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Abstract

This paper is dedicated to the study of a class of tumor immune models with threshold

control strategies. The Filippov theory was used to analyze the sliding mode dynamics

and global dynamics. It is found that the dynamic behavior of the system changes

with the change of thresholds, including the boundary focus branch.
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1. Úó

¬5)��¯, uÐ×�, E¤|�ì(�î­»�, �k=£�A�, �<N�54���³,

´8c�³<�)·S��~�;¾. ¬5´�¼<º�(J, ´�«Ø�~�[�, Ly�ÄÏâ

CÚ�JÄÏ�LL�. ù
âC½É~L���x´�¼[�6±£OJ[��Ä:. nØþ�

¼[��±���ØØ�~�[�, l
r¬5�«u�ÞG�, =¤¢�0�¼iÀ/. ��¼i

À�^¿ØU��/;��5¬5�u), 
�¬5���)Ò¬�X¾�uÐ, Ù�5§Ýì?

O\, ¿�ªu)2�=£, £�¬5�È±5Ñ´��J±P¹��K. �Xy��EØäuÐ,

��Y²�ØäJp, 'u¬5ïÄ�nØ [1–4]�ØäM#, NõÆöÏLêÆï�5�²�)º

¢�(J, ¿ÏLêÆï� [5–16] 5Ï¦�Ð�£��Y.

¬5�¼£�´ÏLÌÄ½�Ä�ª¦ÅN�)¬5AÉ5�¼A�, u�Ù³�Úàú¬5

[�õU�£��{, äkAÉp�!¦ÅN�uú³5£��`:. ÚÃâ!q�!�z��D

Ú�£��{��ØÓ, �¼�{Ø´��àkJ[�, 
´NÄNSU£O¬5��¼[�, Jp

<NS��¼XÚ�ÔUå, �§�5m�à«Ú��Jw, B�^�, S�k�. 3£�L§¥,

¬5[���¼[��m�'X´E,�. ��¡¬5[�¬e-�¼[�êþ�O\, ,
3�

¼[��K�e, ¬5[�êþ~�, aqu/Ó ö- �0�'X. ,��¡, �¸Nþ�êþ´

ØC�, �¼[�Ú¬5[��m��30¿�/'X [7–9]. duùü«'XÓ��3, üö�m

�'XC�E,, ù�áÚ
NõÆöJÑVg�.5&¢§��m��p'X¿)º¢�y�.
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31994cKuznetsov�<�@JÑ²;¬5�¼�. [10]:
dx
dt

= s+ cx
τ+y
− βxy − µx,

dy
dt

= ry(1− y
K

)− αxy,

Ù¥, x(t)Úy(t)©OL«�¼[�Ú¬5[�3t����Ý, s�L�¼[��Ñ\Ç, µ´�¼[

��k�Ç, cx
τ+y
L«¬5[�é�¼[���Úe-, β´¬5[�¦�¼[��¹��Ç, rL«

¬5[���½O�Ç, KL«¬5[�����¸NBþ, α��¼[�é¬5[���ØÇ.

3©z [10]�Ä:þ, Li�< [16]JÑ
,�«êÆ�., du¬5äk|�5, �¼[��ê

þ�X¬5[�êþ�O\
O\, =ò¬5[�é�A[��e-�^d�Ú/ª�Michaelis-

Menten ¼ê cx
τ+y
C�'~¼êcy. �©3dÄ:þÚ\K���üÑ, ¬5[�êþ´ØäCz�,

¬5[�êþ�Ð©G�¬K��)��äÚ£�, 
K����´û½é�ö?1£��'�,

Ïdïá
Xe�.µ 
dx
dt

= εs+ cy − βxy − µx,
dy
dt

= (1− εη)ry(1− y
K

)− αxy,
(1.1)

Ù¥, (1− εη)rL«?1�¼£��¬5[��O�Ç,

ε =

 0, y < ET,

1, y > ET,

���¼ê, ET���K�. ��¼êεL«�¬5[��êþ�LET , ?1£�; ÄK, Øæ��

�.

