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Abstract

In this paper, by using the Leggett-Williams fixed point theorem, we give the existence

of three positive solutions for the following Robin boundary value problem with mean

curvature operator  ∆(ϕ(∆u(t− 1))) + f(t, u(t)) = 0, t ∈ [1, T ]Z,

∆u(0) = 0, u(T + 1) = 0,

where Z denotes the integer set, [1, T ]Z := {1, 2, ..., T − 1, T}, T ≥ 2 is an integer, ϕ(s) =
s√

1−s2 , s ∈ (−1, 1), Nonlinear term f : [1, T ]Z × [0,∞)→ [0,∞) is operator continuous, ∆ is

the forward difference operator.
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1. Úó

²þ­Ç¯K3{���a�mf6/�ïÄ¥åX­���^ [1, 2].ùa¯K3�©AÛ,

Ôn,åÆ,UNÔn,�éØ9��5©Û�+�kX2��A^.ddÚå
�5�õ;[ÚÆ

ö�'5,¿��
Nõ¤J [2–14],²þ­Ç�ïÄÌ�æ^�.:nØ, Leray-SchauderÝ,þ

e)�{,ÿÀÝnØ±9C©{��{.

© [3]?Ø
Minkowski�m¥äk²þ­Ç�f�lÑ>�¯K
∆
[

∆u(k−1)√
1−(∆u(k−1))2

]
+ λµ(k)(u(k))q = 0, k ∈ [2, n− 1]Z,

∆u(1) = u(n) = 0,

��k��½ü��),Ù¥ λ´���¢ëê, n > 4, q > 1� µ : [2, n− 1]Z → (0,∞).
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© [4]ïÄ
� p-Laplacian�f���lÑ>�¯K∆(φp(∆y(k − 1)))− r(k)φp(y(k)) + f(k, y(k)) = 0, k ∈ [1, T ]Z,

∆y(0) = ∆y(T ) = 0,

õ­)��35, Ù¥ T´��ê, ��5� f : [1, T ]Z × R → R ëY, p > 1, φp(y) := |y|p−2y,

r : [1, T ]Z → (0,∞).

© [5]y²
3Minkowski�m¥�9²þ­Ç�fÛÉ Dirichlet¯K div( ∇v√
1−∇v ) + f(|x|, v) = 0, x ∈ B(1),

v = 0 x ∈ ∂B(1),

�»�)�õ­5,Ù¥ f : [0, 1]× [0, 1)× → [0,∞)ëY� f 3 v = 1?ÛÉ, B(1) = {x ∈ [0, 1] :

‖x‖ < 1}.

Éþã©z�éu,�©$^ Leggett-WilliamsØÄ:½ny²Xe Robin>�¯K∆(ϕ(∆u(t− 1))) + f(t, u(t)) = 0, t ∈ [1, T ]Z,

∆u(0) = 0, u(T + 1) = 0,
(1)

���3n��).

�©ob�

(H1) σ, a, b, c, d��~ê,� 0 < σ < 1, 0 < a < b ≤ σd < d < 1.

(H2) f(t, u) ≤ ϕ( a
T )

T
, (t, u) ∈ [1, T ]Z × [0, a].

(H3) f(t, u) ≤ ϕ( d
T )

T
, (t, u) ∈ [1, T ]Z × [0, d].

(H4) f(t, u) ≥ ϕ( b
3 )

T−2
, (t, u) ∈ [1, T ]Z × [b, b

σ
].

2. ý��£

e¡Ú\�©¦^�PÒÚÚnµ

P X = {u | u ∈ [1, T + 1]Z → R, ∆u(0) = u(T + 1) = 0)},3�ê ‖u‖ = max
t∈[1,T+1]Z

|u(t)|e�

¤ Banach�m, K = {u ∈ X | u(t) ≥ 0, min
t∈[3,T−2]Z

u(t) ≥ δ‖u‖}´ X þ���I,Ù¥ R´��¢

ê8.½Â

Kd = {u ∈ K | ‖u‖ < d}, K(γ, a, b) = {u ∈ K | γ(u) ≥ a, ‖u‖ ≤ b}.

