2α(q − 1)]x2 +

[p− 1− 2α(p− 2)(q − 1) + q + 4α2(p− 1)q]x+ 2α(p− 1)(q + 1)− (p− 2)q.

y². ÏLéãG �º:·�IÒ, ãG �2Â��ålÝ
Sα(G) �±L«Xe:
0 J1×(p−1) J1×q

J(p−1)×1 Jp−1 − Ip−1 2αJ(p−1)×q

Jq×1 2αJq×(p−1) 2αJq − 2αIq

 .
Ï�Sα(G) + In kq + 2 �ØÓ�1, ¤±0 �½´Sα(G) + In �A���­ê���p − 2. ù¿

�X−1 �Sα(G) �A���­ê���p− 2.

aq/, Sα(G) + 2αIn kp + 1 �ØÓ�1, ù¿�X−2α �½�Sα(G) �A���­ê��

�q − 1.

�uSα(G) ��{A��, �dÙûÝ
Bs2 ¼�. ´�,

Bs2 =


0 p− 1 q

1 p− 2 2αq

1 2α(p− 1) 2α(q − 1)

 .
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dÚn2.6 ��, Bs2 �A���½�´Sα(G) �A��. ÏLO�, Bs2 �A�õ�ª�fs2(x).

�½n�y.

íØ3.8. �α �ØÓ���, kXe(J:

(1)�α = 0 �, Sα(G) = A(G). d�, ÁÙãKq
p �2Â��ålA��=���A��, �©

z [12] ¥�·K1.1 (J��.

(2) �α = 1
2
�, Sα(G) = S(G). d�, ÁÙãKq

p �2Â��ålA��=���ålA��.

(3) �α = 1 �, Sα(G) = D(G). d�, ÁÙãKq
p �2Â��ålA��=�ålA��, �

©z [13] ¥�½n2.3 (J��.

~3.9. �½ÁÙãK4
6 , Xã6 ¤«.

Figure 6. K4
6

ã 6. K4
6

KÙ��Ý
ÚålÝ
©O�:

A(K4
6 ) =



0 1 1 1 1 1 1 1 1 1

1 0 1 1 1 1 0 0 0 0

1 1 0 1 1 1 0 0 0 0

1 1 1 0 1 1 0 0 0 0

1 1 1 1 0 1 0 0 0 0

1 1 1 1 1 0 0 0 0 0

1 0 0 0 0 0 0 0 0 0

1 0 0 0 0 0 0 0 0 0

1 0 0 0 0 0 0 0 0 0

1 0 0 0 0 0 0 0 0 0



,
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D(K4
6 ) =



0 1 1 1 1 1 1 1 1 1

1 0 1 1 1 1 2 2 2 2

1 1 0 1 1 1 2 2 2 2

1 1 1 0 1 1 2 2 2 2

1 1 1 1 0 1 2 2 2 2

1 1 1 1 1 0 2 2 2 2

1 2 2 2 2 2 0 2 2 2

1 2 2 2 2 2 2 0 2 2

1 2 2 2 2 2 2 2 0 2

1 2 2 2 2 2 2 2 2 0



,

@oK4
6 ���ålÝ
�:

S(K4
6 ) =



0 2 2 2 2 2 2 2 2 2

2 0 2 2 2 2 2 2 2 2

2 2 0 2 2 2 2 2 2 2

2 2 2 0 2 2 2 2 2 2

2 2 2 2 0 2 2 2 2 2

2 2 2 2 2 0 2 2 2 2

2 2 2 2 2 2 0 2 2 2

2 2 2 2 2 2 2 0 2 2

2 2 2 2 2 2 2 2 0 2

2 2 2 2 2 2 2 2 2 0



.

ÏLO�, ����Ý
A(K4
6 ) �A�õ�ª�: fsA(x) = x3(x+ 1)4(x3 − 4x2 − 9x+ 16), å

lÝ
D(K4
6 ) �A�õ�ª�: fsD(x) = (x+ 1)4(x+ 2)3(x3 − 10x2 − 65x− 34).

qÏ��α = 0, p = 6, q = 4 �, fs2(x) = −x3 + 4x2 + 9x − 16. Ïd, d½n3.7 ��, ÁÙ

ãK4
6 �2Â��ålA���−1, 0 ±9fs2(x) = −x3 + 4x2 + 9x− 16 �n��, Ù¥A��−1

Ú0�­ê©O�4 Ú3.

Ó�/, �α = 1, p = 6, q = 4 �, fs2(x) = −x3 + 10x2 + 65x+ 34. Ïd, d½n3.7 ��, Á

ÙãK4
6 �2Â��ålA���−1, −2 ±9fs2(x) = −x3 + 10x2 + 65x + 34 �n��, Ù¥A

��−1 Ú−2 �­ê©O�4 Ú3.