�©Ì�ïÄäkK���üÑ�¬5�¼�.. 12!0��
�'�ý��£; 13!é�

fXÚ�²ï:��359­½5?1©Û; 14!ïÄw�ÄåÆ��ÛÄåÆ; 15!?1>.

�:©|©Û; ��316!?1o(.

2. ý��£

-���Σ = {(x, y) ∈ R2
+ : y = ET}, w,§r²¡©�ü�1w�«�, ©O�

G1 = {(x, y) ∈ R2
+ : y < ET};

G2 = {(x, y) ∈ R2
+ : y > ET}.

3G1«�¥, XÚ(1.1)�±�¤S1µ
dx
dt

= cy − βxy − µx,
dy
dt

= ry(1− y
K

)− αxy.
(2.1)

Ó�/, 3G2«�¥XÚ(1.1)�±�¤S2µ
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
dx
dt

= s+ cy − βxy − µx,

dy
dt

= (1− εη)ry(1− y
K

)− αxy.
(2.2)

P�

f1(x, y) = (f11, f12) = (cy − βxy − µx, ry(1− y

K
)− αxy),

f2(x, y) = (f21, f22) = (s+ cy − βxy − µx, (1− εη)ry(1− y

K
)− αxy).

¤±, (1.1)�±�¤e¡�FilippovXÚ�/ª:

(
dx

dt
,

dy

dt
) =

 f1(x, y), (x, y) ∈ G1,

f2(x, y), (x, y) ∈ G2.

Ï��þ|�ØëY5, �©·��âmàØëY�©�§)�½Â [17] �ÄXÚ(1.1) Filippov¿

Âe�). �
ïÄT�.�ÄåÆ1�, Äk·�e¡�
½Â.

½Â2.1. -h(x, y) = y(t) − ET , PLfih = 〈∇h, fi〉,i = 1, 2, L«¼êh3�þ|fi þ�o�

ê, ùp〈·, ·〉 L«SÈ. �â©z [18], �½Â���þ�«�Xe:

(i) ��� Σþ�: p ∈ Σc , ÷v Lf1h(p) · Lf2h(p) > 0, K¡ Σc �B��;

(ii)��� Σþ�: p ∈ Σe , ÷vLf1h(p) < 0, Lf2h(p) > 0,K¡ Σe �<º�;

(iii)��� Σþ�: p ∈ Σs , ÷v÷vLf1h(p) > 0, Lf2h(p) < 0, K¡ Σs �w��.

�â Filippovà�{, �±�� FilippovXÚ3��� Σþ�w��§:

dX

dt
= fs(x) = λf1(X) + (1− λ)f2(X) , X ∈ Σs,

Ù¥X = (x, y)T , λ =
Lf2

h(X)

Lf2
h(X)−Lf1

h(X)
.

½Â2.2. �p��§(1.1)�~:, KXÚ(1.1)�²ï:�±©�±eA«a.:

(i) ep ∈ G1�f1(p) = 0, ½p ∈ G2�f2(p) = 0, K¡p�¢²ï:;

(ii) ep ∈ G1�f2(p) = 0, ½p ∈ G2�f1(p) = 0, K¡p�J²ï:;

(iii)ep ∈ Σs ∪ Σe�fs(p) = 0, K¡p��²ï:;

(iv) ep ∈ Σs�f1(p) = 0½f2(p) = 0, K¡p�>.²ï:;

(v) ep ∈ Σs�Lf1h(p) = 0½Lf2h(p) = 0, K¡p��:.

3. fXÚÄåÆ©Û

3ù�Ü©, Ì�©Û
ü�fXÚ�ÄåÆ1�.
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3.1. fXÚ S1 ÄåÆ©Û

éufXÚ(2.1), ÏL{ü�O����ü�²ï:: P0 = (0, 0), P1 = (x1, y1), �P1´õ�

ªA1y
2 +B1y + C1 = 0��, Ù¥

A1 = βr > 0,

B1 = αKc+ µr − βrK,

C1 = −µrK < 0,

�∆1 = B2
1 − 4A1C1 > 0ð¤á��3����, ��x1 = r

αK
(K − y1), y1 = −B1+

√
∆1

2A1
.