P ϕ�_�f� ϕ−1,é?¿ l, m ∈ Z,�m > l,k
l∑

t=m

u(t) = 0.
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Ún 1 ( [3]) é?¿� u ∈ X � u(t) ≥ 0, ∆u(t)3[1, T ]Z þ4~,K�3�� 0 < δ < 1,¦

� min
t∈[3,T−2]Z

u(t) ≥ δ‖u‖.

�©¤¦^�óäXeµ

Ún 2 ( [5]) - K ´¢ Banach�m X þ���I, A : K̄d → K̄d ´�ëY�,� γ ´ K þ

���KëY�þà¼ê�é?¿� u ∈ K̄d÷v γ(u) ≤ ‖u‖.b� 0 < a < b < c ≤ d ,

(A1) {u ∈ K(γ, b, c) : γ(u) > b} 6= θ� γ(Au) > b, u ∈ K(γ, b, c),

(A2) ‖Au‖ < a, ‖u‖ ≤ a,

(A3) γ(Au) > b, u ∈ K(γ, b, c), ‖Au‖ > c.

K A���3n���ØÄ: u1, u2, u3 ∈ K̄d,¿�÷v±e^�µ

‖u1‖ < a, γ(u2) > b, ‖u3‖ > a, γ(u3) < b.

3. Ì�(J

3K þ½Â����5�f A,

Au(t) =

T∑
τ=t

ϕ−1
[ τ∑
j=1

f(j, u(j))
]
, t ∈ [1, T + 1]Z.

w,,XJ u ∈ K ´ A���ØÄ:,K u´¯K (1)����),´� Au(t) ∈ X.é?¿�
u ∈ K,ÏL{ü�O�,k

∆Au(t) = −ϕ−1
[ t∑
j=1

f(j, u(j))
]
≤ 0, t ∈ [1, T ]Z,

� Au(t)3 [1, T + 1]ZþüN4~,l


Au(t) ≥ Au(T + 1) = 0,

é?¿� u ∈ K,k

∆(ϕ(∆u(t− 1))) = −f(t, u(t)) ≤ 0, t ∈ [1, T ]Z,

� ϕ(∆u(t − 1)) = −
∑t

j=1 f(j, u(j))3 [1, T ]Z þ4~,qÏ ϕ´4O�,¤±, ∆(Au)(t)3 [1, T ]Z

üN4~,�dÚn 1��

min
t∈[3,T−2]Z

Au(t) ≥ δ‖Au‖,
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w,,´y A3K þ´�ëY�.

½n 1 b� (H1)-(H4)¤á,K¯K (1)��kn��) u1, u2, u3 ∈ K̄d�÷v±e^�

‖u1‖ < a, min
t∈[3,T−2]Z

u2(t) > b, ‖u3‖ > a, min
t∈[3,T−2]Z

u3(t) < b.

y² Ø��

γ(u) = min
t∈[3,T−2]Z

u(t), u ∈ K,

w, γ ´K þ���KëYþà¼ê� γ(u) ≤ ‖u‖, u ∈ K.

éu b < σd��¹,� c = b
σ

,K d > c.Äk,·�y² A : K̄d → K̄d.é?¿� u ∈ K̄d,d

(H3),k

‖Au‖ = max
t∈[1,T+1]Z

|Au(t)|

=
T∑
τ=1

ϕ−1
[ τ∑
j=1

f(j, u(j))
]

≤
T∑
τ=1

ϕ−1
[ τ∑
j=1

ϕ( d
T

)

T

]
≤ Tϕ−1

[
T
ϕ( d

T
)

T

]
= d

� A : K̄d → K̄d. Ùg,·�y² ‖Au‖ < a,é?¿� u ∈ K̄a,d (H2),k

‖Au‖ = max
t∈[1,T+1]Z

|Au(t)|

=

T∑
τ=1

ϕ−1
[ τ∑
j=1

f(j, u(j))
]

≤
T∑
τ=1

ϕ−1
[ τ∑
j=1

ϕ( a
T

)

T

]
≤ Tϕ−1

[
T
ϕ( a

T
)