ÏL*	, ´� 1
2
S(K4

6 ) �Ì�:{9(1),−1(9)}. qÏ��α = 1
2
, p = 6, q = 4 �, fs2(x) =

(x+ 1)2(9− x). Ïd, d½n3.7 ��, ÁÙãK4
6 �2Â��ålÌ�:{9(1),−1(9)}.

nþ, �α = 0, p = 6, q = 4 �, ÁÙãK4
6 �2Â��ålÌ�Ù��Ì�±��; �α = 1,
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p = 6, q = 4 �, ÁÙãK4
6 �2Â��ålÌ�ÙålÌ�±��, �α = 1

2
, p = 6, q = 4 �, Á

ÙãK4
6 �2Â��ålÌ�Ù��ålÌ�

1
2
��±��.

3.4. ãKK l
n �2Â��ålÌ

�!Ì�|^�y©ÚûÝ
�£�x
ãKKl
n �2Â��ålÌ. T(Jí2
©z [4] ¥

ãKKl
n ���Ì�(J, 
��í2
ãKKl

n �ålÌÚ��ålÌ�(J.

½n3.10. -α ∈ [0, 1) �G ' KKl
n. @oãG �Sα A���−1 ±9õ�ªfs3(x) �o��.

Ù¥, A��−1 �­ê�2n− 4, f3(x) = x4 + [4− 2n]x3 + [α2(−l+ 5n+ 5ln− 9n2) + 6− l− 6n+

n2]x2 + [α2(−5l− 3l2 + 9n+ 16ln− l2n− 17n2 + ln2) + α(4l+ 4l2 − 8ln) + 4− 3l− l2 − 6n+ 2ln+

2n2]x+ 16α4(l2 − ln− l2n+ ln2) + α3(−24l2 + 24ln+ 24l2n− 24ln2) + α2(−4l + 5l2 + 4n+ 3ln−
9l2n− 8n2 + 9ln2) + α(4l + 6l2 − 10ln− 2l2n+ 2ln2) + 1− 2l − 2l2 − 2n+ 3ln+ l2n+ n2 − ln2.

y². ÏLéãG �º:IÒ, ��Ù2Â��ålÝ
Sα(G) Xe:
Jn−1−In−1 J(n−1)×1 2αJ(n−1)×l 3αJ(n−1)×(n−l)

J1×(n−1) 0 J1×l 2αJ1×(n−l)

2αJl×(n−1) Jl×1 Jl−Il Jl×(n−l)

3αJ(n−l)×(n−1) 2αJ(n−l)×1 J(n−l)×l Jn−l−In−l

 .

Ï�Sα(G) + I2n k4 1ØÓ, ¤±0 �½´Sα(G) + I2n �A���­ê���n− 4. ù¿�X−1

´Sα(G) �A���­ê���n− 4.

�uSα(G) ��{A��, �dÙûÝ
Bs3 ¼�. ´�,

Bs3 =



n− 2 1 2αl 3α(n− l)

n− 1 0 l 2α(n− l)

2α(n− 1) 1 l − 1 n− l

3α(n− 1) 2α l n− l − 1


.

dÚn2.6 ��, Bs3 �A���½�´Sα(G) �A��. ÏLO�, Bs3 �A�õ�ª�fs3(x).

�½n�y.

íØ3.11. �α �ØÓ���, kXe(J:

(1) �α = 0 �, Sα(G) = A(G). d�, ãKKl
n �2Â��ålA��=���A��, �©

z [4] ¥�½n2.2 (J��.

(2) �α = 1
2
�, Sα(G) = S(G). d�, ãKK l

n �2Â��ålA��=���ålA��.

(3) �α = 1 �, Sα(G) = D(G). d�, ãKKl
n �2Â��ålA��=�ålA��.

~3.12. �½ãKK4
6 , Xã7 ¤«.
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Figure 7. KK4
6

ã 7. KK4
6

KÙ��Ý
ÚålÝ
©O�:

A(KK4
6 ) =



0 1 1 1 1 1 0 0 0 0 0 0

1 0 1 1 1 1 0 0 0 0 0 0

1 1 0 1 1 1 0 0 0 0 0 0

1 1 1 0 1 1 0 0 0 0 0 0

1 1 1 1 0 1 0 0 0 0 0 0

1 1 1 1 1 0 1 1 1 1 0 0

0 0 0 0 0 1 0 1 1 1 1 1

0 0 0 0 0 1 1 0 1 1 1 1

0 0 0 0 0 1 1 1 0 1 1 1

0 0 0 0 0 1 1 1 1 0 1 1

0 0 0 0 0 0 1 1 1 1 0 1

0 0 0 0 0 0 1 1 1 1 1 0



,

D(KK4
6 ) =



0 1 1 1 1 1 2 2 2 2 3 3

1 0 1 1 1 1 2 2 2 2 3 3

1 1 0 1 1 1 2 2 2 2 3 3

1 1 1 0 1 1 2 2 2 2 3 3

1 1 1 1 0 1 2 2 2 2 3 3

1 1 1 1 1 0 1 1 1 1 2 2

2 2 2 2 2 1 0 1 1 1 1 1

2 2 2 2 2 1 1 0 1 1 1 1

2 2 2 2 2 1 1 1 0 1 1 1

2 2 2 2 2 1 1 1 1 0 1 1

3 3 3 3 3 2 1 1 1 1 0 1

3 3 3 3 3 2 1 1 1 1 1 0



,
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@oKK4
6 ���ålÝ
�:

S(KK4
6 ) =



0 2 2 2 2 2 2 2 2 2 3 3

2 0 2 2 2 2 2 2 2 2 3 3

2 2 0 2 2 2 2 2 2 2 3 3

2 2 2 0 2 2 2 2 2 2 3 3

2 2 2 2 0 2 2 2 2 2 3 3

2 2 2 2 2 0 2 2 2 2 2 2

2 2 2 2 2 2 0 2 2 2 2 2

2 2 2 2 2 2 2 0 2 2 2 2

2 2 2 2 2 2 2 2 0 2 2 2

2 2 2 2 2 2 2 2 2 0 2 2

3 3 3 3 3 2 2 2 2 2 0 2

3 3 3 3 3 2 2 2 2 2 2 0



.

ÏLO�, ����Ý
A(KK4
6 ) �A�õ�ª�: fsA(x) = (x+1)8(x4−8x3 +2x2 +60x+9),

ålÝ
D(KK4
6 ) �A�õ�ª�: fSD

(x) = (x+ 1)8(x4 − 8x3 − 176x2 − 246x− 39), ��ålÝ


S(KK4
6 ) �A�õ�ª�: fSAD

(x) = (x+ 2)9(x3 − 18x2 − 134x− 88).

qÏ��α = 0, n = 6, l = 4 �, fs3(x) = x4 − 8x3 + 2x2 + 60x + 9. Ïd, d½n3.10 ��,

ãKK4
6 �2Â��ålA���−1 ±9fs3(x) = x4 − 8x3 + 2x2 + 60x + 9 �o��, Ù¥A�

�−1 �­ê�8.

Ó�/, �α = 1, n = 6, l = 4 �, fs3(x) = x4 − 8x3 − 176x2 − 246x − 39. Ïd, d½n3.10

��, ãKK4
6 �2Â��ålA���−1 ±9fs3(x) = x4 − 8x3 − 176x2 − 246x − 39 �o��,

Ù¥A��−1 �­ê�8.

�α = 1
2
, n = 6, l = 4 �, fs3(x) = 1

2
(x+ 1)(2x3 − 18x2 − 67x− 22). Ïd, d½n3.10 ��,

ãKK4
6 �2Â��ålA���−1 ±9gs(x) = 2x3 − 18x2 − 67x− 22 �n��, Ù¥A��−1

�­ê�9. -gs3(x) = x3 − 18x2 − 134x − 88, Kgs3(2x) = 4(2x3 − 18x2 − 67x − 22). Ïd, (

ÜS(KK4
6 )�A�õ�ªfSAD

(x)��, 1
2
S(KK4

6 )�A���−1±9gs(x) = 2x3−18x2−67x−22

�n��, Ù¥A��−1 �­ê�9.

nþ, �α = 0, n = 6, l = 4 �, ãKK4
6 �2Â��ålÌ�Ù��Ì�±��; �α = 1,

n = 6, l = 4 �, ãKK4
6 �2Â��ålÌ�ÙålÌ�±��, �α = 1

2
, n = 6, l = 4 �,

ãKK4
6 �2Â��ålÌ�Ù��ålÌ�

1
2
��±��.

4. (�

�©Ì�é¬Ã�Éã, ãHln, ÁÙãKq
p ÚãKK

l
n �2Â��ålÌ?1
�x. /Ï�y

©, ûÝ
9�'�£��
ùAaAÏã�2Â��ålÌ, Ø=é��Ì, ålÌ, ��ålÌ

?1
í2, ���YïÄ��ålÌ4�¯KC½
Ä:. �e5��âù
AÏ(�ã�Ì, �
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Ä3�½ãa¥�2Â��ålÌ4�¯K, l
ò��Ì4�ÚålÌ4�?1í2.
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