fXÚ(2.1)3G1þ� JacobiÝ
�

J1 =

−βy − µ c− βx

−αy r(1− 2r
K
y)− αx


�âdet J1(P0)=−rµ < 0, ��P0´�Q:; éu²ï:P1, d

det J1(P1) =

∣∣∣∣∣−βy1 − µ c− βx1

−αy1 r(1− 2r
K
y1)− αx1

∣∣∣∣∣ =
2A1

K
y2

1 +
B

K
y1 =

√
∆1(
√

∆1 −B1)

2A1K
> 0,

�trJ1(P1) = −(βy1 + µ+ r
K
y1) < 0, ���²ï:P1´ÛÜ­½�, 2(Ü±e(Ø��T²ï:

3«�G1S�ÛìC­½.

·K3.1. XÚ(2.1)3G1«�vk4��.

y². ½ÂDulac¼ê�B = 1
xy

, K

∂Bf11

∂x
+
∂Bf12

∂y
= − c

x2
− r

Kx
< 0.

Ïd, �âBendixson-Dulac{K [19]���XÚ(2.1)3G1«�Ã4��. �

3.2. fXÚ S2 ÄåÆ©Û

éufXÚ(2.2), 3«�G2S�U�3ü�²ï:P2 = (x2, y2)ÚP3 = (x3, y3), �´õ�

ªA2y
2 +B2y + C2 = 0��, Ù¥

A2 = βr(1− η) > 0,

B2 = αKc+ µr(1− η)− βrK(1− η),

C2 = αsK − µrK(1− η),

O���∆2 = B2
2 − 4A2C2, x2,3 = r(1−η)

αK
(K − y2,3), y2,3 = −B2±

√
∆2

2A2
.

fXÚ(2.2)3G2þ� JacobiÝ
�
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J2 =

(
−βy − µ c− βx
−αy r(1− η)(1− 2y

K
)− αx

)

K

det J2(P2,3) =
2A2

K
y2

2,3 +
B2

K
y2,3 =

√
∆2(
√

∆2 ∓B2)

2A2K
,

trJ2(P2) = −(βy2,3 + µ+
r(1− η)

K
y2,3).

eC2 < 0, K(2.2)�3���¢²ï:P2 = (x2, y2), �T²ï:´ÛÜìC­½�.

eC2 = 0, XÚ(2.2)3B2 < 0��3���S:P2 = ( r(1−η)
α

(1 + B2

A2K
),−B2

A2
), �T²ï:´Û

ÜìC­½�; �B > 0 �Ã�²ï:.

eC2 > 0, k±eA«�/:

(i)∆2 < 0, XÚ(2.2)vk¢²ï:.

(ii)∆2 = 0, XÚ(2.2)3B2 < 0��3���S:P2 = ( r(1−η)
α

(1 + B2

2A2K
),− B2

2A2
); ÄKÃ�²ï

:.

(iii)∆2 > 0, XÚ(2.2)3�B2 > 0�Ã�²ï:;B2 < 0��3ü�S:P2 = (x2, y2),P3 =

(x3, y3), Ù¥P2�­½�(:½�:, 
P3�Q:.

aq/, ·��±y²fXÚS23G2«�Ø�34;.

·K3.2. XÚ(2.2)3G2«�vk4��.

y². ½ÂDulac¼ê�B = 1
xy

, K

∂Bf21

∂x
+
∂Bf22

∂y
= − c

x2
− s

x2y
− r(1− η)

Kx
< 0.

¤±XÚ(2.2)3G2«�Ø�34��. �

nþ¤ã§éufXÚ(2.2)·��±�Ñ±e½n.

½n3.3 XJC2 < 0§KXÚ(2.2)�3�ÛìC­½�²ï:P2; �C2 = 0§B2 < 0�, X

Ú(2.2)�3�ÛìC­½�²ï:P2; �C2 > 0, B2 < 0, �∆2 > 0½∆2 = 0 �, P2 ´X(2.2)�Û

ìC­½�²ï:.

4. w�9�ÛÄåÆ

3�!·�Ì�?Øw��ÄåÆ1�, ±9XÚ(1.1)��ÛÄåÆ1�.