T

]
= a,

Ïd,Ún 2� (A2)¤á.

y3·�y²Ún 2� (A1)¤á.- u = σ(b+ c),K u ∈ K �

c ≥ max
t∈[1,T+1]Z

‖u‖ ≥ u(t) ≥ min
t∈[3,T−2]Z

u(t) = γ(u) > b,
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ùÒ¿�X

{u ∈ K(γ, b, c) : γ(u) > b} 6= θ,

¿�,éu u ∈ K(γ, b, c),k

b ≤ u(t) ≤ c =
b

σ
, t ∈ [1, T + 1]Z,

KÏL (H4)ÚÚn 1,k

γ(Au(t)) = min
t∈[3,T−2]Z

Au(t)

= Au(T − 2)

≥
T∑

τ=T−2

ϕ−1
[ τ∑
j=1

ϕ( b
3
)

T − 2

]

=
T∑

τ=T−2

ϕ−1
[
τ
ϕ( b

3
)

T − 2

]

≥ 3ϕ−1
[
(T − 2)

ϕ( b
3
)

T − 2

]
= b,

��·�y²Ún 2� (A3)^�¤á.b� u ∈ K(γ, b, d), ‖Au‖ > c,K

γ(Au(t)) = min
t∈[3,T−2]Z

Au(t) ≥ σ‖Au‖ > σc = b.

éu�¹ b = σd ,�� c = d.Ón,Ún 2� (A1)-(A3)�¤á.nþ¤ã,Ún 2¤á.Ïd,

¯K (1)��kn��)

‖u1‖ < a, min
t∈[3,T−2]Z

u2(t) > b, ‖u3‖ > a, min
t∈[3,T−2]Z

u3(t) < b.

4. A^Þ~

��½n 1���A^,e¡�Ñ��~f.

~ 4.1 3¯K (1)¥,b� (H1)¤á,� f(t, u) = tup

(1−u2)q
,

T 2up
√
T 2 − u2

u(1− u2)q
≤ 1, u ∈ [0, d],

1

2
≤ q ≤ 1, p ≥ 1, (2)

��¡,d (2)�íÑ

DOI: 10.12677/aam.2024.134158 1668 A^êÆ?Ð

https://doi.org/10.12677/aam.2024.134158


/RC

tup

(1− u2)q
≤ Tup

(1− u2)q
≤ u

T
√
T 2 − u2

≤ a

T
√
T 2 − a2

=
ϕ( a

T
)

T
, (t, u) ∈ [1, T ]Z × [0, a] ,

tup

(1− u2)q
≤ Tup

(1− u2)q
≤ u

T
√
T 2 − u2

≤ d

T
√
T 2 − d2

=
ϕ( d

T
)

T
, (t, u) ∈ [1, T ]Z × [0, d] .

,��¡,é?¿� (t, u) ∈ [1, T ]Z × [b, b
σ

],k t2up

(1−u2)q
≥ bp

(1−b2)q
≥ b√

1−b2 ≥
b
3√

1−( b
3 )2
≥ ϕ( b

3 )

T−2
, Ïd½

n 1� (H1)-(H4)¤á,�¯K∆(ϕ(∆u(t− 1))) + tup

(1−u2)q
= 0, t ∈ [1, T ]Z,

∆u(0) = 0, u(T + 1) = 0,

��kn��)

‖u1‖ < a, min
t∈[3,T−2]Z

u2(t) > b, ‖u3‖ > a, min
t∈[3,T−2]Z

u3(t) < b.

5. o(�?Ø

�©?Ø
 Robin�©>�¯Kn��)��35,Ù¥�©�§�±w�´ëY¼ê�ê�

lÑz,�X�ÆEâ�uÐ,�©�§3Ôn,zÆ,ó§&E,<ó�U��¡kX�'­���

^,Ïd,�©�§�ïÄ´k¿Â�.�©ò Leggett-WilliamsØÄ:½n$^ulÑz��©�

§,¿�Ñ���3n��)�(J.,
,·��`²
�)��35,)�äN.ª¿vk�Ñ.

Ïd,ù�¯K·��I?�Ú�\/�ïÄ.

Ä7�8
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