4.1. w�ÄåÆ©Û

�âw���½Â, k

Lf1h > 0⇒ x < x∗1 = r
α

(1− ET
K

),

Lf2h < 0⇒ x > x∗2 = r(1−η)
α

(1− ET
K

).
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��w���

Σs = {(x, y) ∈ Σ|x∗2 < x < x∗1, y = ET} .

dFilippovà�{��XÚ(1.1)÷Σs�w��§�
dx
dt

= −(βET + µ+ αs
rη(1−ET

K )
)x+ cET + s

η
= g(x),

dy
dt

= 0.

-g(x) = 0, ¦�

xp =
r(K − ET )(s+ ηET )

rη(K − ET )(βET + µ) + αsK
. (4.1)

d½Â2.2��,�²ï:�3��=�x∗2 < xp < x∗1,P�PN = (xp, ET ). dxp < x∗1��A1ET
2 +

B1ET + C1 < 0, dxp > x∗2��A2ET
2 + B2ET + C2 > 0, Ïd�²ï:�XÚ�²ï:Ø��.

qÏ�

g′(x) = −(βET + µ+
αs

rη(1− ET
K

)
) < 0,

�PN�3�, §´ÛÜìC­½�.

?�Ú©Û, d½Â2.2��eXÚ(1.1)÷vXe�§:
dx
dt

= cy − βxy − µx = 0,

dy
dt

= ry(1− y
K

)− αxy = 0,

y = ET,

(4.2)

½ 
dx
dt

= s+ cy − βxy − µx = 0,

dy
dt

= (1− εη)ry(1− y
K

)− αxy = 0,

y = ET.

(4.3)

éu�§(4.4), ex∗1 = xp, KXÚ(1.1)�3>.²ï:P 1
B(x∗1, ET ); éu�§(4.4), ex∗2 = xp, KX

Ú(1.1)�3>.²ï:P 2
B(x∗2, ET ).

eXÚ(1.1)÷vXe�§: 
dy
dt

= ry(1− y
K

)− αxy = 0,

y = ET,
(4.4)

½ 
dy
dt

= (1− εη)ry(1− y
K

)− αxy = 0,

y = ET.
(4.5)

d½Â2.2��XÚ(1.1)�3�:T1(x∗1, ET )½T2(x∗2, ET ).
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4.2. �ÛÄåÆ©Û

�!·�ò?ØXÚ(1.1)��Û­½5, �
��XÚ�­½5(Ø, Äk·�I�üØ4�

��3��U5, dþ¡�·K3.1Ú·K3.2��XÚ3«�G1 ÚG2¥þØ�34��, ¤±·�

�e5�Iy²w�ãNCØ�34��=�.

Ún4.1. XÚ(1.1)3w�ãNCØ�34��.

y². Äk·�üØ�7w�ã�4��, =B��. b��3���7w�ãΣs�4��Γ,

Xã 1¤«. -Γ = Γ1 + Γ2, �Γi = Γ
⋂
Gi. 4��Ú��y = ET − ε, y = ET + ε3:A1, B1

�A2, B2 ?��. -∂D1�­�Γ1 ��ãA1B1 ¤�¤�«�D1�>., -∂D2 �­�Γ2 ��

ãA2B2 ¤�¤�«�D2 �>.. Ó�, A, B, A1, A2, B1, B2 �î�I©O�a, b, a − δ1(ε),

a − δ2(ε), b + δ3(ε), b + δ4(ε), ¿�÷vlimε→0 δi(ε) = 0, (i = 1, 2, 3.4). � Dulac¼êB (xy) = 1
xy

,

(Ü·K3.1Ú·K3.2��

Figure 1. Schematic diagram of crossing cycle

ã 1. B��«¿ã

∫∫
D1

[
∂ (Bf21)

∂x
+
∂ (Bf22)

∂y

]
dxdy +

∫∫
D2

[
∂ (Bf11)

∂x
+
∂ (Bf12)

∂y

]
dxdy < 0. (4.6)

3D1¥A^��úªk ∫∫
D1

[
∂ (Bf21)

∂x
+
∂ (Bf22)

∂y

]
dxdy

=

∮
∂D1+

−−−→
A1B1

B (f21dy − f22dx)

=

∮
∂D1

B (f21dy − f22dx) +

∫
−−−→
A1B1

Bf22dx

=

∫
−−−→
A1B1

Bf22dx

=

∫ b+δ3(ε)

a−δ1(ε)

(
r(1− η)

x
(1− y

K
)− α

)
dx.
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Ó�/, 3D2¥A^��úªk∫∫
D2

[
∂ (Bf11)

∂x
+
∂ (Bf12)

∂y

]
dxd = −

∫ b+δ4(ε)

a−δ2(ε)

( r
x

(1− y

K
)− α

)
dx.

@o��

lim
ε→0

(∫∫
D1

[
∂ (Bf21)

∂x
+
∂ (Bf22)

∂y

]
+

∫∫
D2

[
∂ (Bf11)

∂x
+
∂ (Bf12)

∂y

])
dxdy

= lim
ε→0

(∫ b+δ3(ε)

a−δ1(ε)

(
r(1− η)

x
(1− y

K
)− α

)
dx−

∫ b+δ4(ε)

a−δ2(ε)

( r
x

(1− y

K
)− α

)
dx

)
.

=

∫ a

b

rη

x
(1− y

K
)dx > 0.

ù�(4.6)Ñygñ. Ïd, Ø�3�7w�ãΣs�4��.

�e5·��IüØ�¹Ü©w�ã�4��, =w��. �y2 < ET < y1�, �²ï:PN�

3�ÛÜìC­½, ùL²lGiÑu�;���w�ãT1T2�ª��²ï:PN . d�, XÚSØ�

3�¹Ü©w�ã�4��.

�ET < y2�, �3¢²ï:P2. b��3�¹Ü©w�ãΣs �4��Γ, ;�Γ²L�

:(ET, T2)¿�2g��Σs, Xã 2¤«. ùP2 �ÛìC­½�gñ, ¤±l�:(ET, T2) Ñu�

;�Ø¬��Σs, =Ø�3�¹Ü©w�ã�4��. ·���±^aq��{y²eET > y1 �

Ø�34;. �

Figure 2. Schematic diagram of sliding form cycle

ã 2. w��«¿ã

duK�ET���ØÓXÚ²ï:�J¢G¹�Ø��, Ïd·�ò©±eA«�¹?1?

Ø.

�/1 �ET > y1 > y2�, �3¢²ï:P1, J²ï:P2. d�, XÚ(1.1)�3��²ï:

3G1«�S, ��²ï:Ø�3, Kk±e(Ø¤á.

½n4.2. XJET > y1 > y2, ¢²ï:P1�ÛìC­½.
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y². duØ�3�²ï:, �XÚ(1.1)Ø�34��. Ïd, 3G1¥�;��ªªuP1,


G2¥�;�ÃØ´Ä�\w�ãÑò?\G2�ªª�uP1, ¤±P1�ÛìC­½. Xã 3(a)¤

«. �

�/2 �y2 < ET < y1�, P1ÚP2Ñ�J²ï:.

½n4.3. XJy2 < ET < y1, �²ï:PN�ÛìC­½.

y². Ónu½n4.2, �y2 < ET < y1�, d�XÚ(1.1)vk¢²ï:, =�3ÛÜìC­½

��²ï:, ÃØG1�´G2¥�;��ªÑò��w�ãªu�²ï:PN , Ïd�²ï:PN �

ÛìC­½,Xã 3(c)Úã 3(d)¤«. �

Figure 3. Trajectories at different thresholds and boundary focus bifurcation for
Filippov system (1.1). The parameters are chosen as c = 0.8, β = 0.2, s = 0.2, µ =
0.6, r = 0.5, α = 0.4,K = 3, η = 0.1, and ET = 1 in (a), ET = y1 in (b), ET = 0.75
in(c), ET = 0.65 in (d), ET = y2 in (e), ET = 0.2 in (f)

ã 3. XÚ(1.1)3ØÓK�e�;,ã�>.�:©|. ëêÀ��c = 0.8, β = 0.2,
s = 0.2, µ = 0.6, r = 0.5, α = 0.4,K = 3, η = 0.1, 9(a)ET = 1, (b)ET = y1, (c)ET
= 0.75, (d)ET = 0.65, (e)ET = y2 , (f)ET = 0.2
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�/3 �ET < y2 < y1�, P1�J²ï:, P2�¢²ï:. d����±e(Ø, Ùy²L§a

qu½n4.2, ;�ãXã 3(f) ¤«.

½n4.4. XJET < y2 < y1, ¢²ï:P2�ÛìC­½.

5. >.�:©|©Û

�!¥·�ïÄFilippovXÚ(1.1)�>.�:©|. 3FilippovXÚ(1.1)¥, �XK��Cz�

²ï:� ��u)Cz, �²ï:��:Ú>.²ï:u)-E�, �Uu)>.�:©|. �!

ÀJET��©
ëê, Ù¦ëêØ�UC, Xã 3¤«.

�ET > y1�, ¢²ïPR1 �3. dã 3(a)��, lG1«�Ñu�;,Ø�>.u)-E
Ê3

3G1 «��ªòÂñuP
R
1 . G2«��;,ò¬�w��u)-E�ªÏL�:Âñ�P

R
1 .

�ET = y1�, ¢²ï:PR1 , �:T2Ú�²ï:PNu)-E. Xã 3(b)¤«, ¤k;,òÂñ

uT2(PN).

�y2 < ET < y1�, dã 3(c),ã 3(d)��, ¢²ïPR1 òC�J²ïP
V
1 . d	, �²ï:PN�

3��K�ET�~�
Åìm£, d�¤k�;,òÂñuPN .

�ET = y2�, ²ï:P2, �:T1Ú�²ï:PNu)-E. Xã 3(e)¤«, ¤k�;,òÂñ

uT1(PN).

�ET < y2�, J²ï:P V2 C¤¢²ï:P
R
2 , lã 3(f)�±wÑ, lG2«�Ñu��Ê33G2

«�
Ø�>.u)-E�;,òÂñuPR2 ; 
�w��u)-E�;,òÏL�:T1, �ªÂñ

�PR2 . ,��¡lG1«�Ñu�;,òBL���, �ªÂñ�PR2 .

6. o(

�©ïá
��äkK���üÑ�¬5�¼�p�^�FilippovXÚ. 3�©¥·�Ì�ï

ÄXÚ��ÛÄåÆ, ¿©Û
FilippovXÚ�wÄ©|(>.�:©|). ïÄuy, K����¬

K�²ï:�J¢�¹. 3pK�e, ù«£�üÑ¢Sþé�övk?ÛwÍK�; 3$K�e,

¢SþC�aquëYXÚ. Ïd, �$½�p�K�ÑØ´£�¬5�ö�ÐÀJ. ,
, �ÀJ

Ü·�K��, �X¬5[������*�, Ä�¬u)Cz. �y2 < ET < y1�, Xã 3(c),ã

3(d), �²ï:PN�3, d�¬5[��±���3�½Y².

ÄåÆ1�¥�z��Ä�A�ÑéAX�«)ÔÆ½�K�¹, ·�I�'5z��Ä�A

�. ��5¿�´, 3¢S)ÔÆ½�K�¹e, ØÓ¬5a.!¬5ßÝ!£��m!£��ªÚ

£�rÝ, �)¤¦^�Ô�ßÝ, Ñ¬K�é¬5�£��J. £��E,5Ny3¦^�Ô�ß

ÝÚ5��Ô�±Ïþ, �Ny3�Ô£�¥é�ÔßÝ��Äþ, �©vk�[0�. d	, X·

�l�.(1.1)¥w��@�, 3¢�üÑ�, ·�vk�Ä�¼[�. 3�Ä¬5[���¹e, ´

Äk�Uò�¼[��±3�½Y²±þºXJ�U, Aæ^Û«£�üÑ, =A�Ä=
��ë

êºd	, ´Ä�±éÜÙ¦£�Ãã(X���{)?1êÆï�º�Ä�ù
�¡, ùò´8�

ó��8�Úg´.
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